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R. Ya. Glagoleva

THE THREE-CYLINDER THEOREM AND
ITS APPLICATIONS

(Presented by Academician I. G. Petrovskii, February 11, 1965)

This note considers a three-cylinder theorem for a parabolic equation of second
order, analogous to Hadamard’ s three-circle theorem for analytic functions of
a complex variable (1).

Denote by H[Ttl’tg] the cylinder

(@ ++ap) =z <r, 4 <t<ty,
and, for a function f(z,t) continuous in the cylinder Hgl’tﬂ, put
Mf(ratlatQ) = max |f(1’ t)|
(z,t)eITii1 12!

Suppose that in the cylinder H[Ig’T], R <1, the equation

- 0%u - ou ou
Hu= Z a; (1) du.01, + ;bi(x,t)% + ez, t)yu — Frie 0 (1)

i,k=1 i

is defined such that: 1) a;(z,t) are three times continuously differentiable with
respect to z; and continuously differentiable with respect to ¢; 2)

Za xt€€k>u25 p > 0;

i,k=1

3) the coefficients a;;,(z, t) and their derivatives up to the indicated order, as well
as the coefficients b,(x,t) and ¢(z,t), are bounded in modulus by the constant
K.

Theorem 1 (on three cylinders). Let u(z,t) be a solution of equation (1)
satisfying the conditions

M, (19,0, T) = A; M,(R,0,T) = M. (2)
Then for any r, ry < r < R/2C, and any positive a, the inequality
In(Cr) In(Bry/Cr)
In M, T—a)<InM, 0,7 InM,(R,0,T)——————=—In(C
n u(na, a) = in u(7”07 ) )1 (B’I"O>+ ( () ) ln(Bro) Il( T)v

(3)
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holds, where B, C are constants depending on the equation, a, and n.

Proof. According to the results of Li and Dz-huan (?), there exists a trans-
formation of coordinates © = x(y) that maps HEg’T] into a domain containing
the cylinder HZ[O’T], lyl =p <s, 0<t<T, the cylinder HZ[OO’T] into a domain

containing the cylinder H[TOO’T]
H* of the form

, and transforms the operator H into an operator

02 n—-10 1 0 = 0
H=——t——" 4 M —bp)— (y,t)—
a2 T T, ap T 2 b(p) 5, + ;:1 p’(y’t)ayi + Pos

where M, is an operator containing only differentiation on the unit sphere.
In this case, for functions w with the properties: 1) w(y,t) have continuous
derivatives of second order with respect to y, and of first order with respect
to t; 2) w = 0 in %7 for some positive e; 3) w|,_s = Ow/0p|,_s = 0; 4)
wly—g = w|,_p = 0, the inequality can be obtained

w2 2 (H*w)Q
—— << Hw)” '
/HTJO*T] p2htn=2 dydi < B2(B+n—3) /H’;[o,ﬂ p2B+n—4 dy dt (4)

Let u*(y,t) = u[z(y),t] be a solution of the equation H*u* = 0, satisfying the
equalities (2), where M = 1. We multiply u*(y,t) by the cutoff functions f(p)
and ¢(t) so that the function w = u*(y,t)f(p)p(t) has properties 1)—4), and
w = u*(y,t) in the domain G : py < |y| < s'/2, a/2 <t < T —a/2. Taking into
account that, for sufficiently large 3, (p,/2)? < A, from inequality (4) one can

obtain the inequality
U*Z 2 2p-1
—— | dydt < | - . 5
/c;(p”*“) ver= (8> 5)

Hence we have

1
1 / w2 dydt < (Cyp)*°!
P 1T (a/2,T—a/2]

for any p, py < p < 1/2C;. Returning, by means of the inverse transformation,
to the variables (z4,...,x,,,t), we obtain

1 2 ~\26—
- < 5-1
= [TWZTW] u? dx dt < (CyF) (6)

7

for all 7, ry < 7 < R/2C,. Let now 7 be such that 2r, < 7 < R/2C,. By the
mean-value theorem for the integrals
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3a/4
/ u? dz dt,
Dt

7 T
/ / w?r™ L dr dO dt
37/4 JK, J0

1

5]
~
N

(K, is the unit sphere and dO is the element of the surface of K), there exist
ry and t; such that 37/4 <r; <7, a/2 <t; < 3a/4, and

T
4
/ / 2| mldOdt < S(CoR)2(F ), (7)
K, Jo =Ty T

" 4
/ / w¥,_, U drdO < (O ), ®)
0 JK, 1

For any point (x,t) € HLG/’QT%], the solution u(x,t) is representable in the form

u(x,t):/ Fl(x,t,ﬁ,T)u(f,T)r?’ldOdTJr/ Doz, t, &t )u(€, ) dE,  (9)
ot

1 H2

where

11 :{(x’t) | |'73| =71, 4 StéT—a};

I ={(z,t) [0< |z| <y, t =14}

Iy (z,t, & 7) and Dy(x,t, &, 7) are Green’ s functions. Using Schwarz’ s inequality,
(7) and (8), as well as the known estimates for Green’ s functions (see (3, 4)),
we obtain |u(z,t)| < (Cr)?~ forall 7, 7y <7 < R/2C, and t, a <t < T — a;
C' is a constant depending on a,n, and the equation; § = InA/In(Bry); 2B =
max, ja<p<1/2C, (/7).

Let M(R,0,T) = M # 1. Introduce the function v = u/M. By what has been
proved earlier, M, (r,a,T—a) < (Cr)?~, where 8 = In(A/M)/In(Br,). Taking
into account that M, (r,a,T —a) = M - M, (r,a,T — a) and taking logarithms,
we obtain the assertion of the theorem.

Corollary. Let ry = R/4C, r = R/2C, where C is the constant of Theorem 1,
M, (ry,0,T) =rl; M,(R,0,T) = M. Then the inequality M(r,a,T —a) < Y
is valid, where v = yay, oy =1In(R/2)/2In(BR/4C).

Lemma 1. Let u(x,t) be a solution of equation (1), satisfying the conditions
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Mu(r0707T) = Av Mu(R7OaT) =M. (10)

For any € > 0 the inequality

M,(R—¢e,ty,ty) < (R/4C)™ (11)
holds, where
B 2Ce 2(20-1)] L [2(2C —1)
N_[IHR(QC—l)/ln AC—1 ] a;[ AC—1 ] ’
to=T —1;;
InA-In(R/4) ~ In(R/40) In(R/2)

T OW(Bry)In(R/4C) YT W(R/2C) 2In(Br/aC)’
B, C are the constants of Theorem 1.

Proof. By Theorem 1, for 7 = R/4C we have
(R/4O a,T— a) (R/4) (InA/In(Bry))—1+In M-{1/1n(R/4)—1/In(Brq)}y < (R/4C) ,
where
InA  In(R/4)
2In(Br,) In(R/4C)"
By the corollary to Theorem 1, for r = R/2C we have

’7/:

M,(R/2C,2a,T —2a) < (R/2C)7*.
Denote by Kg the ball in the space {x} with center at O and radius 7, and set

MO (7,1, t,) = max lu(z, t)].
(@)€K X[ty )

In Kg/zc inscribe a ball Kgl tangent to it from inside, and in Kg a ball Kgll
tangent to it from inside, so that r; = R, /4C.

Make the change of coordinates

where
k, = R/Ry = (4C —1)/2(2C —1).

Under this transformation the equation Hu = 0 becomes H;u,;, where

n 2 &b ¢ 0
H, = e ! —- — =
1= D G+ N T T

ik=1
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with coefficients satisfying the same conditions as the coefficients of the operator
H, while
uy (2 ") = ulz’(x),t' ()]

will satisfy the conditions
MO (R/AC; k2-2a; K2(T—2a)) = MY (R, /AC; 2a; T—2a) < MO(R/2C;2a; T—2a) < (R/AC)™102,

MO (R k22a; k3(T — 2a)) = MOV (Ry;2a; T — 2a) < MO(R; 2a; T —2a) < M,
where
o — 1n(R/4C).
27 In(R/20)
Then the corollary to Theorem 1 is applicable to u;. We have
MEY(R/2C; k2-2a+2a; k2(T—2a)—2a) = MO (R/2C; V5 1)) < (R/2C) 742 = (R/4C)™",

where
W= aQy, t(11> =2a(1 + 1/k3), t<21) =T—t<11).

Carrying out an analogous construction for the balls K, g/ 20

and K, by the
same method we obtain the estimate

M2 (R, /2074 < (R/4C)™".

Let N be the number of steps of this process for which

(1—1/20)Ry_; >¢ > (1—1/2C)Ry,
B 2Ce 2(2C — 1)
N= {1111%:(20—1)/ln 4C -1 ]

MuO(R -5 t17t2> < (R/4C)’W)N

i.e.

Then the inequality

is valid, where

which was required to be proved.
Lemma 2. Let u(z,t) be a solution of equation (1) in H[}g’Tl, satisfying the
conditions: M, (R,0,T) = M; M, (R—¢e,t;,T —1,) < uljy_g <. Let

t*) = a t)].
m(t") R lu(,t)]
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Then for any ¢t € (¢t,,T —¢,)

m(t) < 2max {6 exp Kt; MV/2exp [(K — p/e?)(t — tl)]} ,
where K, 1 are constants from conditions 2) and 3) imposed on the coefficients
of equation (1).

The proof is carried out by means of constructing a barrier.

Theorem 2 (on two cylinders). Let u(z, t) be a solution of equation (1) in H[Ig’T],
satisfying the conditions: M, (R,0,T) = M; M, (r,0,T) = A; u|,_p = 0.

Then for any r, ry <r < R,
InM,(r;T/4;,T) < Cy[InA/ ln(BrO)]9 ,
where
1/6 =1+ 2C1n [In(4C/B)/In V2] ;

C, B are the constants of Theorem 1; C; is a constant depending on a,n, and
the equation.

Proof. By Lemma 1, for any ¢ > 0 inequality (11) is valid. Choosing a so small
that ¢, < T'/8, and setting § = (R/4C)*" , by Lemma 2 we obtain

M, (r;T/4;T) < min (2max {(R/4C) ™" exp(3KT/4); MV2exp [(K — u/*)(T/4)] })
(12)
for any r < R.

From monotonicity considerations for the quantities in the braces in inequality
(12), it is clear that the optimal value € = ¢ is obtained in the case of equality
of these quantities. Taking a value close to ¢,

(1n(Bro) TR
(2C —1)16C In A - In(R/4C)’

E =

we obtain the estimate

M, (r;T/4T) < (6y)m A/ Bl
where 6; < 1 depends on a,n, and the equation,

1/6 =1+ 2C1n [In(4C/B)/In V2] ;

C and B are the constants of Theorem 1. The assertion of Theorem 2 follows
from this.

We give two applications of Theorems 1 and 2 proved above.
Theorem 3 (an analogue of Ito’s problem). Let u(x,t) be a solution of equation

(1) in HET’O], satisfying the conditions

M, (ry,—7,0) = A; M,(R,-T,0) = M; U||1-\:R =0.
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Then .
M(R,~T +1,0) < A,g;2m&/ Bl

where 6 is the constant of Theorem 2. #; < 1 is a constant depending on 7,n,

and the equation.

The proof is obtained from Theorem 2 of the present article and Theorem 2 of
paper (5).

Theorem 4. (Possible rate of decrease of a solution of equation (1) in a neigh-
borhood of an irregular boundary point.) Let Il = D x [0,T], where D is some
domain in the space of z. Let 2% be a boundary point of the domain D such
that there exists a circular cone with vertex at 2%, lying entirely in the domain
D. Let ¢ be the angle made by the generatrix with the axis. Let u(z,t) be a
solution of equation (1) in II. Put

M(r) = )]
(r) \%%@?}&,wenl”(m )l

If -
hnl[ﬂ4(T>eXP(CH/TCb/¢)]’

r—0

where C}, C, are constants depending on the equation, then u =0 in II.

This assertion is a consequence of Theorem 1 (on three cylinders). Its proof is
similar to the proof of Lemma 1.
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