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Abstract
Full Text
UDC 537.311.32

Physics

M. I. KLINGER

ON THE FEATURES OF TRANSPORT AND
RELAXATION PHENOMENA OF SMALL-
RADIUS POLARONS
(Presented by Academician A. A. Lebedev, 16 February 1965)

1. In the present communication some essential features of relaxation and trans-
port phenomena of localized small polarons in an ideal crystal with low mobil-
ity are discussed from a somewhat different point of view than in the quantum
theory, developed in recent years, of transport phenomena of small polarons,
small-radius polarons (and, in general, current carriers of this type) (see, for
example, (1,2)).
Let us consider temperatures 𝑇 > 𝑇0 so high that (by the definition of 𝑇0) the
mean numbers of essential phonons ̄𝑁𝑓𝑗(𝑇 ) > 1: in actual cases (for example,
polarization phonons) for 𝑇 > 𝑇0 the “jump”mechanism determines the trans-
port; for 𝑇 > 𝑇0 the polaron–phonon interaction (perturbation) ℋ1 and the
current 𝑗𝜇 = 𝑒𝑣𝜇 may be approximated by (1)*

⟨𝑠1𝑛1|ℋ1|𝑠2𝑛2⟩ → ⟨𝑠1𝑛1|ℋ̃1|𝑠2𝑛2⟩ ≡ ⟨𝑠1𝑛1|ℋ1|𝑠2𝑛2⟩∣𝑛1≠𝑛2
,

⟨𝑠1𝑛1|𝑗𝜇|𝑠2𝑛2⟩ → ⟨𝑠1𝑛1| ̃𝑗𝜇|𝑠2𝑛2⟩ = 𝑖𝑒
ℏ 𝜌𝜇⟨𝑠1𝑛1|ℋ1|𝑠2𝑛2⟩; 𝜌 ≡ 𝑠2 − 𝑠1; (1)

𝑣 is the velocity operator; 𝑠 is the vector of a site (cell); 𝜇 ≡ 𝑥, 𝑦, 𝑧.
Generalizing Sewell’s model (4), one may assume that for 𝑇 > 𝑇0 the basic
unperturbed system, describing an electron strongly coupled with phonons (in
a crystal with low mobility), is a small polaron (localized in some cell) and a
classical equilibrium (in the theory (1) the phonons are regarded as equilibrium)
phonon field Γ, whose Hamiltonians are ℋ𝑝𝑙 and ℋΓ: ℋ0 ≡ ℋ𝑝𝑙 + ℋΓ.

The perturbation is determined by the action of fluctuations 𝜉Γ(𝑡) of the phonon
field on the small polaron and is described by the stochastic (polaron) operator
ℏ ̂𝐹 (𝑡) ≡ ℏ ̂𝐹 [𝜉Γ(𝑡)], where (in accordance with ℋ̃1 from (1))
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⟨𝑠1| ̂𝐹 (𝑡)|𝑠2⟩ ≡ Δ12𝑄12(𝑡); ⟨ ̂𝐹 ⟩Γ = 0; ⟨𝑄12(𝑡)𝑄21(𝑡′)⟩Γ ≠ 0;

⟨𝑄12(𝑡)𝑄23(𝑡′)𝑄31(𝑡″)⟩Γ ≠ 0; ⟨𝑄12(𝑡)𝑄23(𝑡′)𝑄34(𝑡″)𝑄41(𝑡‴)⟩Γ ≠ 0, (2)

where Δ12 ≡ Δ𝑠1𝑠2
is the electron transfer integral (and Δ𝑒 ∼ Δ12 is the width

of the initial electron band), which here is the initial small parameter of the
model (see (8)), and 𝑄12 ≡ 𝑄𝑠1𝑠2

does not contain Δ12. In addition,

ℋ𝑝𝑙|𝑠⟩ = ̄𝜀0|𝑠⟩, [ℋ𝑝𝑙, ℋΓ] = [ ̂𝐹 , ℋΓ] = 0, (3)

where |𝑠⟩ and ̄𝜀0 = const are the polaron states and term. Taking into account
the usual

* The notation is the same as in (1): |𝑠𝑛⟩ ≡ |𝑠⟩ ⋅ |𝑛(𝑠)⟩ and 𝑛 ≡ (⋯ 𝑁𝑓𝑗 ⋯);
𝜀𝑠𝑛 = 𝜀𝑛 ∑𝑓𝑗 ℏ𝜔𝑓𝑗𝑁𝑓𝑗 is the energy of the system (localized small polaron +
phonons with “displaced”centers).

of the definition of the mobility tensor 𝑢𝜇𝜈(𝜔) (3), calculating in it the trace in
the basis |𝑠⟩, we obtain 𝑢𝜇𝜈 in the form *

𝑢𝜇𝜈 ≡ 𝑢𝜇𝜈(𝜔 = 0) = |𝑒|𝛽 ∫
∞

0
𝑑𝑡 exp(−𝜀𝑡)Re ⟨𝑣𝜈(0)𝑈+(𝑡)𝑣𝜇(𝑡)𝑈(𝑡)𝑝𝑙⟩Γ , 𝜀 → +0

(4)

where 𝐴𝑝𝑙
and ⟨𝐴⟩Γ are, respectively, equilibrium averages over the polaron

and phonon variables, for example, ⟨𝐴⟩Γ = Sp exp(𝛽𝐹Γ − 𝛽ℋΓ), 𝛽 ≡ 1/𝑘𝑇 ;
𝑈(𝑡) ≡ ̂𝑇 exp{−𝑖 ∫𝑡

0 𝑑𝑡′ ̂𝐹 (𝑡′)}, ̂𝑇 is the time-ordering operator; 𝜔 is the field
frequency. Taking into account that ⟨𝑠1|𝑣𝜈(𝑡)|𝑠2⟩ → 𝑖𝜌𝜈Δ12𝑄12(𝑡), one can
obtain regular expansions (in ̂𝐹 ) for 𝑢𝜇𝜈:

𝑢𝜇𝜈 =
∞

∑
𝑙1=0

∞
∑
𝑙2=0

𝑢(𝐿)
𝜇𝜈 , 𝑢(𝐿)

𝜇𝜈 ≡ 𝑢(𝑙1+𝑙2)
𝜇𝜈 = |𝑒|𝛽 ∑

⃗𝜌1… ⃗𝜌𝑙1

∑
⃗𝜌′
1… ⃗𝜌′

𝑙2

𝜌1𝜈( ⃗𝜌′
𝑙2

− ⃗𝜌𝑙1
)𝜇𝐼𝑙1𝑙2

𝑍𝑙1𝑙2
.

𝐼𝑙1𝑙2
≡ Δ0 ⃗𝜌1

Δ ⃗𝜌1 ⃗𝜌2
⋯ Δ ⃗𝜌𝑙1 ⃗𝜌′

𝑙2
⋯ Δ ⃗𝜌′

10;

𝑍𝑙1𝑙2
≡ Re{𝑖𝑙1+𝑙2(−1)𝑙2 ∫

∞

0
𝑑𝑡 ∫

𝑡

0
𝑑𝑡1 ⋯ ∫

𝑡𝑙1−1

0
𝑑𝑡𝑙1

∫
𝑡

0
𝑑𝑡′

𝑙2
⋯ ∫

𝑡′
2

0
𝑑𝑡′

1 Ψ̂𝑙1𝑙2
} ,

(5)
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Ψ̂𝑙1𝑙2
= ⟨𝑄0 ⃗𝜌1

(0)𝑄 ⃗𝜌1 ⃗𝜌2
(𝑡1) ⋯ 𝑄 ⃗𝜌𝑙1 ⃗𝜌′

𝑙2
(𝑡) ⋯ 𝑄 ⃗𝜌′

10(𝑡′
1)⟩

Γ
,

where, generally speaking, the correlators Ψ̂𝑙1𝑙2
are complex functions. As in

other stochastic models, it is assumed that correlators of equilibrium fluctuations
of the type Ψ̂𝑙1𝑙2

→ 0 as 𝑡 → ∞ sufficiently rapidly, so that quantities of the
type

𝛾 ≡ Re∫
∞

0
𝑑𝑡 Ψ̂00(𝑡), 𝛿 ≡ Im∫

∞

0
𝑑𝑡 Ψ̂00(𝑡) (6)

are finite, i.e., finite correlation times 𝜏𝛾 and 𝜏𝛿 exist. If one assumes, as appears
natural (and in agreement with theory (1)), that the same 𝜏𝛾 and 𝜏𝛿 determine
the characteristic correlation times for other Ψ̂𝑙1𝑙2

, then 𝜏𝛾, 𝜏𝛿 (and 𝛾, 𝛿) are the
principal parameters describing such a stochastic model of high-temperature
transport of localized small polarons. If 𝜏𝛾 and 𝜏𝛿 differ substantially, then,
taking into account (5), the form of the dependence Δ12(𝐻), and also from
comparison with (1), that 𝜏𝛿 ≈ 𝛿 and 𝜏𝛾 ≥ 𝛾 (see (10)), one may, to order of
magnitude, write ** (𝐻 ∥ 𝑂𝑍)

𝑢(𝐿)
𝑥𝑥 (𝐻 = 0) ∼ 𝑢(0)

𝑥𝑥 {𝑐𝐿(𝑤𝑒𝜏𝛿)𝐿 + 𝑐′
𝐿𝜏 [𝐿]

𝛾 𝜏𝐿−[𝐿]
𝛿 𝑤𝐿

𝑒 } , 𝑐𝐿 ≲ 1; 𝑐′
𝐿 ≲ 1,

𝑢(𝐿)
𝑥𝑦 (𝐻 ≪ 𝐻0)∣

𝐼
∼ 𝐻

𝐻0
|𝑒|𝛽𝑎2𝑤2

𝑒 {𝑏𝐿𝜏𝛿(𝑤𝑒𝜏𝛿)𝐿 + 𝑏′
𝐿(𝑤𝑒𝜏𝛿)𝐿[𝛾𝛿𝐿,2𝑙+1 + 𝜏𝛿𝛿𝐿,2𝑙]} , 𝑏𝐿 ≲ 1; 𝑏′

𝐿 < 1,
(7)

𝑢(0)
𝑥𝑥(𝐻 = 0) ∼ 𝑢0ℏ𝛽𝑤2

𝑒𝛾; |𝑢(1)
𝑥𝑦 (𝐻 ≪ 𝐻0)|∣

Γ
∼ 𝑢0

𝐻
𝐻0

ℏ𝛽𝑤3
𝑒(𝑏1𝜏2

𝛿 + 𝑏′
1𝛾𝜏𝛾),

where 𝑤𝑒 ≡ Δ𝑒/ℏ; [𝐿] ≡ {𝐿 for 𝐿 = 2𝑙; 𝐿 − 1 for 𝐿 = 2𝑙 + 1};
__________

* Analogously, one can calculate any kinetic coefficient 𝜎𝑀𝑁 of small polarons in
this model under the action of weak“external”forces (allowance for Kubo-type
formulas) (3).
** The index I denotes the case when, in the plane perpendicular to the magnetic
field, three diagonal nodes may be mutually nearest neighbors, i.e. |Δ12| ∼
|Δ23| ∼ |Δ31|; II denotes the other case.
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𝑢0 = |𝑒|𝑎2/ℏ; 𝐻0 = ℏ𝑐/|𝑒|𝑎2; 𝑎 is the lattice constant (𝑢0 ∼ 1 cm2/V ⋅ sec for
𝑎 ∼ 3 Å). In the case 𝛾 < 𝜏𝛿 < 𝜏𝛾 and 𝛾𝜏𝛾 ≪ 𝜏2

𝛿 (as in (1) for 𝑇 ≪ ℰ/𝑘), in the
main approximation in the small parameters 𝑤𝑒𝜏𝛿 ≪ 1 and 𝑤𝑒𝜏𝛾 ≪ 1:

𝑢𝑥𝑥 = 𝑢(0)
𝑥𝑥(𝐻 = 0) ∼ 𝑢0ℏ𝛽𝛾𝑤2

𝑒 ≪ 𝑢0;

∣𝑢𝑥𝑦∣
I

= 𝑢(1)
𝑥𝑦 (𝐻 ≪ 𝐻0)I ∼ 𝑢0

𝐻
𝐻0

ℏ𝛽𝑤3
𝑒𝜏2

𝛿 ≪ 𝑢0. (8)

The mean charge currents 𝐼𝜇 and energy currents 𝑆𝜇 are connected by the simple
formula

𝑆𝜇 ≈ ̃𝜀𝐼𝜇; ̃𝜀 = const; 𝜂 ≈ 1
𝑒𝑇 (𝜉 − ̃𝜀); 𝜒𝜇𝜇 ≪ 𝑇 𝜎𝜇𝜇 (𝑘

𝑒 )
2

, (9)

where 𝜉 is the chemical potential, i.e., the energy transfer is basically of the
convection type (𝜂, 𝜒, and 𝜎 are, respectively, the thermoelectric power, the
thermal conductivity at zero current, and the electrical conductivity).

The estimates (8)—(9) and the criteria of the theory 𝑤𝑒𝜏𝛾 ≪ 1 and 𝑤𝑒𝜏𝛿 ≪ 1
are equivalent to the estimates for 𝑢𝜇𝜈, 𝜂, 𝜒, and to the criteria of smallness of
Δ𝑒 from (1), if one sets

𝜀 ≡ 𝜀0 − 𝛿𝜀, 𝛿𝜀 is the binding energy of a small polaron,

𝛾 = 𝜏𝛾𝑒−ℰ/𝑘𝑇 ; 𝜏𝛾 = ℏ(ℰ/𝑘𝑇 )−1/2;

𝜏𝛿 ≈ 𝛿 = {ℏ/ℰ for ℰ > 𝑘𝑇 ; ℏ𝛽 for ℰ < 𝑘𝑇 }. (10)

In such a model the structure of the terms of the expansions (7) for 𝑢𝜇𝜈 is
noticeably simpler than in (1), and the estimate of the convergence criteria of
the expansions supplements and confirms the criteria of smallness of Δ𝑒 found
in (1) (for such small Δ𝑒 the adiabatic correlation of the state of a small polaron
with the lattice vibrations may be neglected) (8).

2. Let us define the characteristic times 𝜏𝑖 of interaction and 𝜏𝑐 of current
correlation as the damping times of the essential part, respectively, of the
correlators of the perturbations ℋ1 (for 𝐻 = 0) and of the currents, and
let us denote by 𝜏𝑅 the relaxation time of the carrier current.
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As follows from the general expressions for the kinetic coefficients of the Kubo
type (3), weakly nonequilibrium transport is determined by the character of
the free relaxation in the system, and, as follows from (1), for the transport of
local small polarons at high 𝑇 the character of the relaxation at small times
𝑡 ≲ 𝜏𝑐 ≲ 𝜏𝑖 ≪ 𝜏𝑅 is essential.*

In the case under consideration of equilibrium phonons it is convenient to con-
sider the relaxation of the density matrix 𝑅𝑠𝑠′(𝑡) of local small polarons, already
averaged over phonons (for example, 𝑅𝑠𝑠′(𝑡) describes the stochastic model of
the system considered above).** It is natural to assume that the relaxation equa-
tion for 𝑅𝑠𝑠′(𝑡) has the same form as for 𝑅𝑠𝑛;𝑠′𝑛′(𝑡) according to (6)***, and
then, in the lowest approximation in ℋ1, the relaxation equation corresponding
to it for the part even in 𝐻, 𝑅(0)

𝑠𝑠′(𝑡, 𝐻) = 𝑅(0)
𝑠𝑠′(𝑡, −𝐻), has the form

𝑑𝑅(0)
𝑠𝑠′(𝑡)
𝑑𝑡 = ∫

𝑡

0
𝑑𝑡′ ∑

𝑠″
{𝑔(0)

𝑠𝑠″(𝑡 − 𝑡′)𝑅(0)
𝑠″𝑠′(𝑡′) − 𝑔(0)

𝑠″𝑠′(𝑡 − 𝑡′)𝑅(0)
𝑠𝑠″(𝑡′)} , (11)

𝑔(0)
𝑠𝑠′(𝑡, 𝐻) = ∑

𝑛𝑛′
exp(𝛽𝐹0 − 𝛽𝜀𝑛) cos𝜔𝑛𝑛′𝑡 |⟨𝑠𝑛|ℋ1|𝑠′𝑛′⟩|2 = 𝑔(0)

𝑠𝑠′(𝑡, −𝐻);

𝜔𝑛𝑛′ = 𝜀𝑛 − 𝜀𝑛′

ℏ ,

and describes the relaxation of small polarons during their diffusion by means
of

* The times 𝜏𝑐 are different for quantities even and odd in 𝐻 ∶ for even 𝜏𝑐 → 𝜏 ′
𝑐 = 𝜏𝛾 ∼ 𝜏𝑖, and for odd 𝜏𝑐 → 𝜏″

𝑐 = 𝜏𝛿 ≲ 𝜏𝑖.

** One may assume that the perturbation 𝐹 is also dissipative in the sense of Van Hove.

*** At large 𝑡 ∼ 𝜏𝑅 the relaxation of small polarons is mainly Markovian; an essential contribution to it is made by the perturbation ℋ1−ℋ̃1.

simplest two-site independent “hops.”However, even for 𝑡 ≲ 𝜏𝑖 the transition
matrix 𝑔(0)

𝑠𝑠′(𝑡) does not contain a contribution from coherence of the interactions,
and the phase“memory”is due only to the time dependence cos(𝜔𝑚𝑛𝑡); therefore
the non-Markovian features of the process (11) at times of order 𝑡 should not
be significant. On the contrary, for 𝑡 ≲ 𝜏𝑖 the higher approximations 𝑔(𝐿)

𝑠𝑠′ with
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𝐿 ≥ 1 also describe non-Markovian relaxation processes of small polarons with
correlation “memory,”due to interference of perturbations in (𝐿 + 1)-site hops.
For small 𝐻 ≪ 𝐻0, putting 𝑅𝐻

𝑠𝑠′ = 𝑅𝑠𝑠′ + 𝐻
𝐻0

𝛿𝑅𝑠𝑠′ (to first order in 𝐻/𝐻0), we
obtain, in the first nonvanishing approximation in ℋ1, for the odd-in-𝐻 part
𝛿𝑅𝑠𝑠′

𝑑𝛿𝑅(𝜆)
𝑠𝑠′(𝑡)
𝑑𝑡 = ∫

𝑡

0
𝑑𝑡′ ∑

𝑠″
{(𝛿𝑔𝑠𝑠″(𝑡 − 𝑡′))𝜆𝛿𝑅(𝜆)

𝑠″𝑠′(𝑡′) − (𝛿𝑔𝑠″𝑠′(𝑡 − 𝑡′))𝜆𝛿𝑅(𝜆)
𝑠𝑠″(𝑡′)} ,

(12)

𝜆 ≡ I or II, where for case I (𝛿𝑔𝑠𝑠″)𝐼 = (𝛿𝑔(1)
𝑠𝑠′)𝐼,𝑙, and for case II (𝛿𝑔𝑠𝑠′)II ≡

(𝛿𝑔(1)
𝑠𝑠′ + 𝛿𝑔(2)

𝑠𝑠′)II; 𝛿𝑔(𝑙)
𝑠𝑠′ ∝ ℋ 𝑙

1.

For sufficiently small Δ𝑒 (see (8)), equations (11), (12) describe, in the main
approximation, the relaxation process of local small polarons, on the whole non-
Markovian (for times 𝑡 ≲ 𝜏𝑖 essential for transport) and due to “hops.”When
a weak electric field 𝐹𝑥 is applied, an ordered diffusion of current carriers and
a finite mobility 𝑢𝑥𝜈 arise (for the same relaxation processes): for |𝑒𝐹𝑥𝜌𝑥| ≪
𝑘𝑇 , |𝜌𝑥| ∼ 𝑎

𝑢𝑥𝜈∣𝜈=𝑥,𝑦 ≃ |𝑒|𝛽
𝑞(𝜈) ∑

⃗𝜌
𝜌𝜈𝜌𝑥𝑔(𝜈)

⃗𝜌 ∼ 𝑢0ℏ𝛽Ω(𝜈) ≪ 𝑢0, (13)

where 𝑞(𝜈) is determined by the number 𝑏𝜈 of sites (cells)“participating”in the
elementary act (i.e. 𝑏𝑥 = 2; (𝑏𝑦)𝐼 = 3, etc.);

Ω𝜈 ≡ ∑
⃗𝜌

𝑔(𝜈)
⃗𝜌 , 𝑔(𝑥)

⃗𝜌 ≡ ∫
𝜏𝑖

0
𝑑𝑡 𝑔(0)

0 ⃗𝜌 (𝑡); (𝑔(𝑦)
⃗𝜌 )𝜆 ≡ 𝑒

|𝑒|
𝐻
𝐻0

∫
𝜏𝑖

0
𝑑𝑡 (𝛿𝑔0 ⃗𝜌(𝑡))𝜆, 𝜆 ≡ I or II;

(14)

relations (13), (14) are analogous to (8).

In the stochastic model of the nonequilibrium type considered, at high tempera-
tures the transport of small polarons has, in the main, the character of diffusion
by means of hops under the action of thermal fluctuations. This transport is
determined, in contrast to ordinary (for example, Brownian) diffusion*, by the
velocity correlations Ψ𝜇𝜈(𝑡) at small times 𝑡 ≪ 𝜏𝑅 and is governed by an equa-
tion that takes into account the non-Markovian features of transport of this
type. Moreover, the principal part of Ψ𝜇𝜈(𝑡) for 𝑢𝜇𝜈 is, for essential 𝑡 ≲ 𝑡𝑐,
Ψ(𝑝)

𝜇𝜈 (𝑡) ∝ exp(−𝑞𝑡2)𝑃𝜇𝜈(𝑡), where 𝑃𝜇𝜈(𝑡) is a certain complicated oscillating
function (for sufficiently small 𝑡, Ψ(𝑝)

𝜇𝜈 (𝑡) decreases with 𝑡 in a Gaussian manner),
and similarly for Ψ̂00(𝑡) from (6) (see (1, 8)).
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* For classical hopping diffusion (7), the substantial decay of the correlator
Ψ𝑥𝑥(𝑡) at large 𝑡 ∼ 𝜏𝑅 ≫ 𝜏𝑖, i.e. 𝑡𝑐 − 𝜏𝑅, is essential; the relaxation and trans-
port are described by a Markov process and 𝑢𝑥𝑥 ∼ 𝑢0ℏ𝛽𝜏−1

𝑅 , for Ψ(𝑝)
𝑥𝑥(𝑡) ∼

(𝑎2/𝜏2
𝑅) exp(−𝑡/𝜏𝑅).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.
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