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Abstract
Full Text

Mathematics
R. Ya. Glagoleva

THE THREE-CYLINDER THEOREM AND
ITS APPLICATIONS
(Presented by Academician I. G. Petrovskii, February 11, 1965)

This note considers a three-cylinder theorem for a parabolic equation of second
order, analogous to Hadamard’s three-circle theorem for analytic functions of
a complex variable (1).
Denote by Π[𝑡1,𝑡2]

𝑟 the cylinder

(𝑥2
1 + ⋯ + 𝑥2

𝑛)1/2 = |𝑥| ≤ 𝑟, 𝑡1 ≤ 𝑡 ≤ 𝑡2,

and, for a function 𝑓(𝑥, 𝑡) continuous in the cylinder Π[𝑡1,𝑡2]
𝑟 , put

𝑀𝑓(𝑟, 𝑡1, 𝑡2) = max
(𝑥,𝑡)∈Π[𝑡1,𝑡2]

𝑟

|𝑓(𝑥, 𝑡)|.

Suppose that in the cylinder Π[0,𝑇 ]
𝑅 , 𝑅 ≤ 1, the equation

𝐻𝑢 ≡
𝑛

∑
𝑖,𝑘=1

𝑎𝑖𝑘(𝑥, 𝑡) 𝜕2𝑢
𝜕𝑥𝑖𝜕𝑥𝑘

+
𝑛

∑
𝑖=1

𝑏𝑖(𝑥, 𝑡) 𝜕𝑢
𝜕𝑥𝑖

+ 𝑐(𝑥, 𝑡)𝑢 − 𝜕𝑢
𝜕𝑡 = 0 (1)

is defined such that: 1) 𝑎𝑖𝑘(𝑥, 𝑡) are three times continuously differentiable with
respect to 𝑥𝑖 and continuously differentiable with respect to 𝑡; 2)

𝑛
∑

𝑖,𝑘=1
𝑎𝑖𝑘(𝑥, 𝑡)𝜉𝑖𝜉𝑘 ≥ 𝜇

𝑛
∑
𝑖=1

𝜉2
𝑖 , 𝜇 > 0;

3) the coefficients 𝑎𝑖𝑘(𝑥, 𝑡) and their derivatives up to the indicated order, as well
as the coefficients 𝑏𝑖(𝑥, 𝑡) and 𝑐(𝑥, 𝑡), are bounded in modulus by the constant
𝐾.

Theorem 1 (on three cylinders). Let 𝑢(𝑥, 𝑡) be a solution of equation (1)
satisfying the conditions

𝑀𝑢(𝑟0, 0, 𝑇 ) = Δ; 𝑀𝑢(𝑅, 0, 𝑇 ) = 𝑀. (2)

Then for any 𝑟, 𝑟0 < 𝑟 ≤ 𝑅/2𝐶, and any positive 𝑎, the inequality

ln 𝑀𝑢(𝑟, 𝑎, 𝑇 −𝑎) ≤ ln 𝑀𝑢(𝑟0, 0, 𝑇 ) ln(𝐶𝑟)
ln(𝐵𝑟0)+ln 𝑀𝑢(𝑅, 0, 𝑇 ) ln(𝐵𝑟0/𝐶𝑟)

ln(𝐵𝑟0) −ln(𝐶𝑟),
(3)
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holds, where 𝐵, 𝐶 are constants depending on the equation, 𝑎, and 𝑛.

Proof. According to the results of Li and Dž-huan (2), there exists a trans-
formation of coordinates 𝑥 = 𝑥(𝑦) that maps Π[0,𝑇 ]

𝑅 into a domain containing
the cylinder Π∗[0,𝑇 ]

𝑠 , |𝑦| = 𝜌 ≤ 𝑠, 0 ≤ 𝑡 ≤ 𝑇 , the cylinder Π∗[0,𝑇 ]
𝜌0 into a domain

containing the cylinder Π[0,𝑇 ]
𝑟0 , and transforms the operator 𝐻 into an operator

𝐻∗ of the form

𝐻∗ ≡ 𝜕2

𝜕𝜌2 + 𝑛 − 1
𝜌

𝜕
𝜕𝜌 + 1

𝜌2 𝑀𝜌 − 𝑏(𝜌) 𝜕
𝜕𝑡 +

𝑛
∑
𝑖=1

𝑝𝑖(𝑦, 𝑡) 𝜕
𝜕𝑦𝑖

+ 𝑝0,

where 𝑀𝜌 is an operator containing only differentiation on the unit sphere.
In this case, for functions 𝑤 with the properties: 1) 𝑤(𝑦, 𝑡) have continuous
derivatives of second order with respect to 𝑦𝑖 and of first order with respect
to 𝑡; 2) 𝑤 ≡ 0 in Π∗[0,𝑇 ]

𝜀 for some positive 𝜀; 3) 𝑤|𝜌=𝑠 = 𝜕𝑤/𝜕𝜌|𝜌=𝑠 = 0; 4)
𝑤|𝑡=0 = 𝑤|𝑡=𝑇 = 0, the inequality can be obtained

∫
Π∗[0,𝑇]

𝑠

𝑤2

𝜌2𝛽+𝑛−2 𝑑𝑦 𝑑𝑡 ≤ 2
𝛽2(𝛽 + 𝑛 − 3) ∫

Π∗[0,𝑇]
𝑠

(𝐻∗𝑤)2

𝜌2𝛽+𝑛−4 𝑑𝑦 𝑑𝑡. (4)

Let 𝑢∗(𝑦, 𝑡) ≡ 𝑢[𝑥(𝑦), 𝑡] be a solution of the equation 𝐻∗𝑢∗ = 0, satisfying the
equalities (2), where 𝑀 = 1. We multiply 𝑢∗(𝑦, 𝑡) by the cutoff functions 𝑓(𝜌)
and 𝜑(𝑡) so that the function 𝑤 ≡ 𝑢∗(𝑦, 𝑡)𝑓(𝜌)𝜑(𝑡) has properties 1)—4), and
𝑤 ≡ 𝑢∗(𝑦, 𝑡) in the domain 𝐺 ∶ 𝜌0 ≤ |𝑦| ≤ 𝑠′/2, 𝑎/2 ≤ 𝑡 ≤ 𝑇 − 𝑎/2. Taking into
account that, for sufficiently large 𝛽, (𝜌0/2)𝛽 ≤ Δ, from inequality (4) one can
obtain the inequality

∫
𝐺

( 𝑢∗2

𝜌2𝛽+𝑛−2 ) 𝑑𝑦 𝑑𝑡 ≤ (2
𝑠)

2𝛽−1
. (5)

Hence we have

1
̃𝜌 𝑛−1 ∫

Π∗𝜌[𝑎/2,𝑇 −𝑎/2]
𝑢∗2 𝑑𝑦 𝑑𝑡 ≤ (𝐶1 ̃𝜌)2𝛽−1

for any ̃𝜌, 𝜌0 < ̃𝜌 < 1/2𝐶1. Returning, by means of the inverse transformation,
to the variables (𝑥1, … , 𝑥𝑛, 𝑡), we obtain

1
̃𝑟 𝑛−1 ∫

Π[𝑎/2,𝑇−𝑎/2]
𝑟̃

𝑢2 𝑑𝑥 𝑑𝑡 ≤ (𝐶2 ̃𝑟)2𝛽−1 (6)

for all ̃𝑟, 𝑟0 < ̃𝑟 ≤ 𝑅/2𝐶2. Let now ̃𝑟 be such that 2𝑟0 < ̃𝑟 < 𝑅/2𝐶2. By the
mean-value theorem for the integrals
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∫
3𝑎/4

𝑎/2
∫

𝐷𝑡

𝑢2 𝑑𝑥 𝑑𝑡,

∫
̃𝑟

3 ̃𝑟/4
∫

𝐾1

∫
𝑇

0
𝑢2𝑟𝑛−1 𝑑𝑟 𝑑𝑂 𝑑𝑡

(𝐾1 is the unit sphere and 𝑑𝑂 is the element of the surface of 𝐾1), there exist
𝑟1 and 𝑡1 such that 3 ̃𝑟/4 ≤ 𝑟1 ≤ ̃𝑟, 𝑎/2 ≤ 𝑡1 ≤ 3𝑎/4, and

∫
𝐾1

∫
𝑇

0
𝑢2∣𝑟=𝑟1

𝑟𝑛−1
1 𝑑𝑂 𝑑𝑡 ≤ 4

̃𝑟 (𝐶2 ̃𝑟)2𝛽−1( ̃𝑟 𝑛−1); (7)

∫
𝑟

0
∫

𝐾1

𝑢2∣𝑡=𝑡1
𝑟𝑛−1 𝑑𝑟 𝑑𝑂 ≤ 4

𝑎(𝐶2 ̃𝑟)2𝛽−1( ̃𝑟 𝑛−1). (8)

For any point (𝑥, 𝑡) ∈ Π[𝑎,𝑇 −𝑎]
̃𝑟/2 , the solution 𝑢(𝑥, 𝑡) is representable in the form

𝑢(𝑥, 𝑡) = ∫
Π1

Γ1(𝑥, 𝑡, 𝜉, 𝜏)𝑢(𝜉, 𝜏)𝑟𝑛−1
1 𝑑𝑂 𝑑𝜏 + ∫

Π2

Γ2(𝑥, 𝑡, 𝜉, 𝑡1)𝑢(𝜉, 𝑡1) 𝑑𝜉, (9)

where

Π1 = {(𝑥, 𝑡) ∣ |𝑥| = 𝑟1, 𝑡1 ≤ 𝑡 ≤ 𝑇 − 𝑎};

Π2 = {(𝑥, 𝑡) ∣ 0 ≤ |𝑥| ≤ 𝑟1, 𝑡 = 𝑡1}.

Γ1(𝑥, 𝑡, 𝜉, 𝜏) and Γ2(𝑥, 𝑡, 𝜉, 𝜏) are Green’s functions. Using Schwarz’s inequality,
(7) and (8), as well as the known estimates for Green’s functions (see (3, 4)),
we obtain |𝑢(𝑥, 𝑡)| ≤ (𝐶𝑟)𝛽−1 for all ̃𝑟, 𝑟0 ≤ ̃𝑟 ≤ 𝑅/2𝐶, and 𝑡, 𝑎 ≤ 𝑡 ≤ 𝑇 − 𝑎;
𝐶 is a constant depending on 𝑎, 𝑛, and the equation; 𝛽 = ln Δ/ ln(𝐵𝑟0); 2𝐵 =
max𝜌0/2≤ ̃𝜌≤1/2𝐶1

( ̃𝜌/ ̃𝑟).
Let 𝑀(𝑅, 0, 𝑇 ) = 𝑀 ≠ 1. Introduce the function 𝑣 = 𝑢/𝑀 . By what has been
proved earlier, 𝑀𝑣(𝑟, 𝑎, 𝑇 −𝑎) ≤ (𝐶𝑟)𝛽−1, where 𝛽 = ln(Δ/𝑀)/ ln(𝐵𝑟0). Taking
into account that 𝑀𝑢(𝑟, 𝑎, 𝑇 − 𝑎) = 𝑀 ⋅ 𝑀𝑣(𝑟, 𝑎, 𝑇 − 𝑎) and taking logarithms,
we obtain the assertion of the theorem.

Corollary. Let 𝑟0 = 𝑅/4𝐶, 𝑟 = 𝑅/2𝐶, where 𝐶 is the constant of Theorem 1,
𝑀𝑢(𝑟0, 0, 𝑇 ) = 𝑟𝛾

0 ; 𝑀𝑢(𝑅, 0, 𝑇 ) = 𝑀 . Then the inequality 𝑀(𝑟, 𝑎, 𝑇 − 𝑎) < 𝑟𝛾′

is valid, where 𝛾′ = 𝛾𝛼1, 𝛼1 = ln(𝑅/2)/2 ln(𝐵𝑅/4𝐶).
Lemma 1. Let 𝑢(𝑥, 𝑡) be a solution of equation (1), satisfying the conditions

sovietrxiv.org/items/ru-196501.19406 Machine Translation

https://sovietrxiv.org/items/ru-196501.19406


𝑀𝑢(𝑟0, 0, 𝑇 ) = Δ, 𝑀𝑢(𝑅, 0, 𝑇 ) = 𝑀. (10)

For any 𝜀 > 0 the inequality

𝑀𝑢(𝑅 − 𝜀, 𝑡1, 𝑡2) < (𝑅/4𝐶)𝛾𝜔𝑁 , (11)

holds, where

𝑁 = [ln 2𝐶𝜀
𝑅(2𝐶 − 1)/ ln 2(2𝐶 − 1)

4𝐶 − 1 ] ; 𝑡1 = 𝑎
𝑁

∑
𝑝=0

[2(2𝐶 − 1)
4𝐶 − 1 ]

2𝑝
;

𝑡2 = 𝑇 − 𝑡1;

𝛾 = ln Δ ⋅ ln(𝑅/4)
2 ln(𝐵𝑟0) ln(𝑅/4𝐶) , 𝜔 = ln(𝑅/4𝐶)

ln(𝑅/2𝐶) ⋅ ln(𝑅/2)
2 ln(𝐵𝑟/4𝐶) ;

𝐵, 𝐶 are the constants of Theorem 1.

Proof. By Theorem 1, for ̃𝑟 = 𝑅/4𝐶 we have

𝑀𝑢(𝑅/4𝐶, 𝑎, 𝑇 −𝑎) ≤ (𝑅/4)(ln Δ/ ln(𝐵𝑟0))−1+ln 𝑀⋅{1/ ln(𝑅/4)−1/ ln(𝐵𝑟0)}𝛾 < (𝑅/4𝐶)𝛾̃,

where
𝛾 = ln Δ

2 ln(𝐵𝑟0)
ln(𝑅/4)

ln(𝑅/4𝐶) .

By the corollary to Theorem 1, for 𝑟 = 𝑅/2𝐶 we have

𝑀𝑢(𝑅/2𝐶, 2𝑎, 𝑇 − 2𝑎) ≤ (𝑅/2𝐶)𝛾𝛼1 .

Denote by 𝐾 ̄𝑟
𝑂̄ the ball in the space {𝑥} with center at 𝑂̄ and radius ̄𝑟, and set

𝑀 𝑂̄
𝑢 ( ̄𝑟, ̄𝑡1, ̄𝑡2) = max

(𝑥,𝑡)∈𝐾𝑟̄
𝑂̄×[ ̄𝑡1, ̄𝑡2]

|𝑢(𝑥, 𝑡)|.

In 𝐾𝑅/2𝐶
𝑂 inscribe a ball 𝐾𝑟1

𝑂1
tangent to it from inside, and in 𝐾𝑅

𝑂 a ball 𝐾𝑅1
𝑂1

tangent to it from inside, so that 𝑟1 = 𝑅1/4𝐶.

Make the change of coordinates

𝑥′
𝑗 = 𝑘1[𝑥𝑗 − (𝑥𝑗)𝑂1

], 𝑡′ = 𝑘2
1𝑡,

where
𝑘1 = 𝑅/𝑅1 = (4𝐶 − 1)/2(2𝐶 − 1).

Under this transformation the equation 𝐻𝑢 = 0 becomes 𝐻1𝑢1, where

𝐻1 ≡
𝑛

∑
𝑖,𝑘=1

𝑎𝑖𝑘
𝜕2

𝜕𝑥′
𝑖𝜕𝑥′

𝑘
+

𝑛
∑
𝑖=1

𝑏𝑖
𝑘1

𝜕
𝜕𝑥′

𝑖
+ 𝑐

𝑘2
1

− 𝜕
𝜕𝑡′ ,

sovietrxiv.org/items/ru-196501.19406 Machine Translation

https://sovietrxiv.org/items/ru-196501.19406


with coefficients satisfying the same conditions as the coefficients of the operator
𝐻, while

𝑢1(𝑥′, 𝑡′) ≡ 𝑢[𝑥′(𝑥), 𝑡′(𝑡)]
will satisfy the conditions

𝑀𝑂1𝑢1 (𝑅/4𝐶; 𝑘2
1⋅2𝑎; 𝑘2

1(𝑇 −2𝑎)) = 𝑀𝑂1𝑢 (𝑅1/4𝐶; 2𝑎; 𝑇 −2𝑎) ≤ 𝑀𝑂
𝑢 (𝑅/2𝐶; 2𝑎; 𝑇 −2𝑎) < (𝑅/4𝐶)𝛾𝛼1𝛼2 ,

𝑀𝑂1𝑢1 (𝑅; 𝑘2
12𝑎; 𝑘2

1(𝑇 − 2𝑎)) = 𝑀𝑂1𝑢 (𝑅1; 2𝑎; 𝑇 − 2𝑎) ≤ 𝑀𝑂
𝑢 (𝑅; 2𝑎; 𝑇 − 2𝑎) ≤ 𝑀,

where
𝛼2 = ln(𝑅/4𝐶)

ln(𝑅/2𝐶) .

Then the corollary to Theorem 1 is applicable to 𝑢1. We have

𝑀𝑂1𝑢1 (𝑅/2𝐶; 𝑘2
1⋅2𝑎+2𝑎; 𝑘2

1(𝑇 −2𝑎)−2𝑎) = 𝑀𝑂1𝑢 (𝑅/2𝐶; 𝑡(1)
1 ; 𝑡(1)

2 ) ≤ (𝑅/2𝐶)𝛾𝛼2
1𝛼2 = (𝑅/4𝐶)𝛾𝜔2 ,

where
𝜔 = 𝛼1𝛼2, 𝑡(1)

1 = 2𝑎(1 + 1/𝑘2
1), 𝑡(1)

2 = 𝑇 − 𝑡(1)
1 .

Carrying out an analogous construction for the balls 𝐾𝑅/2𝐶
𝑂1

and 𝐾𝑅1
𝑂1

, by the
same method we obtain the estimate

𝑀𝑂2𝑢 (𝑅2/2𝐶; 𝑡(2)
1 ; 𝑡(2)

2 ) ≤ (𝑅/4𝐶)𝛾𝜔3 .

Let 𝑁 be the number of steps of this process for which

(1 − 1/2𝐶)𝑅𝑁−1 > 𝜀 ≥ (1 − 1/2𝐶)𝑅𝑁 ,

i.e.
𝑁 = [ln 2𝐶𝜀

𝑅(2𝐶 − 1)/ ln 2(2𝐶 − 1)
4𝐶 − 1 ] .

Then the inequality

𝑀𝑂
𝑢 (𝑅 − 𝜀, 𝑡1, 𝑡2) < (𝑅/4𝐶)𝛾𝜔𝑁

is valid, where

𝑡1 = 2𝑎
𝑁

∑
𝑝=0

[2(2𝐶 − 1)
4𝐶 − 1 ]

2𝑝
, 𝑡2 = 𝑇 − 𝑡1,

which was required to be proved.

Lemma 2. Let 𝑢(𝑥, 𝑡) be a solution of equation (1) in Π[0,𝑇 ]
𝑅 , satisfying the

conditions: 𝑀𝑢(𝑅, 0, 𝑇 ) = 𝑀; 𝑀𝑢(𝑅 − 𝜀, 𝑡1, 𝑇 − 𝑡1) < 𝛿; 𝑢||𝑥|=𝑅 < 𝛿. Let

𝑚(𝑡∗) = max
𝑅−𝜀≤|𝑥|≤𝑅, 𝑡=𝑡∗

|𝑢(𝑥, 𝑡)|.
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Then for any 𝑡 ∈ (𝑡1, 𝑇 − 𝑡1)

𝑚(𝑡) ≤ 2 max {𝛿 exp 𝐾𝑡; 𝑀
√

2 exp [(𝐾 − 𝜇/𝜀2)(𝑡 − 𝑡1)]} ,

where 𝐾, 𝜇 are constants from conditions 2) and 3) imposed on the coefficients
of equation (1).

The proof is carried out by means of constructing a barrier.

Theorem 2 (on two cylinders). Let 𝑢(𝑥, 𝑡) be a solution of equation (1) in Π[0,𝑇 ]
𝑅 ,

satisfying the conditions: 𝑀𝑢(𝑅, 0, 𝑇 ) = 𝑀; 𝑀𝑢(𝑟0, 0, 𝑇 ) = Δ; 𝑢||𝑥|=𝑅 = 0.
Then for any 𝑟, 𝑟0 < 𝑟 < 𝑅,

ln 𝑀𝑢(𝑟; 𝑇 /4; 𝑇 ) ≤ 𝐶1 [ln Δ/ ln(𝐵𝑟0)]𝜃 ,

where
1/𝜃 = 1 + 2𝐶 ln [ln(4𝐶/𝐵)/ ln

√
2] ;

𝐶, 𝐵 are the constants of Theorem 1; 𝐶1 is a constant depending on 𝑎, 𝑛, and
the equation.

Proof. By Lemma 1, for any 𝜀 > 0 inequality (11) is valid. Choosing 𝑎 so small
that 𝑡1 < 𝑇 /8, and setting 𝛿 = (𝑅/4𝐶)𝛾𝜔𝑁 , by Lemma 2 we obtain

𝑀𝑢(𝑟; 𝑇 /4; 𝑇 ) ≤ min
𝜀>0

(2 max {(𝑅/4𝐶)𝛾𝜔𝑁 exp(3𝐾𝑇 /4); 𝑀
√

2 exp [(𝐾 − 𝜇/𝜀2)(𝑇 /4)]})
(12)

for any 𝑟 ≤ 𝑅.

From monotonicity considerations for the quantities in the braces in inequality
(12), it is clear that the optimal value 𝜀 = 𝜀0 is obtained in the case of equality
of these quantities. Taking a value close to 𝜀0,

𝜀 = (ln(𝐵𝑟0))𝜇𝑇 𝑅
(2𝐶 − 1) 16𝐶 ln Δ ⋅ ln(𝑅/4𝐶) ,

we obtain the estimate

𝑀𝑢(𝑟; 𝑇 /4; 𝑇 ) < (𝜃1)[ln Δ/ ln(𝐵𝑟0)]𝜃 ,

where 𝜃1 < 1 depends on 𝑎, 𝑛, and the equation,

1/𝜃 = 1 + 2𝐶 ln [ln(4𝐶/𝐵)/ ln
√

2] ;

𝐶 and 𝐵 are the constants of Theorem 1. The assertion of Theorem 2 follows
from this.

We give two applications of Theorems 1 and 2 proved above.

Theorem 3 (an analogue of Ito’s problem). Let 𝑢(𝑥, 𝑡) be a solution of equation
(1) in Π[−𝑇 ,0]

𝑅 , satisfying the conditions

𝑀𝑢(𝑟0, −𝜏, 0) = Δ; 𝑀𝑢(𝑅, −𝑇 , 0) = 𝑀; 𝑢||𝑥|=𝑅 = 0.
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Then
𝑀(𝑅, −𝑇 + 1, 0) ≤ 𝐴1𝜃𝐴2[ln Δ/ ln(𝐵𝑟0)]𝜃

1 ,
where 𝜃 is the constant of Theorem 2. 𝜃1 < 1 is a constant depending on 𝜏, 𝑛,
and the equation.

The proof is obtained from Theorem 2 of the present article and Theorem 2 of
paper (5).

Theorem 4. (Possible rate of decrease of a solution of equation (1) in a neigh-
borhood of an irregular boundary point.) Let Π = 𝐷 × [0, 𝑇 ], where 𝐷 is some
domain in the space of 𝑥. Let 𝑥0 be a boundary point of the domain 𝐷 such
that there exists a circular cone with vertex at 𝑥0, lying entirely in the domain
𝐷. Let 𝜑 be the angle made by the generatrix with the axis. Let 𝑢(𝑥, 𝑡) be a
solution of equation (1) in Π. Put

𝑀(𝑟) = max
|𝑥−𝑥0|≤𝑟, (𝑥,𝑡)∈Π

|𝑢(𝑥, 𝑡)|.

If
lim
𝑟→0

[𝑀(𝑟) exp (𝐶1/𝑟𝐶2/𝜑)] ,

where 𝐶1, 𝐶2 are constants depending on the equation, then 𝑢 ≡ 0 in Π.

This assertion is a consequence of Theorem 1 (on three cylinders). Its proof is
similar to the proof of Lemma 1.
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Note: Figure translations are in progress. See original paper for figures.
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