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CRYSTALLOGRAPHY

F. I. FEDOROV

A GENERAL FORMULA FOR THE DEBYE
TEMPERATURE OF CRYSTALS

(Presented by Academician A. V. Shubnikov, February 24, 1965)

As is known, the Debye temperature # is an important characteristic of the
physical properties of a solid. Its calculation, according to Debye theory, re-
duces to finding the sum of the reciprocal cubes of the three phase velocities of
propagation of elastic waves, averaged over all directions of the wave normal n*

I=<7;+13+13>. (1)

o U1 V2

For isotropic media I is obtained at once, but in the presence of anisotropy the
calculation of this quantity is a very complicated problem. Even for such highly
symmetric crystals as cubic ones, despite the development of a number of special
computational methods, the calculations are so cumbersome that they have to
be carried out by means of electronic computers (1) for each particular crystal
separately. For less symmetric crystals the computational difficulties increase
still more. Therefore, up to now 6 has been calculated only for very few crystals
(excluding the cubic and hexagonal syngonies).

In (2, 3) a method was proposed for calculating the Debye temperature that
is, in principle, suitable for any crystals and that makes it possible to reduce
the calculations many times over in comparison with all earlier methods. The
present work gives a further development of this method, leading to still more
substantial simplifications.

For a given n, the squares of the phase velocities are the eigenvalues of the
tensor

A=(Ay) =

—1

(Cz’kjlninl)
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Here c;j;; is the tensor of elastic constants; p is the density of the medium;
n,; are the components of the unit vector of the wave normal n; u is the dis-
placement vector of the wave. Thus vZ (quasi-longitudinal wave) and v%, v3
(quasi-transverse waves) are the roots of the characteristic equation of third
degree

[v2 — A| = 0. (3)
We shall construct an approximate theory by starting from a comparison of the
given crystal with the isotropic medium nearest to it on the average. The tensor

A% = @ + bn - n for such a medium, according to (%, ?), is determined by the
relations

a= %(AC —nAn), b= %(?)nAn —A,). (4)

Here n-nis a dyad, (n-n);, =n;n,, A, = Ay, nAn = n,Ayn;. According to

(4),

A=a+bn -n+a), (o) = (nam) = 0. (5)

* Angle brackets denote averaging over all directions of the unit vector n.

Denoting v? = a + b€, we obtain instead of (3) the following equation for £*:

& — (14 )+ (o, —nan + &, )€ — (nan + |af) = 0, (6)

and instead of (2)

(n-n+a)u=_¢u

Putting here u = n +u’, u'n = 0, we obtain

¢ =14 nan + nau’, (7)

after which (2) can be reduced to the form (see (°, 2))
u =gk —ku' - Bu, k = [n[om, n]], (8)

1+nan+7,—7
(I+nan)(1+nan+1,)+7,

8= ) T=m-n—1)a. (9)
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In view of the relative smallness of the tensor o and of the quantities connected
with it, k, nan, a, nam, T, etc., equation (8) admits a very simple approximate
solution by iteration. In the first approximation uEl) = pk; in the second
u22) = Bk—kpk- 3%k, etc. At the same time, by definition, it is clear that in this
way we obtain the displacement toward the quasi-longitudinal wave. According
to (7), we have respectively

& = 1+e, g1y = nan+napk, E@) = nan +nafk —kBk -naB?k. (10)

The expression for &1 is valid up to terms of the third order in « inclusive, €,
up to the 5th order in a, and, in general, ;) up to order (2k +1) in a. Taking
this into account, from (8)—(10) we obtain

eqy =0 +k>+kak—ok?, o =nan, (11)

o) =€) + K*(0® =7, — k?) — (20 + 7.)kak + kak(30? + 307,
+(1.)? = 7,) + k?[703 + 12027, + 60(7,)? + 30T, + 7.7, (12)
+ (1.)% — 3kak + 30k?].

Since v? = a + b, it follows from (1) that

= ((a+b§) %"+ (a+b8) "% + (a + &)%)

= a3/ <(1 + 7”151)73/2 +(1+ 7’152)73/2> +¢3/2 ((1+ 7’26)*3/2> , (13)

where ¢ = a+ b, r; = b/a, ro = b/c. Using the binomial expansion, we obtain
in the first approximation

3 . = 15 5,7 = 35 o v
L= (2-Sn@E+E) + o @+ 8B - TrRE+8)
132 <1 _3, et Er252 B §7’353> (14)
2% 87 16 2
and in the second approximation

63 ~ = —

I = Iy + 5o [0/ (10rd €+ 8) - 103(E + )

(15)

+e82 (10rdet — 1175e%) |

Since, according to (6), & + & + & = 1+ ag, (& + &) + &6 = a — 7,
then & +& = a, —¢, §& = a, — 7. — (1 + €)(a, — €). With the aid of
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the latter formulas all sums g’f + ?2“ are expressed in terms of €. For example,
48 = (L +86)7—266, §+8& = (§+8)° =36 68 +&), ete. As aresult,
the expressions entering into (14) are reduced to polynomials with respect to
the components n,, up to the 12th degree inclusive, and in (15) to polynomials
up to the 20th degree. Thus the problem is reduced to averaging products of
components of the unit vector ng,

* A bar over a tensor denotes the reciprocal tensor.

which can be done elementarily, although for a large number of factors the
calculations for crystals of lower symmetries will be cumbersome.

All the relations given above are universal in character and are suitable for
crystals of any symmetry. To obtain formulas for a crystal of a particular
type, one must substitute into (4)—(15) the corresponding expressions for the
tensor A (see, for example, (52)). As an illustration, let us apply the general
relations (11)—(15) to the case of cubic crystals, for which a = ¢,,/p + 0.2¢5,
b= (c19+cyq)/p+0.4dcs, c3 = (c1; — ¢19 — 2¢44)/p- In the first approximation
we obtain

2 8.4r, +0.4
I, = a3 {2 b {0.1r1(1 —0.06r,) + 2847+ 0 8“’] } +

1001

ek {1 - % [57.2(1 — 1y) + 0.5, — (7.2 — 6.7r2)]} . (16)

where r, = ¢3/a, 1, = ¢3/b, T, = c3/c.

Restricting ourselves in the second approximation (15) to terms no higher than
the 4th order, we obtain

4
=1+ 1881 [a=%/2(0.17r, + 0.26r% + 41873 4 5.72r)—
—c73/2(0.17ry 4 0.7r3 + 58675 — 5.2873)] . (17)

The results of calculating the Debye temperature by formulas (16), (17) for
several well-studied cubic crystals (1) are presented in Table 1. The first two
rows contain the results of calculations by formulas (16) and (17); the third row
gives experimental data, and the fourth row gives the results of calculations by
other authors. The crystals are arranged in order of increasing mean elastic
anisotropy (*?2). It is seen from the table that even the incomplete second
approximation gives results that are not inferior in accuracy to the data shown
in the last row, which were obtained by various authors (see (1)) by means of very
laborious and cumbersome calculations, sometimes using electronic computers.
For lithium, which together with sodium and thorium belongs to the cubic
crystals with the highest anisotropy, the results of calculations by
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Table 1

Al Au LiF Ag NaCl Cu KBr Li
0, 4284  163.8 7352  230.1  322.1 3514 1779 3826
0, 4284 1624 7346 2279 3214 3473 172.0 3664
Ocxp 375—  164.6 722— 2253 320 343.8 174 369
426 — 743 - -
164.8 226.5 346.7
0, 4274 161.6 734— 2264  321— 3444  171.7  334.6
- — 7346 - 3219 — — —
428.7  162.2 227.1 3454 1728 3384

our formulas agree with experiment much better than the data of other authors.
Application of the general formulas (11), (15) to crystals of lower symmetry will
make it possible to calculate the Debye temperature for them as well, something
that previously had been practically inaccessible because of excessive computa-
tional difficulties.
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