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Abstract
Full Text

Reports of the Academy of Sciences of the USSR
1965. Volume 160, No. 3

MATHEMATICS
DOAN KUINH

POINCARÉ POLYNOMIALS OF SOME COM-
PACT HOMOGENEOUS SPACES
(Presented by Academician A. I. Mal’cev, 7 VII 1964)

1°. Let 𝒢 be a connected compact Lie group; 𝒯 its maximal torus; 𝐺, 𝑇 the
corresponding Lie algebras; 𝐼𝑆(𝐺) the algebra of all polynomials on 𝑇 invariant
with respect to the Weyl group. Then 𝐼𝑆(𝐺) is a free algebra with 𝑟 (𝑟 is the
rank of 𝒢) algebraically independent homogeneous generators 𝑃𝑘1

, 𝑃𝑘2
, … , 𝑃𝑘𝑟

(𝑘𝑖 is the degree of 𝑃𝑘𝑖
), and the Poincaré polynomial of the group 𝒢 has the

form

𝑃(𝒢, 𝑡) = (1 + 𝑡2𝑘1−1)(1 + 𝑡2𝑘2−1) ⋯ (1 + 𝑡2𝑘𝑟−1).

Theorem. Let 𝐺 be a compact exceptional simple Lie algebra; let 𝑝0(𝐺) be its
linear representation of least dimension; denote the weights of the representation
𝑝0(𝐺) by Λ1Λ2, … , Λ𝑛 (𝑛 is the dimension of 𝑝0).

Then

𝑃𝑘𝑖
=

𝑛
∑
𝛼=1

Λ𝑘𝑖𝛼

for the following 𝑘𝑖 form generating polynomials of the algebra 𝐼𝑆(𝐺) (in paren-
theses are the values of 𝑘𝑖):

𝐺2(2, 6); 𝐹4(2, 6, 8, 12); 𝐸6(2, 5, 6, 8, 9, 12);

𝐸7(2, 6, 8, 10, 12, 14, 18); 𝐸8(2, 8, 12, 14, 18, 20, 24, 30).

(These 𝑃𝑘𝑖
coincide with the polynomials considered by Coxeter (1) for 𝐸6 and

by Takeuchi (2) for 𝐹4.)
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We note that an analogue of this theorem, as is known, is also valid for 𝐴𝑟, 𝐵𝑟, 𝐶𝑟.
For 𝐷𝑟, besides

𝑃𝑘𝑖
=

2𝑟
∑
𝛼=1

Λ𝑘𝑖𝛼 ,

one must also take 𝑃 ′
𝑟 = Λ1Λ2 ⋯ Λ𝑟.

2°. Let a homogeneous space 𝒢/𝒰 be given, where 𝒢 is a connected compact
Lie group, 𝒰 its connected closed subgroup; 𝑈 ⊂ 𝐺 are the corresponding Lie
algebras. Denote the restriction of 𝐼𝑆(𝐺) to 𝑈 by 𝑝 ∶ 𝐼𝑆(𝐺) → 𝐼𝑆(𝑈). If the rank
of 𝒢 = 𝑅, the rank of 𝑈 = 𝑟, and all 𝑝(𝑃𝑘𝛼

) (𝑟 + 1 ≤ 𝛼 ≤ 𝑅) belong to the ideal
in 𝐼𝑆(𝑈) generated by 𝑝(𝑃𝑘𝑖

) (1 ≤ 𝑖 ≤ 𝑟) (where 𝑃𝑘1
, 𝑃𝑘2

, … , 𝑃𝑘𝑅
are generating

polynomials of the algebra 𝐼𝑆(𝐺)), then we shall say that 𝒰 is in normal position
in 𝒢. In this case the Poincaré polynomial of the space 𝒢/𝒰 has the form

𝑃(𝒢/𝒰, 𝑡) = (1 − 𝑡2𝑘1)(1 − 𝑡2𝑘2) ⋯ (1 − 𝑡2𝑘𝑟)
(1 − 𝑡2𝑙1)(1 − 𝑡2𝑙2) ⋯ (1 − 𝑡2𝑙𝑟) ×

×(1 + 𝑡2𝑘𝑟+1−1)(1 + 𝑡2𝑘𝑟+2−1) ⋯ (1 + 𝑡2𝑘𝑅−1),

where 𝑙1, 𝑙2, … , 𝑙𝑟 are the degrees of the generating polynomials of the algebra
𝐼𝑆(𝑈).

The case 𝑅 = 𝑟 (then we have Hirzebruch’s formula) or the case 𝑝 ∶ 𝐼𝑆(𝐺) →
𝐼𝑆(𝑈) is an epimorphism (then 𝒰 is completely nonhomologous to 0 in 𝒢 and

𝑃(𝒢/𝒰, 𝑡) = 𝑃 (𝒢, 𝑡)
𝑃 (𝒰, 𝑡) ) is a special case of normal position.

3∘. Consider compact homogeneous nonsymmetric spaces 𝔊/𝔘 with an irre-
ducible rotation group. All these spaces were found in the papers of O. V.
Manturov (3𝑎,𝑏).
For these spaces 𝔘 is in normal position in 𝔊, except for the following 4 cases
(in the diagrams the embedding 𝑈 → 𝐺 is indicated):

a)
1∘ − ∘ − ⋯ − ∘ × 1∘ − ∘ − ⋯ − ∘ → 𝑆𝑈((𝑛1 + 1)(𝑛2 + 1))

⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑛1

⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑛2

or

1∘ − ∘ − ⋯ − ∘ × ∘ − ∘ − ⋯ − 1∘ → 𝑆𝑈((𝑛1 + 1)(𝑛2 + 1))
⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝑛1

⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑛2
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(where × denotes the Kronecker product);

b)
1∘ − ∘ − ⋯ − 1∘ → 𝑆𝑂(𝑛(𝑛 + 2));

⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑛

c)
∘ − ∘ − 1∘ − ∘ − ∘ → 𝑆𝑝(20);

d)

∘ − ∘ −
∘
|
1∘

− ∘ − ∘ → 𝑆𝑂(78).

Below the Poincaré polynomials of all these spaces are obtained, except for cases
a), b).

Let us note that for all symmetric homogeneous spaces 𝔊/𝔘, 𝔘 is always in
normal position in 𝔊 (see (4)). The Poincaré polynomials of all irreducible
symmetric spaces 𝔊/𝔘 were obtained by Takeuchi (2).
4∘. Consider 𝑛 variables 𝑥1, 𝑥2, … , 𝑥𝑟 and the polynomials

𝑝𝛼 =
𝑛

∑
𝑖=1

𝑥𝛼
𝑖 (𝛼 an integer > 0);

then
𝑝𝛼 = 𝑄𝛼(𝑝1, 𝑝2, … , 𝑝𝑛).

If in 𝑄𝑚𝑠 (𝑚 an integer > 0; 0 < 𝑠 an integer < 𝑛) all arguments are set equal
to 0 except for 𝑝𝑠, 𝑝2𝑠, … , 𝑝𝑖0𝑠 (𝑖0 = [𝑛/𝑠]), then the expression obtained will be
denoted by

𝑄𝑠
𝑚𝑠(𝑝𝑠, 𝑝2𝑠, … , 𝑝𝑖0𝑠).

Then the Poincaré polynomials of the preceding spaces have the form:

A. The case 𝔘 is not in normal position in 𝔊 (see 3∘) (for cases a), b) the
Poincaré polynomial for large 𝑛1, 𝑛2, 𝑛 has not yet been obtained):

c)

𝑃(𝔊/𝔘, 𝑡) = (1 + 𝑡6 + 𝑡10 + 𝑡12 + 𝑡18 + 𝑡25 + 𝑡31 + 𝑡33 + 𝑡37 + 𝑡43)

×(1 + 𝑡27)(1 + 𝑡31)(1 + 𝑡35)(1 + 𝑡39);

d)

𝑃(𝔊/𝔘, 𝑡) = 𝑃(𝔊, 𝑡)
𝑃 (𝔘, 𝑡)

(1 + 𝑡9)(1 + 𝑡17)
(1 + 𝑡19)(1 + 𝑡27)(1 + 𝑡35) (1+𝑡10+𝑡18+𝑡37+𝑡45+𝑡55).
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B. 𝔘 is in normal position in 𝔊 (but is not wholly homologous to 0 in 𝔊):

a)

∘ − ∘ − ⋯ − ∘ → 𝑆𝑈 (𝑛(𝑛 − 1)
2 ) , 𝑛 = 2𝑠−1;

⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑛−1

𝑃(𝔊/𝔘, 𝑡) = 𝑃(𝔊, 𝑡)
𝑃 (𝔘, 𝑡)

(1 − 𝑡2𝑝𝑠)
(1 − 𝑡2𝑠)

(1 + 𝑡2𝑠−1)
(1 + 𝑡2𝑝𝑠−1) ,

where 𝑝 is determined as follows: put

𝐴1 = 1, 𝐴𝑖 = − 1
2𝑛 − 2𝑖𝑠

𝑖−1
∑
𝛼=1

𝐶𝛼𝑠
𝑖𝑠 𝐴𝛼𝐴𝑖−𝛼 (𝑖 = 1, 2, … , 𝑖0 = [𝑛

𝑠 ]) ;

𝐴𝑚 = 𝑄𝑠
𝑚𝑠(𝐴1, 𝐴2, … , 𝐴𝑖0

).
Then 𝑝 is the smallest integer > 𝑖0 such that

(2𝑛 − 2𝑝𝑠)𝐴𝑝 +
𝑝−1
∑
𝛼=1

𝐶𝛼𝑠
𝑝𝑠 𝐴𝛼𝐴𝑝−𝛼 ≠ 0.

b)
• − 1• − ⋯ − • = ∘ → 𝑆𝑂((𝑛 − 1)(2𝑛 + 1)), 𝑛 = 22𝑠−2;

⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑛

𝑃(𝔊/𝔘, 𝑡) = 𝑃(𝔊, 𝑡)
𝑃 (𝔘, 𝑡)

(1 − 𝑡4𝑝𝑠)
(1 − 𝑡4𝑠)

(1 + 𝑡4𝑠−1)
(1 + 𝑡4𝑝𝑠−1) ,

where 𝑝 is defined as follows: put

𝐴1 = 1, 𝐴𝑖 = −1
2𝑛 − 22𝑖𝑠−1

𝑖−1
∑
𝛼=1

𝐶2𝛼𝑠
2𝑖𝑠 𝐴𝛼𝐴𝑖−𝛼 (𝑖 = 1, 2, … , 𝑖0 = [𝑛

𝑠 ]) ;

𝐴𝑚 = 𝑄𝑠
𝑚𝑠(𝐴1, 𝐴2, … , 𝐴𝑖0

).

Then 𝑝 is the least integer > 𝑖0 such that

(2𝑛 − 22𝑝𝑠−1)𝐴𝑝 +
𝑝−1
∑
𝛼=1

𝐶2𝛼𝑠
2𝑝𝑠 𝐴𝛼𝐴𝑝−𝛼 ≠ 0.

c) ∘ − 1∘ − ∘ − ⋯ − ∘/∘
\∘ → 𝑆𝑂(𝑛(2𝑛 − 1)) ∶
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⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑛

1) 𝑛 ≠ 22𝑠−2,

𝑃(𝔊/𝔘, 𝑡) = 𝑃(𝔊, 𝑡)
𝑃 (𝔘, 𝑡)

(1 + 𝑡2𝑛−1)
(1 + 𝑡4𝑛−1) (1 + 𝑡2𝑛);

2) 𝑛 = 22𝑠−2,

𝑃(𝔊/𝔘, 𝑡) = 𝑃(𝔊, 𝑡)
𝑃 (𝔘, 𝑡)

(1 + 𝑡2𝑛−1)
(1 + 𝑡4𝑛−1)

(1 + 𝑡4𝑠−1)
(1 + 𝑡4𝑝𝑠−1) (1 + 𝑡2𝑛)1 + 𝑡4𝑝𝑠

1 − 𝑡4𝑠 ,

where 𝑝 is defined as in case b).

d) 1∘ × 1∘ − ∘ − ⋯ − ∘ = • → 𝑆𝑝(4𝑛 + 2);

⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑛

𝑃(𝔊/𝔘, 𝑡) = 𝑃(𝔊, 𝑡)
𝑃 (𝔘, 𝑡)

(1 − 𝑡4𝑝)
(1 − 𝑡4)

(1 + 𝑡3)
(1 + 𝑡4𝑝−1) ,

where 𝑝 is defined as follows: put

𝐴0 = 𝑛, 𝐴𝑖 = −1 −
𝑖−1
∑
𝛼=0

𝐶2𝛼
2𝑖 𝐴𝛼 (𝑖 = 1, 2, … , 𝑛);

𝐴𝑚 = 𝑄𝑚(𝐴1, 𝐴2, … , 𝐴𝑛).

Then 𝑝 is the least integer > 𝑛 such that

𝐴𝑝 +
𝑛−1
∑
𝛼=0

𝐶2𝛼
2𝑝 𝐴𝛼 + 1 ≠ 0.

e) 1∘ × 1∘ − ⋯ − ∘/∘
\∘ → 𝑆𝑝(4𝑛);

⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑛

𝑃 (𝔊/𝔘, 𝑡) = 𝑃(𝔊, 𝑡)(1 + 𝑡2𝑛−1)
𝑃 (𝔘, 𝑡)(1 + 𝑡4𝑛−1)

(1 + 𝑡3)
(1 + 𝑡4𝑝−1) (1 + 𝑡2𝑛) (1 − 𝑡4𝑝)

(1 − 𝑡4) ,
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where 𝑝 is defined as follows: put

𝐴0 = 𝑛, 𝐴𝑖 = −
𝑖−1
∑
𝛼=0

𝐶2𝛼
2𝑖 𝐴𝛼 (𝑖 = 1, 2, … , 𝑛);

𝐴𝑚 = 𝑄𝑚(𝐴1, 𝐴2, … , 𝐴𝑛).

Then 𝑝 is the least integer > 𝑛 such that

𝐴𝑝 +
𝑝−1
∑
𝛼=0

𝐶2𝛼
2𝑝 𝐴𝛼 ≠ 0.

f) 1∘ × 1• − • − ⋯ − • = ∘ → 𝑆𝑂(4𝑛),

⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑛

Set

𝐴0 = 𝑛, 𝐴𝑖 = −
𝑖−1
∑
𝛼=0

𝐶2𝛼
2𝑖 𝐴𝛼, 𝐵𝑖 =

𝑖
∑
𝛼=0

(−1)𝛼𝐶𝛼
𝑖 𝐶𝛼

2𝑖𝐴𝛼 (𝑖 = 1, … , 𝑛).

Let the function 𝑅(𝑝1, 𝑝2, … , 𝑝𝑛) express 𝑥1𝑥2 ⋯ 𝑥𝑛 in terms of 𝑝1, 𝑝2, … , 𝑝𝑛,
(𝑝𝛼 = ∑𝑛

𝑖=1 𝑥𝛼
𝑖 ).

1) If 𝑅(𝐵1, 𝐵2, … , 𝐵𝑛) ≠ 0, then

𝑃(𝔊/𝔘, 𝑡) = 𝑃(𝔊, 𝑡)
𝑃 (𝔘, 𝑡)

(1 − 𝑡4𝑛)
(1 − 𝑡4)

(1 + 𝑡3)
(1 + 𝑡4𝑛−1) .

2) If 𝑅(𝐵1, 𝐵2, … , 𝐵𝑛) = 0, then

𝑃(𝔊/𝔘, 𝑡) = 𝑃(𝔊, 𝑡)
𝑃 (𝔘, 𝑡)

(1 + 𝑡3)
(1 + 𝑡4𝑝−1)

(1 − 𝑡4𝑝)
(1 − 𝑡4) ,

where 𝑝 is determined as follows: set 𝐴𝑚 = 𝑄𝑚(𝐴1, 𝐴2, … , 𝐴𝑛); then 𝑝 is the
least integer > 𝑛 such that

𝐴𝑝 +
𝑝−1
∑
𝛼=0

𝐶2𝛼
2𝑝 𝐴𝛼 ≠ 0.
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�) 2∘ − ∘ − ⋯ − ∘
∘
|
∘

→ 𝑆𝑂((𝑛 + 1)(2𝑛 − 1));

𝑃 (𝔊/𝔘, 𝑡) = 𝑃(𝔊, 𝑡)
𝑃 (𝔘, 𝑡)

(1 + 𝑡2𝑛−1)
(1 + 𝑡4𝑛−1) (1 + 𝑡2𝑛).

�) ∘ − 2∘ − ∘ → 𝑆𝑝(20) ∶

𝑃 (𝔊/𝔘, 𝑡) = 𝑃(𝔊, 𝑡)
𝑃 (𝔘, 𝑡)

(1 + 𝑡5)
(1 + 𝑡11) (1 + 𝑡6).

1∘ × 2∘ → 𝑆𝑝(6) ∶

𝑃 (𝔊/𝔘, 𝑡) = (1 + 𝑡4)(1 + 𝑡11).

1∘ × 1∘ × 1∘ → 𝑆𝑝(8) ∶

𝑃 (𝔊/𝔘, 𝑡) = (1 + 𝑡4)(1 + 𝑡4 + 𝑡8)(1 + 𝑡15).

1∘ × ∘ − 1∘ − ∘ → 𝑆𝑝(12) ∶

𝑃 (𝔊/𝔘, 𝑡) = (1 + 𝑡4 + 𝑡8 + 𝑡12)(1 + 𝑡6)(1 + 𝑡19)(1 + 𝑡23).

2∘ − 2∘ → 1∘ − ∘ − ∘ − ∘ − ∘ − ∘ ∶

𝑃 (𝔊/𝔘, 𝑡) = 𝑃(𝔊, 𝑡)
𝑃 (𝔘, 𝑡)

1 + 𝑡5

1 + 𝑡11 (1 + 𝑡6).

6∘ − ∘ + ∘ − 6∘ → ∘ − ∘ − ∘ − ∘ − ∘ − 1∘ ∶

𝑃 (𝔊/𝔘, 𝑡) = 𝑃(𝔊, 𝑡)
𝑃 (𝔘, 𝑡)

1 + 𝑡5

1 + 𝑡11 (1 + 𝑡6).

�. In the remaining cases 𝔘 is completely nonhomologous to 0 in 𝔊.
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