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Abstract

Full Text
MATHEMATICS
G. G. Tsepina

ON THE EMBEDDING PROBLEM FOR THE
NILPOTENT PRODUCT OF FINITELY PRE-
SENTED GROUPS

(Presented by Academician P. S. Novikov on 29 VI 1964)

In the works of K. A. Mikhailova (*?) the embedding problem for the direct
and free products of groups is solved. In particular, it is established that in the
direct product of groups the embedding problem is undecidable (*), whereas in
the free product it is decidable (°).

In the present paper the embedding problem is solved for the n-th nilpotent
(3:%) product of groups, the numbering of the terms of the lower central series
of a group being such that the direct product is the first nilpotent product.

We shall consider only finitely presented groups. It is known (®) that the n-th
nilpotent product of finitely presented groups is a finitely presented group.

Theorem 1. In the n-th nilpotent product of two free groups of rank two each
(5), the embedding problem is undecidable.

Theorem 2. In the n-th nilpotent product of two groups, the weak embedding
problem is decidable if in each of the given groups the weak embedding problem is
decidable and every subgroup of either of them has a finite number of generators.

For n = 1 the validity of the indicated theorems was proved in (*).

Let 2 = {a} be the infinite cyclic group, B the free group with positive alphabet
by, ..., b,,; denote by € their n-th nilpotent product. The group €, as is known

rrm
(36), can be represented in the form

T = 2A(n)® — 2B,

where £ = [2, B]¢ is the normalized mutual commutant of the subgroups 2l and
B in the group €, which is a torsion-free nilpotent group of class [n/2] and has
as generators those of the basic (?, p. 187) commutators of weights from one to
n inclusive which are constructed on the ordered system of elements

a<b <--<b,,
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whose weight is greater than one and in which, as a component, each contains

the element a (8). Denote the totality of such commutators by gy, ..., gp, and in
each of them replace every component a by the element a® (1 < « is an integer);
denote the commutators obtained in this way respectively by @, ...,Q,. Then

each of the commutators (); can be represented in the form

& S £
Qi =9;"9:41 9", (1)
where §; is some power of the number «, and §; 4, ..., §, are integral polynomials

in « of degree not exceeding n + 1, without constant terms, admitting effective
determination, or some of them are equal to zero.

For the system of commutators g;,gs,...,g, we define the notion of a basic
commutator as follows: 1) all basic commutators of weight -

two shall be called basic; 2) suppose that all basic commutators of weights
less than r have already been defined; then as basic commutators of weight r
we shall call all commutators of the form g, = [g;,a], where g, is any basic
commutator of weight » — 1. The subgroup of the group € generated by all
basic commutators will be denoted by if,. Now let the group ‘B be arbitrary
with generators by, ...,b,,, and let the group € be the n-th nilpotent product of

the groups 2 and ‘B, i.e.,
¢ =2A(n)B = ABYU,

where 4 = [,B]¢. The subgroup 4, obviously, can be given by the same
generators as 4 C €.

Lemma 1. The subgroup B of the group € is isomorphic to the factor group
of the group R = B(n— 1)Uy by a normal divisor having, as a subgroup, a finite
number of generators.

Lemma 2. If in the n-th nilpotent product of an infinite cyclic group and a
group with solvable strong ®) membership problem (or membership problem) the
strong membership problem is solvable, then the strong membership problem is

also solvable in the n-th nilpotent product of any nilpotent group of class k; <n
and the given group.

We omit the proofs of these lemmas.

Consider an arbitrary subgroup & of the group €, generated by a finite number

of elements which, as is known ®), can be uniquely represented in the form
a®:U}, a"iBiUY, 2)

where «;, 8; are integers, U/, U} € U; B; € B. Let d be the greatest common
divisor of the numbers «; (if all a; = 0, put d = 0), and ¢ the greatest common
divisor of the numbers a; and 3; (when all o; = 3; = 0, we shall take ¢ = 0);
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then the system (2) is equivalent to another system, which is obtained from (2)

and has the form
alUs, aiByU,, B Uy,...,B.U,, (3)

where Uj,U,, ..., U, are words from ; By, ..., B, are words from B.

Lemma 3. If in the system of generators (3) of the subgroup & d # 0, then the
subgroup &* = & N (BL) has a finite number of generators and there exists an
algorithm for finding them.

Theorem 3. In the n-th nilpotent product of an infinite cyclic group and a
group with solvable membership problem, the membership problem is solvable.

We give a brief outline of the proof of this theorem. Suppose that in the group
% indicated above the membership problem is solvable, and prove the theorem
by induction on the number n. For n = 1 the validity of this theorem was
proved in Y. Now let n > 1, and suppose that for all n,; < n Theorem 3 has
already been proved; we shall prove its validity for the group € = 2(n)®B.

From the induction hypothesis and Lemmas 1 and 2 it follows that the mem-
bership problem is solvable in the subgroup 84l of the group €. Consider an
arbitrary element W’ of the group €; then from the induction hypothesis it also
follows that there exists an algorithm allowing one to determine either W’ ¢ &,
or to find such a word W € 2 that W’ € & if and only if W € &, and moreover
the canonical ® expression of the element W contains only basic commutators
of weight n among gy, ..., g,,.

For the system of generators of the subgroup ® two cases are possible: 1) in the
system (3) d = ¢ =0 or d # 0; 2) in the system (3) d =0, ¢ # 0.
In the first case, the existence of the required algorithm follows from the solv-

ability of the membership problem in the subgroup 284 and Lemma 3.

Suppose the second case holds; then, in order to construct the algorithm we
need, we introduce an auxiliary subgroup & obtained from

by adjoining the element a?* (« is a natural number). Then we construct two
systems of “basic”commutators of weights from 1 to n, inclusive, on the following
ordered sets of elements:

a? < a'ByU, < B,U, < - < B,U,,

a? < a9B,U, < ByU, < - < B.U,

From the first (second) system we take all those commutators whose weight is
greater than one and each of which contains, as a component, the element a?
(a?%). The set of all selected commutators of the first system we denote by
Dy, ..., D4, and of the second by L, ..., L,q. It is not hard to verify that D,
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and L,; are elements of 4l and, as was noted above, L,; can be written with

the help of D,, ..., D,.

The following assertion holds: there exists an algorithm deciding the disjunction

(BoUp)°U ¢ & U (ByU,)°U € &, (4)

where 8 # 0 is an integer and U is an arbitrary element of the subgroup 4.

First step. As was noted above, there exists an algorithm that allows one to
determine whether an element W belongs to the subgroup &, If W ¢ &),
then W ¢ &. If, however, W € &), then by means of a finite number of
transformations it can be represented in the form

W= Wl/(BOUO)£1W17

where £ is an integer, W] € &, and W, is written in “canonical” form with the
help of Dy, ..., Dy. If & # 0, the process terminates by applying relation (4).

Second step. Let £ = 0 and W, = Dlpl11 ~--D51d; then, considering the sub-
group ®(®1) where pu, 0 (mod ay), we obtain
W, ¢ &) U W, € &),

Consider only the case W, € &(@1); then W, can be represented in the form

W, = W4(ByUy) 2 W, (5)

where W3 € &, and W, is written in “canonical” form with the help of the
commutators Ly, q,..., L, 4. The case §, # 0 was considered above; therefore
we shall assume that &, = 0 and W, # E. Using relation (4) from (*), theorem
5 from (**) and the relation (1) indicated above, W, can be represented in the
form

dor é.
W, = Dyt . D2

From relation (5) we have

Ry = W ,Wyl = Dyt .. D7 € &,
where 0y, # 0 and p; = min(ry,l;). For further consideration we take W, =
W,, if r; > 1;, and W, = W, otherwise.

Suppose that at the s-th step the process has not terminated; then we have
words

sovietrxiv.org/items/ru-196501.24215 Machine Translation


https://sovietrxiv.org/items/ru-196501.24215

R, = D?_”’i DY ed (i=1,..,f; p, # p; for i # j)
and

W, =D} .D (I, > 1),

where

Wedb =W, ecd.

At the (s + 1)-st step, choosing a, in the corresponding way, we shall have

W, ¢ o) u W, eld)

If W, € &), then, as above,

W, = Wi (BoUp)%s+1 Wit

S

where W, | € &,

W5+1 _ D££S+1>TS '”Dg(erl)d.

The process terminates at this stage in the case when (,,, # 0, or else W, is
expressed by means of the words R,. In the contrary case one can again find
words

i (s+1)lg1q s+1)d
Wy = Dyl ppisth

s+

(ls+1 2 ls) andv for min(ls,rs) 7& Pis

o(f+1)p o(f+1)d
Ry, =Dy e pgity

b

such that Ry, € 6 and W € & = W, €6
Such a process is, obviously, finite.
From Theorem 3 and Lemma 2 there follows immediately

Theorem 4. In the n-th nilpotent product of a nilpotent group and a group
with solvable membership problem, the membership problem is solvable.

Lemma 4. The polydirect product 9 of two groups with a finite number of
generators and having finitely separable (Y subgroups is a group with finitely
separable subgroups.
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Theorem 5. If the groups 9 and I have finitely separable subgroups, then
their n-th nilpotent product is a group with finitely separable subgroups.

In a finitely presented group with finitely separable subgroups, as is known (1),
the membership problem is solvable; therefore

Corollary. In the n-th nilpotent product of two groups with finitely separable
subgroups, the membership problem is solvable.
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