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(Presented by Academician A. I. Mal cev, 7 VII 1964)

1°. Let G be a connected compact Lie group; 7 its maximal torus; G,T the
corresponding Lie algebras; Ig¢) the algebra of all polynomials on 7" invariant
with respect to the Weyl group. Then Ig, is a free algebra with r (r is the
rank of §) algebraically independent homogeneous generators Py Py, Py
(k; is the degree of P ), and the Poincaré polynomial of the group G has the
form

P(G,t) = (1 + 2171 (1 + 2ka=1) o (1 4 21,

Theorem. Let G be a compact exceptional simple Lie algebra; let py(G) be its
linear representation of least dimension; denote the weights of the representation
Po(G) by AjAg, ..., A, (n is the dimension of p).

Then

Py, = Zn: Adt
a=1

for the following k; form generating polynomials of the algebra Igc (in paren-
theses are the values of k; ):

G,(2,6); F,(2,6,8,12); FE4(2,5,6,8,9,12);

E.(2,6,8,10,12,14,18); E4(2,8,12,14,18,20,24,30).

(These Py, coincide with the polynomials considered by Coxeter (*) for Eg and
by Takeuchi (?) for F}.)
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We note that an analogue of this theorem, as is known, is also valid for A,., B,., C,.
For D,., besides

2r X
Pki = Z A,
a=1

one must also take P, = AjA, - A,.

2°, Let a homogeneous space G/U be given, where G is a connected compact
Lie group, U its connected closed subgroup; U C G are the corresponding Lie
algebras. Denote the restriction of Igq) to U by p : Igq) — Ig). If the rank
of § = R, the rank of U = r, and all p(P,, ) (r+1 < a < R) belong to the ideal
in I generated by p(P, ) (1 <i <) (?zvhere P, . Py,, ..., P, are generating
polynomials of the algebra I ), then we shall say that U is in normal position
in G. In this case the Poincaré polynomial of the space §/U has the form

(LR (1 — 2Ry (1 — 2R
P(G/U,t) = (1—20)(1 — 22 (1 — ¢2Ir) X

X (14 t2Frea= 1) (1 4 ¢2Rre2 1) o (1 2R,

where 1,15, ...,1, are the degrees of the generating polynomials of the algebra

IS(U) .

The case R = r (then we have Hirzebruch’ s formula) or the case p : Igq) —

Iy is an epimorphism (then U is completely nonhomologous to 0 in G and
P§,t)

P(G/U,t) =

3°. Consider compact homogeneous nonsymmetric spaces &/ with an irre-
ducible rotation group. All these spaces were found in the papers of O. V.
Manturov (3:?).

) is a special case of normal position.

For these spaces 4 is in normal position in &, except for the following 4 cases
(in the diagrams the embedding U — G is indicated):

a)

b —o— im0 x8—o0—-—o— SU((ny +1)(ny +1))
ny Ny
or
S—o—w—oxo—o—-—6— SU((ny +1)(ny +1))
ny Ny
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(where x denotes the Kronecker product);

b)
6—o—w—06— SO(n(n+2));

o—o—})—o—o%Sp(QO);

o—o—l—o—o—>SO(78).

o

Below the Poincaré polynomials of all these spaces are obtained, except for cases
a), b).

Let us note that for all symmetric homogeneous spaces & /4, { is always in
normal position in & (see (4)). The Poincaré polynomials of all irreducible
symmetric spaces & /4l were obtained by Takeuchi (?).

4°. Consider n variables x, Zo, ..., 2, and the polynomials

n

Dy = Z xg (o an integer > 0);

then
Po = Qo (P1: Doy Pp)-

Ifin @,,, (m an integer > 0; 0 < s an integer < n) all arguments are set equal
to 0 except for p,, pog, ..., p; s (ig = [n/s]), then the expression obtained will be
denoted by

Q;Sns(pmp2sv 7pi05)'

Then the Poincaré polynomials of the preceding spaces have the form:

A. The case il is not in normal position in & (see 3°) (for cases a), b) the
Poincaré polynomial for large n,,n,,n has not yet been obtained):

c)
P(B/4,t) = (1410 + ¢10 4 ¢12 4 ¢18 4 425 4 431 4 433 4 437 4 ¢43)
X (14 127) (1 4 t31) (1 + 3%) (1 + 39);
d)

P(®,t) (14+t2)(1 +t17)
P(sLt) (14 ¢19)(1 4+ ¢27)(1 + ¢3°)

P(&/sl,t) = (1104184437445 4-45%).
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B. il is in normal position in & (but is not wholly homologous to 0 in &):

a)
OO"‘OHSU<n(n2_1>>7 TL:2871’

n—1

P(&,t) (1 —12P%) (141271
P t) (1—1t25) (1 +¢2ps—1)’

P(B/8l,t) =

where p is determined as follows: put

A =1, A= fﬁ ﬁchAaAi_a (z =1,2,... iy = [%D :
Ay = Q5u(Ay, Ay, A, ).

Then p is the smallest integer > 7, such that

(2n — 27%) A Z CosAA,

e—e— . —e=0—-50((n—1)(2n+1)), n =222

n

P(&,t) (1 —t4Ps) (1 4 t*71)

PO = B =) (11 ew)’

where p is defined as follows: put

-1 2as ; : n .
A1:17 AZZWZC2ZO;AA (Z:1,27...720:|:§i|>7
o=

Am = stns(Ah A27 R Ai0>‘

Then p is the least integer > 4, such that

p—
(2n — 2254+ Z C305A,A, o #0.

c) o_é_o_..._<: — 50(n(2n — 1)) :
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1) n 7& 22572’

P(&,t) (1 +t371)

— 2n\.
2) n =222
B P(Qﬁ,t) <1+t2n71) (1+t4sfl) on 1+t4ps
POAD = 5@ s @ o) (Lt ) T

where p is defined as in case b).

d) <1>X<1)_o—--~—o:.%5p(4n+2);

n

P(&,t) (1—t') (1+1¢3)
PLt) (1—t4) (1 + ¢4y’

P(B/8l,t) =

where p is defined as follows: put
i—1
Ag=n, A,=-1-) C3}A, (i=12..,n);
a=0

A, =0 (A, A, ... A).

Then p is the least integer > n such that

n—1
Ay + Y C30A, +14#0.
a=0

e) O X & — e — C<Z — Sp(4n);
P& )1+ (148°) oy (L —1%P)
P(&/4.1) = P(U,t)(1+ 1) (1 +t41’*1)(1 o )m’
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where p is defined as follows: put

i—1

Ag=mn, A, ==Y C3A, (i=12.. n);

i
a=0

Am = Qm(AlvAQa teey An)
Then p is the least integer > n such that
p—1
A, + ) C30A, #0.
a=0

xi—o—~-~—o:o—>SO(4n),

Set

i—1 i

Ag=n, A== C3A, B;=> (-1)°CeCsA, (i=1,..,n).
a=0

= a=0

Let the function R(py,pg,...,P,) €XPress Ty
(pa =2 x?)
1) If R(By, By, ..., B,,) # 0, then

n

P(&,t) (1—ti) (141¢3)
P(U,t) (1—t4) (14¢4n1)
2) If R(By, B, ..., B,)) = 0, then

P(B/8l,t) =

P(&,t) (1+t3) (1—t)
P t) (14 t4=1) (1 —1t4)”

P(B/4,t) =

in terms of py,ps, ...

apna

where p is determined as follows: set A,, = Q,,,(A;, Ay, ..., A,)); then p is the

least integer > n such that

p—1
A, + ZocggAa #0.
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) 80— OT = SO((n+1)(2n—1));

P(®,t) (1 +t*71)
P, t) (14 tinT)

P(&/U,t) = (1+t2).

) o—&—o— Sp(20)

P(&,t) (1+19)

Py (i

P(B/u,t) =

P(&/uU,t) = (1 4+ t4)(1 + ).

P(&/uU,t) = (14+t4)(1 +t* + 3)(1 + t19).
c1>><0—<%—0—>5p(12):

P(&/4U,t) = (1 +t* + 8 + t12)(1 + %) (1 + ¢19)(1 + ¢23).

2 2 1
o—o 0O—0—0—o0—o0—o0:

%

P(&,t) 1+°

Pl t) 1+ ¢ (1+29).

P(®/s,t) =

6 1
o—o+4+o0o—0—F0—0—0—0—0—o0:

P(&,t) 1+t°
P(slt) 14 ¢11

P(&/u,t) = (1+t9).

. In the remaining cases 4 is completely nonhomologous to 0 in &.
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