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Let on the half-interval [0,1), which we shall regard as a circle of unit length
with a given initial point and direction of traversal, k numbers oy, s, ..., oy
be given. Let a natural number m be given. If A is some half-interval lying
on A* of length 1/2m, then denote by B,,(A) the number of numbers among
Qq, Qg ... ,ay, belonging to A. Further, if A and A’ are two half-intervals such
that

mes A + mes A" = 1/2m,
then denote by B,,(A,A’) the number of numbers a, a,, ..., o, belonging to
AUA.

For the study of additive problems, G. A. Freiman (1) established the following
result:

Theorem. Suppose that for every half-interval A (of length 1/2)

Then

We generalize this theorem.

Theorem 1. Let m be a given natural number. Suppose that the set

Qp, Qg, ...y O
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is such that for every half-interval A (of length 1/2m) and for every pair of
half-intervals A and A’ (of total length 1/2m)

(A) < f(k),  Bn(AA") < fk).

Then
k .
S e2mimes| < am(k) — k.
j=1
Proof. Since for any real ~
k k
ZeZWim(aj+'y) — ZeQTrimaj
Jj=1 Jj=1

and the sequence {a; + 7} also has the property that for it B,,(A) < f(k) and
B, (A, A”) < f(k), we may assume that

k k k
Z e2mimay | _ Z e2mimoy — Zcos 2mma,
=1 j=1 g=1
k m—1
Z cos 2mma; = cos 2mmay; =
=1 r=0 r/m<a;<(r+1)/m

* We shall assume that the right endpoint (in the direction of traversal) of A
belongs to A, while the subsequent endpoint does not belong to A.

[

m—

r
cos 2mm (ozj — —) —
m
r=0 \r/m<a;<r/m+1/4m

r 1
— Z cos27rm(—+——a->—
m

J
r/m+1/dm<a;<r/m+1/2m

r 1
— Z cos 2mm (aj———2—>+
r/m+1/2m<a;<r/m+3/4m m m

1
+ Z cosQﬁm(;—km—aj)) =

r/m+3/4dm<a;<(r+1)/m
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m—1

:27rmz

1/4m
/ sin 2rmt dt—
r=0

a;—r/m

YO

r/m<a;<r/m+1/4m

1/4m
_ / sin 2mmt dt—

r/m+1/dm<a;<r/m+1/2m r/m+1/2m—o;

1/4m
— / sin 2mmt dt+

r/m+1/2m<a;<r/m+3/4m

Q

a;—r/m—1/2m

Q

_|_

(]

1/4m
/ sin2mrmtdt | =
r/m+3/4m<a;<(r+1)/m r/m+1/m—a;

zgﬂmig(/ol/m( Y > -

r/m<a;<r/m-+t r/m+1/2m—t<a;<r/m+1/2m

_ Z 1+ Z 1 | sin2mmt dt,
r/m+1/2m<a;<r/m+1/2m+t r/m+1l/m—t<a;<r/m+1/m

1/4m
k= 27Tm/ Z 1| sin2mmtdt =
0 0<a,;<1

m—1 ,1/4m
=2mm Z / ( Z 1) sin 2mmt dt.
0 )/m

r/m<o;<(r+1

since

Adding, we obtain

k m—1 1/4m
Z Cos 27Tmaj+k = 2m™m Z / Z 1 | sin27wmt dt+
j=1 r=0 0 (r+1)/m—t<a;<r/m+1/m+t

1/4m
+ / Z 1| sin2rmtdt | <
0

r/m+1/2m—t<a;<(r+1)/m
r/mgaj<t

m—1 1/4m 1/4m
< 2mm Z (f(k)/ sin 2wmt dt + f(k)/ sin 2wmt dt) =2mf(k),
r=0 0 0

which was required to be proved.

This theorem makes it possible to obtain information on the presence of irregu-
larities in the distribution of fractional parts, provided we are able to estimate
the corresponding trigonometric sums from below.
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We shall give two examples of applications of the theorem.

Example 1. Let p > 2 be a prime number, (a,p) = 1. As is known,

p—1

2
E e2miax /p

=0

:\/]5,

From G. A. Freiman’ s theorem and this estimate there immediately follows

Corollary 1. For any & > 0, there is a half-interval of length 1/2 into which
fall more than

1 1
#+(3-<) v
of the points {ax®/p}, x =0,1,....,p— 1.
From our Theorem 1 there follows

Corollary 2. Let p—1 > m > 2 be natural numbers. For any e > 0, there is a
half-interval A of length 1/2m, or two half-intervals A, A" of the same (total)
length, such that into them fall more than

(p+vp—e)/2m
of the points {ax?/p}, x =0,1,....,p— 1.

I. M. Vinogradov (2), p. 90, problem 12 §§, Ch. 5, proved that the number of
fractional parts {az?/p}, x = 0,1,...,p — 1, falling into a half-interval of length
1/2m, is approximately equal to

p/2m+6,/plnp, 0] <1

(and for two half-intervals of total length 1/2m this number is approximately
equal to
p/2m + 26,/plnp).

It follows from the indicated corollaries that, for half-intervals of length 1/2,
even if Vinogradov’ s formula can be sharpened, one can at most omit the
factor In p, while for intervals of length

1/2m ~1Inp/\/p

Vinogradov’ s formula cannot be improved in order of magnitude.

Example 2. Let g > 2 be a fixed natural number, and let p be an increasing
natural number. We also prescribe a natural number m. By E,, we denote the
set of points of the half-interval [0,1) for which there exists a half-interval of
length 1/2m, or two half-intervals A and A’ (of total length 1/2m), into the
union of which fall no fewer than

p/2m + (A/2m)\/p
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of the points {ag”}, . =0,1,...,p — 1.
Corollary. As p — oo and for fized real A,

mes F, > e +o(1).
Proof. We proceed from the result of M. P. Mineev (3): for fixed real A,

p—1

y €T
E eZﬂ'zmag
=0

If o & E,,, then for this a, by Theorem 1,

mesE{a:0§a<1,

> )\\/ﬁ} = +0(1).

p

<2 —
- m(Zm

p—1 A
2mimag® A —p=2\ .
Z; +2m\/ﬁ> P=AVP

aeE(

p—1

: @
E e27rzmag
=0

Therefore, if

p—1
E e27rzmag
x=0

>Aﬂo,

then o € E,,, whence

mes Ep > mesFE (

> )\\/[7> =e ™ +o(1),

as was required to prove.
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