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Abstract
Full Text
V. B. DYBIN

AN EXCEPTIONAL CASE OF CONVOLUTION-
TYPE INTEGRAL EQUATIONS IN THE
CLASS OF GENERALIZED FUNCTIONS
(Presented by Academician N. I. Muskhelishvili, 31 VIII 1964)

The following convolution-type integral equations in the class of generalized
functions (g.f.) are considered: the equation “with two kernels”

𝜆𝑓(𝑥) + 1√
2𝜋 ∫

∞

0
𝑘1(𝑥 − 𝑡)𝑓(𝑡) 𝑑𝑡 + 1√

2𝜋 ∫
0

−∞
𝑘2(𝑥 − 𝑡)𝑓(𝑡) 𝑑𝑡 = 𝑔(𝑥),

−∞ < 𝑥 < ∞, (1)

and the “paired”equations

𝜆1𝑓(𝑥) + 1√
2𝜋 ∫

∞

−∞
𝑘1(𝑥 − 𝑡)𝑓(𝑡) 𝑑𝑡 = 𝑔(𝑥), 𝑥 > 0,

𝜆2𝑓(𝑥) + 1√
2𝜋 ∫

∞

−∞
𝑘2(𝑥 − 𝑡)𝑓(𝑡) 𝑑𝑡 = 𝑔(𝑥), 𝑥 < 0. (2)

Equations (1), (2) are investigated by reducing them to a problem of linear
conjugation (^1), whose coefficients are allowed zeros of integral order at a
finite number of points of the contour, including the infinitely distant point.

In the class 𝐿2(−∞, ∞) an analogous case was considered in (^2).

1. We introduce the following notation. Let 𝑛 ≥ 0, 𝑚 ≥ 0 be integers.
𝐿2(−𝑛, −𝑚) is the space of basic functions 𝜑(𝑥), defined on the real axis,
differentiable 𝑚 times, with norm

‖𝜑‖ = (∫
∞

−∞
∣( 𝑑

𝑑𝑥 + 1)
𝑚

{(𝑥 + 𝑖)𝑛𝜑(𝑥)}∣
2

𝑑𝑥)
1/2

. (3)

Then 𝐿2(𝑛, 𝑚) is the space of g.f. 𝑓 over the space 𝐿2(−𝑛, −𝑚), i.e. of linear
functionals continuous with respect to the norm (3).
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The Cauchy operator 𝑆, acting in 𝐿2(0, 𝑚) by the formula

(𝑆𝑓, 𝜑) = (𝑓, − 1
𝜋𝑖 ∫

∞

−∞

𝜑(𝑡) 𝑑𝑡
𝑡 − 𝑥 ) , 𝑓 ∈ 𝐿2(0, 𝑚), 𝜑 ∈ 𝐿2(0, −𝑚),

is linear and maps 𝐿2(0, 𝑚) onto itself. By 𝐿±
2 (0, 𝑚) we denote the subspaces

of the space 𝐿2(0, 𝑚) of g.f. 𝑓± satisfying the equations 𝑓± = ±𝑆𝑓±.

By 𝐿2±(𝑛, 𝑚) we denote the subspaces of the space 𝐿2(𝑛, 𝑚) of g.f. 𝑓±. The
Fourier operator 𝑉 establishes a homeomorphism between the spaces 𝐿2(𝑛, 𝑚)
and 𝐿2(𝑚, 𝑛). In this case the following properties hold:

(𝑥 ± 𝑖)−𝑚𝐹 ± = (𝑥 ± 𝑖)−𝑚𝑉 𝑓± ∈ 𝐿±
2 (0, 𝑛),

where 𝑓± ∈ 𝐿2±(𝑛, 𝑚), 𝐹 ± ∈ 𝐿±
2 (𝑚, 𝑛) = 𝑉 [𝐿2±(𝑛, 𝑚)].

Let 𝑟 be an integer. By 𝐿2(𝑟, 𝑛, 𝜌(𝑥)) we denote the space of g.f. 𝐺 over the
basic space 𝐿2(−𝑟, −𝑛, 𝜌(𝑥)) of functions 𝜓(𝑥),
defined on the real axis, differentiable 𝑛 times, with norm

‖𝜓‖ = (∫
∞

−∞
𝜌(𝑥) ∣( 𝑑

𝑑𝑥 + 1)
𝑛

{(𝑥 + 𝑖)𝑟𝜓(𝑥)}∣
2

𝑑𝑥)
1/2

,

where 𝜌(𝑥) is a nonnegative function bounded on the real axis.

2. The linear conjugation problem. Find generalized functions 𝐹 + ∈
𝐿+

2 (𝑚, 𝑛) and 𝐹 − ∈ 𝐿−
2 (𝑚, 𝑛) satisfying the relation

∏𝑝
𝑘=1(𝑥 − 𝑎𝑘)𝛼𝑘

(𝑥 + 𝑖)𝛼+𝛼0
Ω(𝑥)𝐹 + =

∏𝑞
𝑗=1(𝑥 − 𝑏𝑗)𝛽𝑗

(𝑥 + 𝑖)𝛽+𝛽0
𝑇 (𝑥)𝐹 − + 𝐺, (4)

where Im 𝑎𝑘 = Im 𝑏𝑗 = 0, 1 ≤ 𝑘 ≤ 𝑝, 1 ≤ 𝑗 ≤ 𝑞; 𝛼𝑘, 0 ≤ 𝑘 ≤ 𝑝, and
𝛽𝑗, 0 ≤ 𝑗 ≤ 𝑞, are positive integers, and moreover

𝑝
∑
𝑘=1

𝛼𝑘 = 𝛼,
𝑞

∑
𝑗=1

𝛽𝑗 = 𝛽, max
1≤𝑘≤𝑝
1≤𝑗≤𝑞

{𝛼𝑘, 𝛽𝑗} = 𝑛0 ≤ 𝑛;

Ω(𝑥) and 𝑇 (𝑥) are 𝑛-times continuously differentiable functions, nonzero on the
real axis, Ω(𝑛)(𝑥) ∈ 𝐻𝜇, 𝑇 (𝑛)(𝑥) ∈ 𝐻𝜇, 0 < 𝜇 < 1. The free term of the problem
is 𝐺 ∈ 𝐿2(𝑟, 𝑛 − 𝑛0, 𝜌1(𝑥)), where 𝑟 ≤ 𝑚 − 𝑚1 = 𝑠, 𝑚1 = max{𝛼0, 𝛽0},

𝜌1(𝑥) = ∣∏
𝑝1
𝑘=1(𝑥 − ̃𝑎𝑘)
(𝑥 + 𝑖)𝑝1

∣
𝜀1

; 0 < 𝜀1 < 1;
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̃𝑎𝑘 are those among 𝑎𝑘, 𝑏𝑗 for which 𝛼𝑘 = 𝑛0, 𝛽𝑗 = 𝑛0.

We shall call the number 𝜒 = 𝜒1 + 𝛽 + 𝛽0 + 𝑠 the index of problem (4), where

𝜒1 = 1
2𝜋𝑖 [ln𝑇 (𝑥) − lnΩ(𝑥)]+∞

−∞.

Let us formulate the final result.

Theorem. If 𝜒 > 0, the homogeneous problem (4) is solvable and has 𝜒 linearly
independent solutions; if 𝜒 ≤ 0, it has no solutions distinct from the identically
zero one. Its general solution has the form

𝐹 + = (𝑥 + 𝑖)𝛼0+𝑠𝑋+(𝑥) 𝑃𝜒−1(𝑥)
(𝑥 + 𝑖)𝜒−1

𝑝
∑
𝑘=1

𝛼𝑘−1
∑
𝑠=0

𝐴𝑘𝑠𝛿(𝑠)+(𝑥 − 𝑎𝑘),

𝐹 − = (𝑥 − 𝑖)𝛽0+𝑠𝑋−(𝑥) 𝑃𝜒−1(𝑥)
(𝑥 − 𝑖)𝜒−1

𝑞
∑
𝑗=1

𝛽𝑗−1

∑
𝑙=0

𝐵𝑗𝑙𝛿(𝑙)−(𝑥 − 𝑏𝑗). (5)

Here 𝑃𝜒−1(𝑥) is a polynomial of degree 𝜒−1 with arbitrary coefficients; 𝐴𝑘𝑠 and
𝐵𝑗𝑙 are completely determined constants; 𝑋±(𝑥) are the boundary values of the
canonical function of the homogeneous problem with coefficient ((𝑥 + 𝑖)/(𝑥 −
𝑖))𝜒1𝑇 (𝑥)/Ω(𝑥).
The nonhomogeneous problem (4) is solvable for 𝜒 ≥ 0 and has 𝜒 linearly
independent solutions if 𝜒 > 0; for 𝜒 = 0 its solution is unique. The general
solution of the nonhomogeneous problem is the sum of the general solution (5)
of the homogeneous problem and a particular solution of the nonhomogeneous
problem. The latter has the form

(𝑌 +, Φ) = ((𝑥 + 𝑖)𝛼0+𝑠𝑋+(𝑥)𝐺+
1 , (𝑥 + 𝑖)𝛼Φ(𝑥) − 𝑄(𝑥)

∏𝑝
𝑘=1(𝑥 − 𝑎𝑘)𝛼𝑘

) ,

(𝑌 −, Φ) = ((𝑥 − 𝑖)𝛽0+𝑠 (𝑥 + 𝑖
𝑥 − 𝑖)

𝜒
𝑋−(𝑥)𝐺−

1 , (𝑥 + 𝑖)𝛽Φ(𝑥) − 𝑄1(𝑥)
∏𝑞

𝑗=1(𝑥 − 𝑏𝑗)𝛽𝑗
) , (6)

where 𝑄(𝑥) is the Hermite interpolation polynomial (see (4)) of degree 𝑎 − 1
for the function (𝑥 + 𝑖)𝛼Φ(𝑥) with interpolation nodes 𝑎𝑘 of multiplicity 𝛼𝑘;
𝑄1(𝑥) is the analogous interpolation polynomial for the function (𝑥 + 𝑖)𝛽Φ(𝑥);
𝐺1 = [(𝑥 + 𝑖)𝑠𝑋+(𝑥)Ω(𝑥)]−1𝐺, 𝐺±

1 = ± 1
2 𝐺1 + 𝑆𝐺1.

If 𝜒 < 0, then the nonhomogeneous problem is, generally speaking, unsolvable;
for its solvability the following |𝜒| additional conditions imposed on the right-
hand side 𝐺 are necessary and sufficient:
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( [𝑋+(𝑥)Ω(𝑥)]−1𝐺, 1
(𝑥 + 𝑖)𝑘+𝑠 ) = 0, 𝑘 = 1, 2, … , |𝜒|.

When these conditions are satisfied, the solution of the problem is unique and
is given by formulas (6).

3. Integral equations of convolution type
The solutions of equations (1) and (2) are sought in the space 𝐿2(𝑛, 𝑚). The
following restrictions are imposed on the convolution kernels 𝑘𝑗(𝑥): 𝐾𝑗(𝑥) =
𝑉 [𝑘𝑗(𝑥)] ∈ 𝐶(𝑛), and 𝐾(𝑛)

𝑗 (𝑥) ∈ 𝐻𝜇 (0 < 𝜇 < 1), 𝑗 = 1, 2.
The conventional notation (1) for 𝜆 = 0 is understood in the following sense:

(𝑓+, 1√
2𝜋 ∫

∞

−∞
𝑘1(𝑡 − 𝑥)𝜑(𝑡) 𝑑𝑡) − (𝑓−, 1√

2𝜋 ∫
∞

−∞
𝑘2(𝑡 − 𝑥)𝜑(𝑡) 𝑑𝑡) = (𝑔, 𝜑)

(7)

for any test function 𝜑 ∈ 𝐿2(−𝑛, −𝑚), 𝑓± being unknown generalized functions
from the space 𝐿2±(𝑛, 𝑚).
Taking the Fourier transform of equation (7), we arrive at the following
boundary-value problem in the space 𝐿2(𝑚, 𝑛):

𝐾1(𝑥)𝐹 + = 𝐾2(𝑥)𝐹 − + 𝐺. (8)

Let the functions 𝐾𝑗(𝑥) admit the representations

𝐾1(𝑥) =

𝑝
∏
𝑘=1

(𝑥 − 𝑎𝑘)𝛼𝑘

(𝑥 + 𝑖)𝛼+𝛼0
Ω(𝑥), 𝐾2(𝑥) =

𝑞
∏
𝑗=1

(𝑥 − 𝑏𝑗)𝛽𝑗

(𝑥 + 𝑖)𝛽+𝛽0
𝑇 (𝑥),

where 𝑎𝑘, 𝑏𝑗, 𝛼𝑘, 𝛽𝑗, Ω(𝑥), 𝑇 (𝑥) satisfy the conditions of problem (4). Then, for
𝐺 ∈ 𝐿2(𝑟, 𝑛 − 𝑛0, 𝜌(𝑥)), 𝑟 ≤ 𝑠, the results of the theorem formulated above are
valid for problem (8), and its solution can be found from formulas (5), (6). Once
the general solution 𝐹 ± of problem (8) has been found, the general solution of
equation (7) is given by the formula 𝑓± = 𝑉 −1𝐹 ±.

Equations (2), in exact notation for 𝜆1 = 𝜆2 = 0, have the form

(𝑓, 1√
2𝜋 ∫

∞

−∞
𝑘1(𝑡 − 𝑥)𝜑+(𝑡) 𝑑𝑡) = (𝑔, 𝜑+),
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(𝑓, 1√
2𝜋 ∫

∞

−∞
𝑘2(𝑡 − 𝑥)𝜑−(𝑡) 𝑑𝑡) = (𝑔, 𝜑−), (9)

where 𝜑± ∈ 𝐿2±(−𝑛, −𝑚), i.e., they are test functions from the space
𝐿2(−𝑛, −𝑚) equal to zero for 𝑥 < 0 and 𝑥 > 0, respectively. Extending
equalities (9) to the whole 𝑥-axis and applying the Fourier transform to them,
we obtain the equivalent system of equations

𝐾1(𝑥)𝐹 = 𝐺+ + Ψ−, 𝐾2(𝑥)𝐹 = 𝐺− + Ψ+, (10)

where Ψ+ ∈ 𝐿+
2 (𝑚 − 𝛽0, 𝑛), Ψ− ∈ 𝐿−

2 (𝑚, 𝛼0, 𝑛) are new unknown generalized
functions.

Let the coefficients 𝐾𝑗(𝑥) have the form

𝐾1(𝑥) = 𝐴(𝑥)𝐶(𝑥)Ω(𝑥)
(𝑥 + 𝑖)𝛼+𝛾+𝛼0

, 𝐾2(𝑥) = 𝐵(𝑥)𝐶(𝑥)𝑇 (𝑥)
(𝑥 + 𝑖)𝛽+𝛾+𝛽0

,

where

𝐴(𝑥) =
𝑝

∏
𝑘=1

(𝑥 − 𝑎𝑘)𝛼𝑘 , 𝐵(𝑥) =
𝑞

∏
𝑗=1

(𝑥 − 𝑏𝑗)𝛽𝑗 , 𝐶(𝑥) =
ℎ

∏
𝑙=1

(𝑥 − 𝑐𝑙)𝛾𝑙 ;

𝑎𝑘, 𝑏𝑗, 𝛼𝑘, 𝛽𝑗, Ω(𝑥), 𝑇 (𝑥) satisfy the previous conditions; moreover,

𝑎𝑘 ≠ 𝑏𝑗, Im 𝑐𝑙 = 0, 𝛾𝑙 ≥ 0 are integers,
ℎ

∑
𝑙=1

𝛾𝑙 = 𝛾, max
𝑙

{𝛾𝑙} ≤ 𝑛∗
0.

The boundary-value problem by which the generalized functions Ψ± are deter-
mined has the form

𝐴(𝑥)Ω(𝑥)
(𝑥 + 𝑖)𝛼−𝛽0

Ψ+ = 𝐵(𝑥)𝑇 (𝑥)
(𝑥 + 𝑖)𝛽−𝛼0

Ψ− + 𝐺1, (11)

where

𝐺1 = 𝐵(𝑥)𝑇 (𝑥)
(𝑥 + 𝑖)𝛽−𝛼0

𝐺+ − 𝐴(𝑥)Ω(𝑥)
(𝑥 + 𝑖)𝛼−𝛽0

𝐺−,

and is analogous to problem (4). If
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𝐺+ ∈ 𝐿2(𝑟1, 𝑛 − 𝑛0, 𝜌2(𝑥)), 𝐺− ∈ 𝐿2(𝑟2, 𝑛 − 𝑛0, 𝜌2(𝑥)), 𝑟1 ≤ 𝑚 − 𝛼0,

𝑟2 ≤ 𝑚 − 𝛽0, where 𝜌2(𝑥) = ∣∏
𝑝2
𝑘=1(𝑥 − ̃𝑏𝑘)
(𝑥 + 𝑖)𝑝2

∣
𝜀2

, 0 < 𝜀2 < 1,

̃𝑏𝑘 are those among 𝑎𝑘, 𝑏𝑗, 𝑐𝑙 for which 𝛼𝑘 = 𝑛0, 𝛽𝑗 = 𝑛0, 𝛾𝑙 = 𝑛0, then for
𝜒 ≥ 0, 𝜒 = 𝜒1 + 𝛽 + 𝑚 − 𝛼0 is the index of the problem, it is solvable in the
indicated classes of generalized functions.

Solving successively the boundary-value problem (11) and the system (10), by
the inverse Fourier transform of the solution 𝐹 of the latter one can find the
solution 𝑓 = 𝑉 −1𝐹 of the original system of integral equations (9).

Let us note that the solution 𝐹 of system (10) is determined up to a functional

ℎ
∑
𝑙=1

𝛾𝑙−1
∑
𝑗=0

𝐶𝑙𝑗𝛿(𝑗)(𝑥 − 𝑐𝑙),

where 𝐶𝑙𝑗 are arbitrary constants.

We formulate the final result for “even”equations. The homogeneous system
of equations (9), when the functions 𝐾1(𝑥) and 𝐾2(𝑥) have common zeros 𝑐𝑙,
respectively of multiplicities 𝛾𝑙, 1 ≤ 𝑙 ≤ ℎ, is unconditionally solvable in the
space 𝐿2(𝑛, 𝑚); for 𝜒 > 0 it has 𝜒 + 𝛾 linearly independent solutions, while for
𝜒 ≤ 0 the number of its solutions is equal to

𝛾 =
ℎ

∑
𝑙=1

𝛾𝑙 ∗ ∗.

The nonhomogeneous system (9), under the restrictions indicated above on the
right-hand side, is unconditionally solvable in the space 𝐿2(𝑛, 𝑚) if 𝜒 ≥ 0; for
its solvability in the case 𝜒 < 0 the following |𝜒| additional conditions imposed
on the right-hand side are necessary and sufficient:

((𝑥 − 𝑖
𝑥 + 𝑖)

𝜒1 𝐵(𝑥)
(𝑥 + 𝑖)𝛽+𝑚−𝛼0

1
𝑋−(𝑥)𝐺+ − 𝐴(𝑥)

(𝑥 + 𝑖)𝛼+𝑚−𝛽0

1
𝑋+(𝑥)𝐺−, 1

(𝑥 + 𝑖)𝑘 ) = 0,

𝑘 = 1, 2, … , |𝜒|.
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The well-known Wiener–Hopf equation of the first kind, which is a special case
(𝑘2(𝑥) ≡ 0, 𝐺− ≡ 0) of the equations considered, in one subclass of generalized
functions from the space 𝐿2(𝑛, 𝑚) was studied in work (5).

The normal case of the problem of linear conjugation and of equations (1), (2)
in the space 𝐿2(𝑛, 𝑚) was investigated by Yu. I. Cherskii (3), under whose
supervision the present work was carried out.

Rostov State University

Received
5 VI 1964
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* Equalities 𝑐𝑙0
= 𝑎𝑘0

(𝑐𝑙0
= 𝑏𝑗0

) are admissible, but it is then required that

𝛾𝑙0
+ 𝛼𝑘0

≤ 𝑛0 (𝛾𝑙0
+ 𝛽𝑗0

≤ 𝑛0).

** In the absence of common zeros of the coefficients 𝐾𝑗(𝑥), 𝑗 = 1, 2, the number
of linearly independent solutions of the homogeneous system is determined by
the index 𝜒.
Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.
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