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Abstract
Full Text

CYBERNETICS AND CONTROL THEORY
Ya. M. BARZDIN’

THE CAPACITY OF A MEDIUM AND THE
BEHAVIOR OF AUTOMATA
(Presented by Academician P. S. Novikov on 29 VI 1964)

There exist various concepts of automata, for example, logical networks (1),
Turing machines, the Kolmogorov–Uspenskii algorithm (2), Neumann–Church
automata (3,4), growing automata (5), etc. What they have in common is that
they consist of individual elements that are connected with one another in a def-
inite way. Automata, both within the framework of a single concept and within
the framework of different concepts, may differ from one another by various
parameters. One of the tasks of automata theory is to determine which param-
eters can be compensated for by others, and at what cost. In the present note
we investigate the influence of the topology of automata on their capabilities*.
For this purpose the notions of an automaton’s medium and its capacity are
introduced, as well as the notions of modeling and strong modeling (see below).
In the first part of the note, the possibilities of modeling automata are clarified
as a function of the capacity of the medium. In particular, in this way one
partially succeeds in estimating the comparative capabilities of the K.–U. (Kol-
mogorov–Uspenskii) algorithms and the N.–Ch. (Neumann–Church) automata.
The second part of the note is devoted to strong modeling. Theorems are given
which show how the number of elements increases and the speed of computation
decreases under strong modeling of automata with arbitrary topology by N.–Ch.
automata. We note that N.–Ch. automata are automata with a very simple
topology. The simplicity of the topology substantially facilitates their technical
realization (see, for example, (8), where by a computing medium is meant an
automaton very close to an N.–Ch. automaton).

1°. Automata and their behavior. In the present note, by automata we shall
mean a certain natural generalization of logical networks built from elements
with delays. We give their exact definition. An element is an object that has
states Λ, 𝑞1, … , 𝑞𝑁 , input channels 𝑅1, … , 𝑅𝑀 , and one output channel. The
input and output channels use the alphabet 𝑄 = ⟨Λ, 𝑞1, … , 𝑞𝑁⟩, and the state
of the output channel always coincides with the state of the element itself. The
operation of an element is specified by a function 𝜑(𝑎0, 𝑎1, … , 𝑎𝑀): if at the
moment 𝑡 = 0, 1, 2, … the element is in state 𝑎0 and the letter 𝑎𝑖 is fed along
channel 𝑅𝑖, then at the moment 𝑡+1 it passes into the state 𝜑(𝑎0, 𝑎1, … , 𝑎𝑀). It
is assumed that 𝜑(Λ, Λ, … , Λ) = Λ. Let 𝐴 be some element. A network over

sovietrxiv.org/items/ru-196501.21151 Machine Translation

https://sovietrxiv.org/items/ru-196501.21151


𝐴 is any collection (in general infinite) of elements 𝐴, for which it is specified
which input channels are joined to which output channels. It is assumed here
that each input channel may be joined to no more than one output channel.
Those input channels that are not joined to any output channels will be called
free. We single out some finite sequence of free input channels and declare them
to be the input channels of the given network. Along the input channels of the
network, information is supplied from outside in the form of letters (all—

* As applied to logical networks, some related questions were considered by
Lupanov (6) and Holland (7).
possible) from 𝑄, while the letter Λ is always supplied through the remaining free
input channels. We shall also single out some finite sequence of output channels
and declare them to be the output channels of the given network. Then we shall
call such a network an automaton over 𝐴.

We now define the behavior of an automaton. The behavior of an automaton
is defined under the assumption that some initial state of it has been fixed
(at 𝑡 = 0), and moreover in such a way that only a finite number of elements
have states ≠ Λ.* The feeding of any input sequence 𝑥(0), 𝑥(1), … , 𝑥(𝑡), … to the
“glued”input channel of the automaton 𝔄 gives rise, on its“glued”output channel,
to a completely determined output sequence 𝑧(0), 𝑧(1), … , 𝑧(𝑡), …, where 𝑥(𝑡)
(𝑧(𝑡)) is a tuple of letters of the input (output) alphabet of the automaton,
which at time 𝑡 is fed to (issued on) the “glued”input (output) channel of the
automaton. The operator induced in this way will be called the behavior of the
automaton 𝔄.

2∘. Modeling. We shall say that an automaton 𝔄 can be modeled (modeled
with a shift, modeled with a stretching) by an automaton 𝔅, if the behavior
of 𝔄 (some 𝜏 -shift of the behavior of 𝔄, some 𝜎-stretching of the behavior of
𝔄) can be realized in 𝔅 (for the definitions of a 𝜏 -shift and a 𝜎-stretching see
(1), p. 128; the definition of realizability of an operator 𝜃 in an automaton 𝔅 is
analogous to the definition of realizability of 𝜃 in a network 𝔅(𝑎) in (5), only in
our case the feeding of letters begins at 𝑡 = 0).
3∘. Strong modeling. Let there be given an automaton 𝔄 over 𝐴, with
elements 𝛼1, … , 𝛼𝑛 and input channels 𝜉1, … , 𝜉𝑚, and an automaton 𝔅 over
𝐵, with elements 𝛽1, … , 𝛽𝑛, … , 𝛽𝑛′ and input channels 𝜂1, … , 𝜂𝑚, … , 𝜂𝑚′ . With
respect to the state alphabets of the element 𝐴 and the element 𝐵 we shall
assume that the second includes the first. Denote by 𝛼𝑖(𝑡), 𝛽𝑖(𝑡), 𝜉𝑗(𝑡), and
𝜂𝑗(𝑡), respectively, the states of the elements 𝛼𝑖, 𝛽𝑖 and of the input channels
𝜉𝑗, 𝜂𝑗 at time 𝑡. Suppose the following condition is satisfied: there exist such
initial states of the elements 𝛽𝑛+1, … , 𝛽𝑛′ that, whatever the initial states 𝛼𝑖(0)
of the elements 𝛼𝑖 may be, if only 𝛽𝑖(0) = 𝛼𝑖(0) and, for all 𝑡 = 0, 1, 2, …,
𝜂𝑗(𝐷𝑡) = 𝜉𝑗(𝑡), then 𝛽𝑖(𝐷𝑡) = 𝛼𝑖(𝑡) (𝑖 = 1, … , 𝑛; 𝑗 = 1, … , 𝑚). In this case we
shall say that the automaton 𝔄 can be strongly modeled with stretching 𝐷 by
the automaton 𝔅.

4∘. Environment and its capacity. To each automaton 𝔄 over 𝐴 there
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Fig. 1

Figure 1: Fig. 1

corresponds a directed graph whose vertices are the elements of the automaton
and whose edges are the nonfree input channels of the elements. This graph is
characterized by the property that there is a number 𝑀 such that no more than
𝑀 edges enter each vertex. Directed graphs (in general infinite) possessing this
property will be called environments. An environment will be called symmetric
if, whenever an edge (𝛼, 𝛽) exists, the edge (𝛽, 𝛼) also exists. Let 𝐺 be an
environment and let 𝛼 ∈ 𝐺 be a vertex. Define the functions 𝑓𝐺

𝛼 and 𝑓𝐺: 𝑓𝐺
𝛼 (𝑟)

is the number of those vertices that are at distance ≤ 𝑟 from 𝛼 (the distance of
the vertex 𝛽 from 𝛼 is the least number of edges along which one can get from
𝛽 to 𝛼, going in the direction of the edges); 𝑓𝐺(𝑟) = max 𝑓𝐺

𝛼 (𝑟) (the maximum
is taken over all 𝛼 ∈ 𝐺). The function 𝑓𝐺(𝑟) will be called the capacity of the
environment 𝐺. It is easy to see that 𝑓𝐺

𝛼 (𝑟) ≤ 𝑓𝐺(𝑟) ≤ 𝑀0 + 𝑀1 + ⋯ + 𝑀𝑟.

5∘. We shall say that an automaton 𝔄 is embedded in an environment 𝐺 if the
graph corresponding to it is a subgraph of the environment 𝐺.

As an automaton embeddable in an environment with degree capacity, let us
consider the N—C automaton (Neumann—Church). The automaton 𝔄 over 𝐴
(where 𝐴

* If an element 𝛼 of the automaton 𝔄 is in the state Λ, this should be interpreted
as its absence. If at time 𝑡 𝛼 ≠ was in the state Λ, and at time 𝑡 + 1 passed into
a state ≠ Λ, this should be interpreted as the generation of the given element.
Thus, on our automata one can interpret growing automata.

has input channels 𝑅1, … , 𝑅2𝑘) is called a 𝑘-dimensional N.–Ch. automaton
over 𝐴 if it has the following properties: 1) its elements are placed at points
of a 𝑘-dimensional integer lattice (at each point no more than one element); 2)
suppose the element 𝛼 is at the point (𝑣1, … , 𝑣𝑘), and suppose the points (𝑣1 +
1, 𝑣2, … , 𝑣𝑘), … , (𝑣1, … , 𝑣𝑘−1, 𝑣𝑘 + 1), (𝑣1 − 1, 𝑣2, … , 𝑣𝑘), … , (𝑣1, … , 𝑣𝑘−1, 𝑣𝑘 − 1)
are denoted respectively by 𝐶1, … , 𝐶2𝑘; then the input channel 𝑅𝑖 of the element
𝛼 is connected to the output channel of the element 𝛽 if and only if 𝛽 is located
at the point 𝐶𝑖.

Fig. 1

In Fig. 1 a 2-dimensional N.–Ch. automaton is shown, with input channels
𝑃1, 𝑃2 and output channels 𝑆1, 𝑆2.

6∘. We shall say that a medium 𝐺′ is 𝑙 times less capacious than a medium 𝐺
if 𝑓𝐺′

𝛼 (3𝑙𝑟) < 𝑓𝐺
𝛼 (𝑟).

Theorem 1. Let 𝐺 be an arbitrary symmetric medium; then there exists an
automaton that can be embedded in 𝐺 and that cannot be modeled with stretch 𝑙
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by any automaton embeddable in a medium 𝐺′, 𝑙 times less capacious than the
medium 𝐺.

From this theorem it follows that: 1) there exists an automaton that cannot be
modeled with stretch by any N.–Ch. automaton; 2) for every 𝑘 ≥ 2 there exists
a 𝑘-dimensional N.–Ch. automaton that cannot be modeled with stretch by any
𝑘′-dimensional N.–Ch. automaton, if 𝑘′ < 𝑘.
We shall say that an automaton 𝔄 operates in a focal manner if there exists an 𝑟
such that at each moment no more than 𝑟 elements change their state. Theorem
1 in some cases admits strengthening. In particular, the following holds.

Theorem 2. Let 𝐺 be an arbitrary symmetric medium with exponential capacity;
then there exists an automaton 𝔄, operating in a focal manner and embeddable
in 𝐺, that cannot be modeled with stretch by any automaton embeddable in any
medium with polynomial capacity.

This theorem shows that the capacity of a medium, generally speaking, cannot
be compensated by the universality of the operation of the elements. Slightly
generalizing the K.–U. algorithm, one can introduce for it the notions of in-
puts and outputs, and then, using Theorem 2, it is easy to show that such an
automaton in general cannot be modeled by any N.–Ch. automaton.

7∘. Universal media. This point is partly connected with the work (9) and in
a certain sense is its continuation. We shall consider boundedly deterministic
operators (b.d. operators) and automata constructed from a finite number of
elements (for the definition of b.d. operators see (1), p. 98). Without essential
restriction of generality, we shall consider only b.d. operators with two-letter
input and output alphabets. We denote the class of all such b.d. operators by
ℰ. Suppose a medium 𝐺 has the following property: there exists an element
𝐴 such that for any operator 𝜃 ∈ ℰ one can construct an automaton 𝔄 over
𝐴, consisting of a finite number of elements, having one input and one output
channel, embeddable in the medium 𝐺, and realizing some 𝜏 -shift (𝜎-stretch) of
the operator 𝜃. Then we shall say that the medium 𝐺 is universal up to shift
(universal up to stretch).

In Fig. 2 a medium is shown that has a very simple topology and linear capacity.

Theorem 3. The medium shown in Fig. 2 is universal with accuracy up to a
shift.

Theorem 4. A medium 𝐺 is universal with accuracy up to a stretching if and
only if it contains arbitrarily long cycles.

§0. Strong simulation of automata with arbitrary topology by 𝑘-
dimensional Neumann–Church automata. Fix an arbitrary element 𝐴.
Along with 𝐴, we shall consider elements 𝐵. For simplicity we shall assume
that all 𝐵 are such that, for every automaton 𝔄 over 𝐴, there is a 𝑘-dimensional
Neumann–Church automaton over 𝐵 that strongly simulates the former.

Fig. 2
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Fig. 2

Figure 2: Fig. 2

Introduce the following functions: 𝐿(𝑘)
𝐵 (𝔄) is the least number of elements of

𝑘-dimensional Neumann–Church automata over 𝐵 that strongly simulate the
automaton 𝔄; 𝐷(𝑘)

𝐵 (𝔄) is the least stretching with which 𝔄 can be strongly sim-
ulated on some 𝑘-dimensional Neumann–Church automaton over 𝐵; 𝐿(𝑘)

𝐵 (𝑛) =
max𝐿(𝑘)

𝐵 (𝔄) and 𝐷(𝑘)
𝐵 (𝑛) = max𝐷(𝑘)

𝐵 (𝔄) (the maximum is taken over all au-
tomata 𝔄 over 𝐴 with number of elements ≤ 𝑛).

𝐿(𝑘)
𝐵 (𝑛) ≽ 𝑛 log𝑛, 𝐷(𝑘)

𝐵 (𝑛) ≽
𝑘√ 𝑛 log𝑛
log𝑛 .

Theorem 6. There exists an element 𝐵 such that

𝐿(𝑘)
𝐵 (𝑛) ≼ 𝑛 log𝑛, 𝐷(𝑘)

𝐵 (𝑛) ≼ 𝑘√ 𝑛 log𝑛 ,

and both these estimates are attained simultaneously.

I express my gratitude to B. A. Trakhtenbrot for his attention to the present
work and for valuable advice.
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