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Abstract
Full Text

HYDROMECHANICS
K. P. SUROVIKHIN

THE INVARIANT MEANING OF THE RIE-
MANN INVARIANTS

(Presented by Academician A. Yu. Ishlinskii, 13 IV 196)

In a number of works, summarized in (1), L. V. Ovsyannikov applied the the-
ory of Lie groups to the study of the group properties of differential equations.
Cartan’ s method of exterior forms (?) can also be applied to this same prob-
lem. The idea of applying this method to the study of the group properties of
differential equations is as follows.

As is known (), the structural equations of an infinite group have the form (D
is the symbol of exterior differentiation):

DO = ¢}, [696%] + al, [6767), (1%)

where 0 are the basic invariant forms of the group; [] denotes exterior multipli-
cation; 6* are certain additional forms; ks @y are functions of the invariants

or, in particular, constants. If the group is finite, then a;A =0.
On the other hand, suppose we have a system of equations, for example
uf +af(z tut, o um el =0 (Lk=1,2,...,n—2), (2%)
) n—2

where v, u”, ..., u are functions; x,t are independent variables. Let us write
the obvious relations

du® —uf dt —uk dv = du® + aful dt —uk dz = 0.

Denote these Pfaffian forms by w* and complete them to a full basis of the space
T(z,t,ul,...,u""2) by the differentials dx,dt or by their linear combinations;
we obtain forms w’ (i = 1,2,...,n). Differentiating the forms w’ exteriorly, we
obtain a system of exterior differential equations

Dust = bl wluk] + diy [wie], (3%)
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where b;k, d}}\ depend on (z,t,ul, ..., u and on the parametric derivatives ufr;

w? are Pfaffian forms depending on the differentials of the parametric derivatives
dul,.
Introducing new forms Q' = Aéwj , we can, by means of the elements of the

matrix A(A}), carry out a canonization of the coefficients b, (*). If in this
process the system (3*) takes the form

DQF = BL[VOF] (B}, = const or invariants), (4%)

then we obtain that the Q! are basic invariant forms of some finite group G, at-
tached to the original system (2*). As an example, let us consider the equations
describing one-dimensional flows of a gas with plane waves.

One-dimensional gas flows with plane waves are described by the system of
equations (the notation is standard):

uy + Uty +p,/p=0; (1)
Py + up, +ypu, = 0; (2)

For this system of equations, under the assumption of isentropy, the concept of
Riemann invariants is well known (see, for example, (*)):

d d
F=ut [2 1=u- |2 (4)

pa pa
where a is the speed of sound.
These variables were introduced by Riemann on the basis of physical consider-
ations. We shall show that, in fact, the Riemann invariants have an explicitly
expressed group character, and it is precisely this fact that justifies the use of
the very word “invariant.” To investigate the group properties of the system (3),
we apply Cartan’ s method of exterior forms.

Let us write the system (1)—(3) in the form of Pfaffian forms:

du — u, dx + (qu—&—%) dt = &b (5)

dp — p, dx + (up, + ypu,) dt = &7; (6)
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dp — pg dx + (up, + pu,) dt = &°. (7)

Add here two more Pfaffian forms associated with the characteristics:

dr — (u — a)dt = w'; (8)

dr — (u + a)dt = . (9)

The characteristic system for the forms (5)—(9) contains 8 variables (forms),
corresponding to x,t,u,p, p, Uy, Py, Py, and, consequently, exterior differentia-
tion of the system (5)—(9) introduces another three forms, linear with respect
to du,,dp,,dp,. To simplify the system of exterior differential equations, intro-
duce the forms

Wb = Ty (pa@® —&"); (10)
W' = 1 (pai® +&"); (11)
dvp ’
5= L (g —pi®). (12)
4ypp
The system of exterior differential equations for the forms w',w?, w8, w”,w?® has
the form
= [ww'] + ajgw'w’] + ajs[w'w] + ajs[w?e’] + ajr[we’] + ajglwe];
= s?] — abgluPuf] — algfw?”] — abelwlef] — alolt?] + abglotet;
:[ w'] + [ °] + 05 [w?w 7]+ bSgw?w *] + bl [wTw;
= [wiw?] + [0707] + biglw'w ]+b18[‘*’ w®] + bgs [w’w®];
:[w5,w + w?] + [05w8] + b [w! — w?, Wb + W7,
(13)
where ajg = ads =1; aly=—(v+1)/2; ad;=(v—3)/2% b;.k are some-

expressions in terms of x,t, u, p, p, u,, p,,D,; the forms wl, wg, w67 w7, w® are the

principal forms determining a point of the integral manifold; the forms w3, w*, w®
are secondary forms, depending on the differentials of the parametric derivatives

du,,dp,,dp,; w, Gg, Gg, F)g are linear combinations of the principal forms.

Let us set some of the coefficients b}k equal to zero by means of a canonization.
For this purpose introduce the forms:
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B =l +iwt;, T =w +mw? & =W+ n(w! +w?), (14)

where [,m,n are certain, as yet undetermined, coefficients. In the forms
wh, w?, &% 07, @® the system (13) will retain its form, except that bl will pass

into B}k, where, for example:

b267 = b267 + nb768 + la217,
6268 = b268 - mb768 + 1, (15)

BT — b7 6 1
bis = big + nbrg —mag;.

Choose I,m,n so as to make b, b, b vanish. The system of linear nonho-
mogeneous equations (15) in I, m,n has, as is not hard to verify, determinant
equal to (3 —~). Consequently, if v # 3, then [,m,n are uniquely determined
from the system (15). Substituting these expressions for all I, m, n into (14), we
obtain:

_ 1 dp _ 1 dp) _ 1 (p)
6 _ _ . (O—— et 8 — —dl L I 1
W= (du pa) W= (du—|— ) w 4703 n o (16)

Note that the forms @%, w”,w® are dimensionless. The system of exterior differ-
ential equations for w', w?, &% @”, @® has the form

D' = ¢y [@IoF],

where cjk are constants (here, for uniformity, we have introduced the notation

wl = ot w? =o?).

. 6 -7 - i invari .
This means that the forms w', w?, &%, @”, w® are basic invariant forms of a certain

group g (?). The group g is a subgroup of the fundamental group G admitted
by the system (1)—(3). It is also not difficult to show that for v # 3 the group
G is 6-parameter, while for v = 3 the group is enlarged to a 7-parameter one.
This was first established in (1).

6 —7 —8

It can be shown that for v # 3 the basic invariant forms of the group G4 are as
follows:

ol = Ndr — (u —a)dt]; @* = Ndz — (u+ a)dt];
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1 d 1 d
@6:4—<du——p); @7=—(du+£); (17)
0

ws—idln<£); @9:@

4y p7 A
where @Y is a new form containing the new variable A. Let the entropy be
constant in the flow. Then p/pY = const, and only 5 forms from (17) remain.
Consider now the equalities (14) on the integral manifold, where w® = w” =
W =0:

1 d
r (du—pi;) — l[dz — (u— a)di]; (181)

1 d
™ (du + p—‘Z) = m[dx — (u+ a)dt]; (18?)
n=0. (18%)

If we move along a characteristic of the first family, then from (18!) it immedi-
ately follows that I~ = const; analogously, from (182) we obtain that along a
characteristic of the second family I = const.

As is known (3), if the system of forms w’ satisfies equations (4*), then the
integrals of the system w’ = 0 may be regarded as coordinates in the parameter
space of the group G. From (17) it is clear (assuming that S = const) that these
coordinates in the group space are: x,t, A\, I, I~. Thus we obtain:

Theorem. The Riemann invariants [T, I~ may be regarded as coordinates in the
parameter space of the group Gy leaving the original system (1)—(3) invariant.

The method used in this work for studying the group properties of the system
(1)—(3), by passing from the original forms w’ to the forms &*, which are basic
invariant forms of a certain group, is a concretization of the method applied by A.
M. Vasil’ ev to the study of an arbitrary system F;(z,t,u,p, p, ty, Uy, ..., py) =0
(i=1,2,3) (°,%).

In conclusion, I consider it my pleasant duty to express my gratitude to A. M.
Vasil’ ev for critical comments and attention to the work.
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