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Let Γ be a collection of a finite number of simple closed Lyapunov contours
having no common points; let 𝛼(𝑡) be a function given on Γ which maps Γ
homeomorphically onto itself, preserving the direction of traversal, and has a
derivative 𝛼′(𝑡) ∈ 𝐻, 𝛼′(𝑡) ≠ 0 (𝑡 ∈ Γ). In addition, it is assumed that 𝛼(𝑡)
generates a cyclic group of order 𝑛, whose elements we shall denote by

𝛼0(𝑡) ≡ 𝑡, 𝛼1(𝑡) ≡ 𝛼(𝑡), … , 𝛼𝑛−1(𝑡).

In the paper (2) the singular equation with shift

𝑇 𝜑 ≡
𝑛−1
∑
𝑙=0

{𝐴𝑙(𝑡0)𝜑(𝛼𝑙(𝑡0)) + 1
𝜋𝑖 ∫

Γ

𝐾𝑙(𝑡0, 𝑡)𝜑(𝑡) 𝑑𝑡
𝑡 − 𝛼𝑙(𝑡0) } = 𝑓(𝑡0)

was considered (we use the notation and numbering adopted in (2)), as well as
the adjoint equation 𝑇 ′𝜓 = 0.
In the proof of Theorem 6 an inaccuracy was made, to which N. E. Tövmassian
drew our attention. As a consequence, the index formula given in (2) requires
clarification. The remaining results of the paper remain valid. Below we give
the proof of Theorem 4 and the index formula for the operator 𝑇 .

We shall assume that the operator 𝑇 is of normal type; hence, as is easy to see,
the operator 𝑇 ′ is normal.

Let us prove Theorem 4. As shown in (2), with the equation 𝑇 𝜑 = 𝑓 (𝑇 ′𝜓 = 0)
there is associated a system of singular integral equations

𝐷⃗Φ⃗ = F (𝐷∗X = 0),

sovietrxiv.org/items/ru-196501.25645 Machine Translation

https://sovietrxiv.org/items/ru-196501.25645


where

F(𝑡0) = {𝑓(𝑡0), 𝑓(𝛼(𝑡0)), … , 𝑓(𝛼𝑛−1(𝑡0))}. (1)

To prove Theorem 4, by virtue of Theorem 5, we need to show that from the
conditions (3.2) there follows the solvability of the system 𝐷⃗Φ⃗ = F, and con-
versely (see 1, 2). Let 𝜓𝛿(𝑡) (𝛿 = 1, 2, … , 𝑘′) be a complete system of linearly
independent solutions of the equation 𝑇 ′𝜓 = 0. Then the vectors

{𝜓𝛿(𝑡), 𝜓𝛿(𝛼(𝑡)), … , 𝜓𝛿(𝛼𝑛−1(𝑡))}

will be solutions of the associated system of equations 𝐷∗X = 0, and the vectors

X𝛿(𝑡) = {𝜓𝛿(𝑡), 𝛼′(𝑡)𝜓𝛿(𝛼(𝑡)), … , 𝛼′
𝑛−1(𝑡)𝜓𝛿(𝛼𝑛−1(𝑡))} (𝛿 = 1, 2, … , 𝑘′)

will be solutions of the system 𝐷′𝜓 = 0, adjoint to the system 𝐷⃗Φ⃗ = 0. Taking
into account the equalities

∫
Γ

F(𝑡)X𝛿(𝑡) 𝑑𝑡 = 𝑛 ∫
Γ

𝑓(𝑡)𝜓𝛿(𝑡) 𝑑𝑡 (𝛿 = 1, 2, … , 𝑘′),

we immediately obtain the conditions (3.2) as necessary.

Let us prove the sufficiency of the conditions (3.2). Let

y𝛿(𝑡) = {𝑦𝛿
0(𝑡), … , … , 𝑦𝑛−1(𝑡)} (𝛿 = 1, 2, … , 𝑘̃′)

be a complete system of linearly independent

solutions of 𝐷′ ⃗𝜓 = 0. Then, as is not difficult to verify, the vectors

{𝑦𝛿
0(𝑡), 1

𝛼′(𝑡)𝑦𝛿
1(𝑡), … , 1

𝛼′
𝑛−1(𝑡)𝑦𝛿

𝑛−1(𝑡)}

will be solutions of the system 𝐷∗𝑋 = 0, and the functions

𝜔𝛿(𝑡) = 𝑦𝛿
0(𝑡) + 1

𝛼′
𝑛−1(𝛼(𝑡))𝑦𝛿

𝑛−1(𝛼(𝑡)) + ⋯ + 1
𝛼′(𝛼𝑛−1(𝑡))𝑦𝛿

1(𝛼𝑛−1(𝑡))

(𝛿 = 1, 2, … , 𝑘̃′)

will be solutions of 𝑇 ′𝜓 = 0. Taking into account the equalities
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∫
Γ

𝐹(𝑡)𝑦𝛿(𝑡) 𝑑𝑡 = ∫
Γ

𝑓(𝑡)𝜔𝛿(𝑡) 𝑑𝑡 (𝛿 = 1, 2, … , 𝑘̃′),

by virtue of (3.2), we obtain that the system 𝐷Φ = 𝐹 is solvable. Theorem 4 is
proved.

Let 𝐻 be the space of all vectors with 𝑛 components satisfying the Hölder
condition, and let 𝐻̃ be the subspace of the space 𝐻 whose elements are all
vectors of the form (1).

Denote by 𝑘, 𝑘′, 𝑘̃, 𝑘̃′ the numbers of zeros of the operators 𝑇 , 𝑇 ′, 𝐷, and 𝐷′,
respectively. It is clear that the numbers of zeros of the operators 𝐷 and (𝐷∗)′*
coincide (see (2)).

Let

Φ⃗𝛿(𝑡) = {Φ𝛿
0(𝑡), … , Φ𝛿

𝑛−1(𝑡)} (𝛿 = 1, 2, … , 𝑘̃)

and

𝑋𝑙(𝑡) = {𝑋𝑙
0(𝑡), … , 𝑋𝑙

𝑛−1(𝑡)} (𝑙 = 1, 2, 3, … , 𝑘̃′)

be complete systems of linearly independent solutions of the systems of equations
(𝐷∗)′Φ⃗ = 0 and 𝐷′𝑋 = 0, respectively. Denote by 𝑑 (𝑑′) the maximal number
of vectors (if such exist) among {Φ⃗𝛿(𝑡)} ({𝑋𝑙(𝑡)}) orthogonal to the subspace 𝐻̃.
Without loss of generality one may assume that these are Φ⃗𝑖(𝑡) (𝑖 = 1, 2, … , 𝑑)
(𝑋𝑗(𝑡) (𝑗 = 1, 2, … , 𝑑′)). The components of these vectors satisfy the relations

Φ𝑖
0(𝑡) + 𝛼′

𝑛−1(𝑡)Φ𝑖
1(𝛼𝑛−1(𝑡)) + ⋯ + 𝛼′(𝑡)Φ𝑖

𝑛−1(𝛼(𝑡)) ≡ 0 (𝑖 = 1, 2, … , 𝑑),

𝑋𝑗
0(𝑡) + 𝛼′

𝑛−1(𝑡)𝑋𝑗
1(𝛼𝑛−1(𝑡)) + ⋯ + 𝛼′(𝑡)𝑋𝑗

𝑛−1(𝛼(𝑡)) ≡ 0 (𝑗 = 1, 2, … , 𝑑′).

From Theorem 4, as is easily seen, (2) implies that 𝑘̃′ = 𝑘′ + 𝑑′, 𝑘̃ = 𝑘 + 𝑑, and,
consequently, for the index of the operator 𝑇 we obtain the formula

ind𝑇 = 1
2𝜋 {arg det[𝐺(𝑡) − 𝐾(𝑡, 𝑡)]

det[𝐺(𝑡) + 𝐾(𝑡, 𝑡)]}Γ
− 𝜒(𝑇 ), (2)

where 𝜒(𝑇 ) = 𝑑 − 𝑑′.

Applying the results of F. V. Atkinson 4, from (2) we obtain:
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Theorem. If 𝑉 is an arbitrary completely continuous operator mapping the
Hölder space into itself, then ind(𝑇 + 𝑉 ) = ind𝑇 .

In accordance with formula (2), the results of 3 must be modified: 𝑥∗ should
everywhere be replaced by 𝑥∗ − 1

2 𝜒(𝑇 ), where 𝜒(𝑇 ) corresponds to equation
(1.7). In addition, in the conditions of Theorems 1–3 the necessity requirements
should be omitted.
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* (𝐷)∗ is the operator adjoint to the operator 𝐷∗.
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