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Let us consider the system

dx dy
_ = — P _— =
5 = Pr—wy+ Play,2), 7 —wr Tyt Ry, 2),
d
o =Mt Ray.2), M

where P, @), and R are analytic functions that vanish at the origin together with
their first derivatives.

Suppose that p < 0, A > 0. In this case the equilibrium state O(0, 0, 0), accord-
ing to Poincaré’ s terminology, is called a saddle-focus. The behavior of integral
curves in a neighborhood of the saddle-focus is known (}?) and is characterized
first of all by the existence of a two-dimensional separatrix surface 7+

2= Y3 (.TL', y)7
on which the O"-curves lie, and also by the existence of a one-dimensional
integral manifold n~

T = p(2), Y = pq(2),

on which two O -curves lie. The functions ¢, 5, and @5 are analytic and
satisfy the conditions

905(0.0) _ 95(0.0)

Ox Oy =0

©1(0) = ¢1(0) = ¢5(0) = ¥5(0) = ¥3(0,0) =

Suppose that one of the trajectories leaving the saddle-focus returns to it as
t — oo. Denote this trajectory by I';.

Theorem. If A > —p, then every neighborhood of the trajectory I'y contains a
countable set of periodic solutions.
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For the proof of the theorem we shall use the method of point transformations.
Asin (3), we shall construct a point transformation 7', represented in the form of
the product of two transformations T}, and T}, where T} is a transformation in a
neighborhood of the saddle-focus, and T is a transformation in a neighborhood
of I'y.

Make the nonlinear change of variables

E=x—p1(2), n=y—ps(2), (=2—p3(z,9),

and also a change of time, as a result of which system (1) in a certain e-
neighborhood of the origin is reduced to the form:

d

d—f = pg —wn—i— P](§7777C)£+P2(£777a<.)777

d

diz = W€+ pn+ Q1 (&1, O + Qu(E,1, O, (2)
d¢ -
TR

where P, P,, Q;, and @), are certain analytic functions that vanish at the origin.
In the new variables the equation of 7+ will be ¢ = 0, and the equations of 7~
will be £ =0, n=0.

Let T'y leave the saddle-focus O into the region > 0. Then, evidently, I'; will
intersect the plane S; : ¢ =d~ (0 < d~ < ¢) at the point M; (0,0,d™). Since
as t — 400 I'y tends to the saddle-focus, it will also lie in the plane ¢ = 0. It
is easy to see that the plane S, whose equation is n = 0, is a secant for the
trajectories of system (2) lying in the plane ¢ = 0. Consequently, as t — 400 the
trajectory Ty intersects the plane S, in a countable set of points {M,,} having
the single limiting point O(0,0,0).

Choose one of these points and denote it by My (d",0,0). Clearly, one may
assume that d* > 0 and that the point M lies in the e-neighborhood of the
origin together with some neighborhood.

Let

§(t) = &(t, €0, Co)s n(t) = n(t, & Co)s Ct) = Coe)\t (3)

be a solution of system (2) passing through the point My (&, 0,¢,) € Sy at t = 0.

Using the known representation of solutions in a neighborhood of equilibrium
states (%), the functions £(t) and 7(t) can be written in the form
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Z é- CJ zp+J/\)t

i+5>0

Z é- C] zp+])\)

i+5>0

where M;;(t) are certain trigonometric polynomials in coswt and sin wt, whose
coefficients in the general case are polynomials in t.

Consider the point mapping T}, of the plane S, into the plane S;. Evidently, it
has the form

1
€ = fyléor @) =€ (—3 10 22.60:60)
1_ _ So
n = 900, Go) =7 (_X In ,»50@0) ()
where ¢, = 1 In C—E is the transition time, found from the condition of inter-

section of the trajectory with the plane S;, or

Sy (Aw b e (£)”)

p =Y (i ) e ()"

where v = —pA~1. Note that for f, and g, the following representations are

valid:
d~ d-
fo="% <CO ) [(1 + fo1) cos (Wl In Co) + foo sin (Wl In Co)} )
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v d- e
90 = &0 (%) [901 cos (wl In Co) + (1 4 goo) sin <w1 In Coﬂ )

where w; = wA™t, and fo;(£9,Cp)s - 5 9o (&os o) are certain functions satisfying
the inequality

1
| forl + [fozl + 19011 + 1902] < 3
for sufficiently small e.

Denote by o, the domain {M(§,0,¢y), [§g —d*| < a, 0 < (5 < dy}, where a
is a sufficiently small constant. Since v > 0, it is easy to see that for any d; > 0
one can specify 4, > 0 such that the set Tyos will lie in the 6;-neighborhood of
the point M .

Since Iy intersects the secant surfaces S, and S; without tangency, the trajec-
tories of the system under consideration (1) passing through points of S; close
to M will intersect S, at points close to M. We denote by T} the mapping
of S, into S| generated by this correspondence. From the general theorems of
the theory of point mappings it follows that, whatever sufficiently small o > 0
may be, one can specify such a §; > 0 that the images of all points from the
§;-neighborhood of My will lie in the o-neighborhood of M. Moreover, if o is
sufficiently small, then the mapping 7} will be one-to-one and, in the variables
&,1n,(, can be written in the form

Eo = f1(E8nY) =dt + A&+ At +

8
<O 291(517771) :A21€1+A22’r]1+.... ( )

Let us note that, since the mapping T is regular, A = /A3, + A2, # 0.
Consider the following point mapping T = T7}:

go = (&0, Co) = f1(fo,90)s

" )
Co = 9(80:Co) = 91(f1, 90)-

Obviously, for sufficiently small 6, the mapping is defined in T5, 5 and o5, is
mapped into the o-neighborhood of the point M .

We shall seek the fixed points of the mapping T'. First make the substitution

d-
wllng— = 2mn + ¢,
0

d

where n = F (;Jl In C), 0 < ¢ < 27. By this substitution the domain o5, 1s
4 0

split into a countable set of layers K, : {|¢{, —d*| < a, d e 2m"+D/w1 < ¢ <
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d’e’%”/“l}. We shall prove that in each layer K,,, where n is greater than a
certain sufficiently large N, the mapping T has two fixed points.

In the new variables the equations for finding the coordinates of the fixed points
of K, will be written in the form

& = f(go’d—e—@mﬂrw)/%)’ d—e—(2mnte)/wy — g(§07d—e—(2m+¢)/wl)_ (10)

Taking into account the expressions for f; and g,, equations (10) can also be
written in the form

50 =dr + 6727rny/w1p(§o, ()07”)’

d-em@mrel=vfon = £, [ Ay (1+ q,(&,0,m)) cos @ + Agy(1+ g5(&5,m, ) sing]
(11)

where the functions p, ¢;, and g, are analytic in K, ; ¢; and ¢, tend to zero as

n — oo together with their derivatives; A = (/A2 + A2, # 0. Tt is not difficult
to see that the first equation of system (11) is solvable with respect to &g:

§ = d* + ey, (), (12)

where 1,,(¢) is an analytic function in the interval of variation of ¢ under
consideration and has bounded derivatives there. Substituting the expression
for &, into the second equation, we obtain an equation for finding

of the second coordinate of the fixed point. This equation can be written in the
form

d- T .

e PR = A1t oy (n, ) sin (¢ + 0 + dy(n, ), (13)
where oy and o, — 0 as n — oo, together with their derivatives, and 6, =
arctg Aqy/Ass.

Since, by the hypothesis of the theorem, v < 1, it is easy to see that, for any
sufficiently large n, equation (13) will have two positive solutions ¢’ and ¢2,
satisfying the conditions

lim ¢l = —6, (or 27 — 6,),

n—oo

lim 2 =7 — 6, (or + 31 —0,). (14)

n—oo
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Using the well-known relation between periodic motions and fixed points of the
corresponding transformation, we obtain that in any neighborhood of I'y there
is a countable set of periodic solutions.

Let us show that each fixed point M. (&,0,¢%) of the mapping T (i either 1

nI»

or 2), sufficiently close to My, is a fixed point of saddle type.

As is not difficult to see, the linearized point mapping 7" in a neighborhood of
the fixed point M}, in the variables £, and ¢, will be written in the form

ni’

dé = Cyy(n, i) dé + Cyy(n,i) dy,

d-e (Q@mten)(1-v)fw, dp = Cyy(n,1) d§ + Coy(n, i) dep, (15)

where |C};(n,9)|+ |Ci5(n, )| — 0 as n — 0o, Cyy is bounded for all n > N, and
for Cy, the representation

Cyy(n,i) = (=1)" 1 Ad*™ + B(n), (16)

holds, where 8(n) — 0 as n — co. From the representation of the characteristic
equation in the form

d=e~Gmtel)(1=v)/wi 22 L (1) AdT 4 B, (n)] 2 + By(n) =0, (17)

where (;(n) and Sy(n) — 0 as n — oo, it follows that, for sufficiently large
n, equation (17) will have two real roots, one of which is greater than unity in
absolute value and the other less than unity.

Thus it has been proved that the periodic motions found, sufficiently close to
Iy, will be unstable solutions of saddle type.
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