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PHYSICS

Yu. E. MURAKHVER

ON THE SPREADING OF QUANTUM AND
CLASSICAL PROBABILITY PACKETS
(Presented by Academician V. A. Fock on 3 IV 1965)

1. By a quantum probability packet (the generally accepted term is wave packet)
we shall mean the wave function of a particle or system of particles localized
in some region of configuration space. By a classical probability packet we
shall mean a statistical ensemble of copies of a given classical system grouped
about some mean position in phase space. Various physical objects may serve
as realizations of a classical probability packet; we shall mention only two: 1)
a system with imprecisely specified initial data and 2) a beam of particles, the
interaction between which may be replaced by an effective potential field.

The property of quantum probability packets for a free particle to spread with-
out bound with the passage of time has in fact been known since the emergence
of quantum mechanics. In a number of textbooks, for example (1, 2), the law
of this spreading is derived. The spreading of classical packets is little known,
although it has been studied in much greater detail. As early as the beginning
of this century Poincaré drew attention to it (for references to his works see
(3)). He also emphasized the importance of this effect for the foundation of
statistical physics. This question was considered in detail by N. S. Krylov (3).
He showed that, for the conclusions of statistical physics to be applicable to
a specific mechanical system, it is necessary and sufficient that the latter be
a system of the mixing type, i.e., that with time any initial probability distri-
bution should spread uniformly over the layer of univalent integrals of motion.
Independently of Krylov, the spreading of classical probability packets was in-
vestigated by Born and Houton (4–8), who used an apparatus more convenient
for this purpose from classical statistical mechanics—the Liouville equation for
the distribution function in phase space. They proved that in the case of fi-
nite motion of arbitrary conservative systems admitting complete separation of
variables in the Hamilton–Jacobi method, the uncertainty of the state increases
without bound with time. The sole exception is the system of noninteracting
harmonic oscillators. Somewhat later the same theorem was proved by Brillouin
(9, 10) for the finite motion of arbitrary conservative systems.

Thus, in finite motion of conservative systems, mixing inevitably occurs (5).
Consequently, if the initial distribution corresponds to a specified value of the
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total energy of the system, then with time it passes into the microcanonical
distribution. This is true even for a single particle. Complex systems need be
taken into account only if we wish to pass to the canonical distribution (5).

The subject of the present note is a comparison of the laws of spreading of
quantum and classical probability packets both for finite and for infinite motion
in arbitrary potential fields.

2. The time derivative of the mean value of a certain physical-

⋯quantity 𝐹 can be calculated in quantum and classical mechanics from the

formula 𝑑
𝑑𝑡𝐹 = 𝑑𝐹

𝑑𝑡 . In the first case the averaging is carried out over the
wave function satisfying the nonstationary Schrödinger equation; in the second,
over the distribution function in phase space obeying the Liouville equation.
Accordingly, for quantum and classical mechanics we have

𝑑𝐹
𝑑𝑡 = 𝜕𝐹

𝜕𝑡 + 𝑖
ℏ(𝐻𝐹 − 𝐹𝐻); (1)

𝑑𝐹
𝑑𝑡 = 𝜕𝐹

𝜕𝑡 + ∑
𝑖

( 𝜕𝐹
𝜕𝑥𝑖

𝜕𝐻
𝜕𝑝𝑖

− 𝜕𝐹
𝜕𝑝𝑖

𝜕𝐻
𝜕𝑥𝑖

) , (2)

where 𝑥𝑖 and 𝑝𝑖 are generalized coordinates and momenta, and 𝐻 is the Hamil-
tonian of the system.

In deriving the law of spreading, we shall restrict ourselves to the case of one-
dimensional motion. We write the Hamiltonian of the problem under consid-
eration in the form 𝐻 = 𝑝2/2𝑚 + 𝑈(𝑥). The only approximation that will
be admitted in the derivation consists in replacing the potential 𝑈(𝑥) by the
expression

𝑈(𝑥) ≈ 𝑈( ̄𝑥) + 𝑈 ′( ̄𝑥)(𝑥 − ̄𝑥) + 1
2𝑈″( ̄𝑥)(𝑥 − ̄𝑥)2, (3)

where ̄𝑥 is the mean value of the generalized coordinate 𝑥 (quantum or classical).
Therefore the results obtained are exact for potentials depending quadratically
on 𝑥. For potentials of arbitrary form they are valid if either of the conditions
is fulfilled (Δ𝑥2 and Δ𝑝2 are the dispersions of the quantities 𝑥 and 𝑝):

|𝑈‴( ̄𝑥)| Δ𝑥 ≪ |𝑈″( ̄𝑥)| or 𝑚|𝑈″( ̄𝑥)|Δ𝑥2 ≪ Δ𝑝2. (4)

Applying (1) to the operator 𝐹 = 𝑥2 − ̄𝑥2 and noting that

𝑑
𝑑𝑡(𝐴𝐵) = 𝑑𝐴

𝑑𝑡 𝐵 + 𝐴𝑑𝐵
𝑑𝑡 ,
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we write

𝑑
𝑑𝑡(𝑥2 − ̄𝑥2) = 1

𝑚[(𝑝 − ̄𝑝)(𝑥 − ̄𝑥) + (𝑥 − ̄𝑥)(𝑝 − ̄𝑝)]. (5)

In an entirely analogous way we obtain

𝑑
𝑑𝑡(𝑝2 − ̄𝑝 2) = −(𝑝 − ̄𝑝)[𝑈 ′(𝑥) − 𝑈 ′(𝑥)] − [𝑈 ′(𝑥) − 𝑈 ′(𝑥)](𝑝 − ̄𝑝),

which, after using (3), leads to the approximate equality

𝑑
𝑑𝑡(𝑝2 − ̄𝑝 2) ≈ −𝑈″( ̄𝑥) [(𝑝 − ̄𝑝)(𝑥 − ̄𝑥) + (𝑥 − ̄𝑥)(𝑝 − ̄𝑝)]. (6)

Comparing (5) and (6), we arrive at the first of the equations of interest to us
(𝑣 = 𝑝/𝑚):

𝑑Δ𝑣2

𝑑𝑡 = − 1
𝑚𝑈″( ̄𝑥)𝑑Δ𝑥2

𝑑𝑡 . (7)

Proceeding in the same way with the operator (𝑥 − ̄𝑥)(𝑝 − ̄𝑝) + (𝑝 − ̄𝑝)(𝑥 − ̄𝑥),
which appears in (5), we obtain the second equation

𝑑2Δ𝑥2

𝑑𝑡2 = 2Δ𝑣2 − 2
𝑚𝑈″( ̄𝑥)Δ𝑥2. (8)

The derivation of these equations for the classical case differs in no way from
that given above (in particular, formulas (5) and (6) remain valid),

except for an insignificant simplification connected with the commutativity of
physical quantities.

Thus, if one of conditions (4) is fulfilled—which is the case for a very broad
class of probability packets—then their spreading in the quantum and classical
cases is described by one and the same closed system of differential equations
(7) and (8). The coincidence of the quantum and classical laws of spreading
supplements the known result that quantum packets of small size move along
classical trajectories, but by no means indicates the equivalence of quantum
and classical mechanics. In the classical case it is possible to prescribe zero
initial data, i.e., solutions with Δ𝑥2 = 0 and Δ𝑣2 = 0 are allowed. In quantum
mechanics such initial data, and hence the corresponding solutions, are not
allowed by the uncertainty relations. To an even greater degree, the specificity
of quantum mechanics consists in the use of complex probability amplitudes and
in the effects associated with this.
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3. The study of the spreading of probability packets with time requires solv-
ing the Cauchy problem for the system (7)—(8); preliminarily, of course,
one must find the trajectory of the packet center 𝑥 = ̄𝑥(𝑡), solving the cor-
responding classical problem. We choose the initial conditions as follows:

Δ𝑣2∣𝑡=0 = Δ𝑣2
0, Δ𝑥2∣𝑡=0 = Δ𝑥2

0, 𝑑Δ𝑥2/𝑑𝑡∣𝑡=0 = 0. (9)

The third condition (9), valid for a broad class of initial distributions, is adopted
solely for simplicity. It is easy to verify that it does not affect any physically
important conclusions.

If 𝑈 depends quadratically on 𝑥, the system (7)—(8) is exact and at the same
time admits an exact solution. We shall analyze separately four possibilities: a)
free motion, b) a homogeneous field, c) a harmonic oscillator: 𝑈 = 𝑚𝜔2𝑥2/2,
and d) a parabolic potential barrier: 𝑈 = − 1

2 𝑚𝜔2𝑥2. The most general case of
a quadratic dependence of 𝑈 on 𝑥 reduces to c) or d).

In cases a) and b) our system has the following solution, satisfying the initial
conditions (9):

Δ𝑣2 = Δ𝑣2
0, Δ𝑥2 = Δ𝑥2

0 + Δ𝑣2
0𝑡2. (10)

For a free particle these formulas were derived earlier (1,2,4−8).

For case c) we obtain

Δ𝑥2 = 1
2𝜔2 (Δ𝑣2

0 + 𝜔2Δ𝑥2
0) − 1

2𝜔2 (Δ𝑣2
0 − 𝜔2Δ𝑥2

0) cos 2𝜔𝑡; (11)

Δ𝑣2 = 1
2 (Δ𝑣2

0 + 𝜔2Δ𝑥2
0) + 1

2 (Δ𝑣2
0 − 𝜔2Δ𝑥2

0) cos 2𝜔𝑡. (12)

From (11), (12) it is seen that for the harmonic oscillator there is no spreading:
Δ𝑥2 and Δ𝑣2 are periodic functions of 𝑡 with a period equal to half the period
of the oscillator.

In quantum mechanics such a dependence of the variances on time follows di-
rectly from the equidistance of the energy spectrum of the harmonic oscillator.
The special case considered in Schiff’s book (11) corresponds to the initial state
(the ground state) for which Δ𝑣2

0 = 𝜔2Δ𝑥2
0.

In classical mechanics, formulas (11), (12) can also be obtained by solving the
Liouville equation

𝜕𝜌
𝜕𝑡 + 𝑣 𝜕𝜌

𝜕𝑥 − 𝜔2𝑥𝜕𝜌
𝜕𝑣 = 0
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for the oscillator. The desired solution with the initial condition 𝜌∣𝑡=0 = 𝑓(𝑥, 𝑣)
is

𝜌 = 𝑓 (𝑣 cos 𝜔𝑡 − 𝑣
𝜔 sin 𝜔𝑡, 𝑣 cos 𝜔𝑡 + 𝜔𝑥 sin 𝜔𝑡) .

If we are interested in a time interval small in comparison with the period of
the oscillator (𝜔𝑡 ≪ 1), then formulas (11), (12), as was to be expected

as one would expect, coincide with (10):

Δ𝑣2 = Δ𝑣2
0 + 𝑂(𝜔2𝑡2), Δ𝑥2 = Δ𝑥2

0 + Δ𝑣2
0𝑡2 + 𝑂(𝜔2𝑡2).

One can pass to d) from c) by making in (11), (12) the substitution 𝜔 → 𝑖𝜔.
Consequently, for the parabolic barrier Δ𝑥2 and Δ𝑣2 grow exponentially with
time. It is natural to think that a rapid increase of the uncertainties takes place
for packets performing infinite motion in any fields that increase sufficiently
rapidly at infinity.

Let us consider the most realistic case of infinite motion, when the field vanishes
at infinity. Then one can choose initial distributions for which, at an arbitrary
instant of time 𝑡, one of the conditions (4) will be satisfied, and hence the spread-
ing of quantum and classical probability packets will for all 𝑡 be described by the
same equations. For sufficiently large 𝑡, the packets will spread in accordance
with formula (10).

4. The main conclusion of the present work concerning the identity of the
laws of spreading of quantum and classical probability packets for a broad
class of motions, and all its other results, have been obtained for a one-
dimensional problem. It is useful to generalize them to multidimensional
systems. This would make it possible to apply the corresponding equa-
tions to the solution of concrete problems connected with the spreading of
particle beams. Such problems arise, for example, in the design of acceler-
ators. In doing so one can pass to such canonical variables that, for each
pair of them, the variances satisfy an independent system of differential
equations. Let us also note one obvious generalization: equations (7), (8)
remain valid if the potential 𝑈 depends explicitly on time. In this case,
however, the conclusions about mixing are, generally speaking, not valid.

The very fact of the spreading of classical probability packets, and still more the
coincidence of the quantum and classical equations of spreading, suggest that,
contrary to a widely held opinion, this effect is not related to the applicability
or inapplicability of the classical approximation. This conclusion is illustrated
by concrete examples (12,13) from the theory of atomic collisions.

In conclusion, the author expresses his gratitude to Acad. V. A. Fock and Yu.
N. Demkov for valuable comments.
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