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Abstract

Full Text
UDC 533.70
PHYSICS
B. 1. SADOVNIKOV

AN EQUATION FOR “CLASSICAL” GREEN
FUNCTIONS IN THE KINETIC APPROXI-
MATION

(Presented by Academician N. N. Bogolyubov on 25 III 1965)

In the present note a closed equation is obtained for the basic Green function
( “lowest” order) for a classical statistical system of particles with short-range
interaction, accurate to the cube of the formal expansion parameter character-
istic of low-density systems, n = N/V (!). In previous works (?,%) “classical”
Green functions were introduced and a chain of equations for them was ob-
tained, and also its simplest decoupling, corresponding to the approximation of
a self-consistent field, was considered. The initial equations have the form
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where z; — (r{,p1), ¥y — (r',p');

Hy(xy,15) = pi/2m + p3/2m + ®(r; —ry),

and the equilibrium distribution functions will be (1)

Fl(o)(xl) = CePi/2mo C = (2nrmb)3/2; Féo)(xl,xQ) =C2% M/ 4 .
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We see that the quantity (A, ;A,))p is proportional to n, while (A4, , ;A ) g

2

is proportional to n®. Therefore, in order to obtain a closed equation for the
3

first Green function (4, ; A,)) g, accurate to quantities of order of smallness n”,
it is necessary to find an approximate expression for (A, , ;A,) g, accurate to
quantities of the same order. Let us note that with increasing distance |r; —rs|
the correlation deviation (3)

(s ey A e — 37l A £FL (o) + (A, 4,0 5F O (b))

tends to zero. In particular, we shall consider the situation when the particles
have some “radius of impenetrability,” for example, the case of elastic spheres,
i.e. ®(|r|) = oo, |r| < ry (1 is the diameter of a sphere). Then it is obvious that
(Ag 2,3 Ay) g = 0 for [ry —ry| <ry. Therefore it is convenient to consider the
correlation deviation of the form

(s, A — 574 (An AN EFL (2) + (4,5 A 5 FL (py) e a2,

which vanishes both for |r; — ry| < 7y and at large distances (|r; — ry| > rg).
We represent this correlation deviation in the form

1 / /
D(E;xy,39,y) = <<Aw1w2§Ay>>E - 5”02671{2/9 [G5(z1,y) + Gplza,9)],  (3)
where

(Ayi AN g = Glp(z, ) F,” (p),

and we shall set up an equation for it. To this end, from (2) we subtract the
equation, composed in accordance with (1), for the quantity

%n{«Azl Ay ) erl(Pa) + (AL, Ay>>EF1<O) (py) e P/l

and, restricting ourselves to terms of order n?, after some algebraic transforma-
tions—

we obtain

_iED(E§ zy, 37279) = [H2§ D(E§ T, 37279)]+

1
+5nC2e Tl [B(ry —xy): Glp(er,p) + G, y)] + R (4)
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where

n? (0
= — [0(z; —y); Fy ' (zy,m5)]+
dm Gy
"2 (i, ral)fo (0) (0)
+Ee 17 T2 Z [0(z; —y); Fy (p)Fy 7 (p2)]-

1<j<2

Let us now note that, to the accepted degree of accuracy, it is not difficult to
obtain expressions for D(E; x,,x,y) and Gx(z,y) at E = 0. Indeed, using the
definition of the Green functions, as well as relations (3),

n® 0

and setting A = A,, B= A, after simple transformations we obtain

1
(A A poo = 55 {n?F" (@) F () = 2B @y, y) = nF " (@))d(@y — ),
1 n? n3
(epeyi Ao = 505 4 g B8 1B ) = T 1,0

where Féo)(xl, Ty, y) = C3e Hs/0 1

Thus all Green functions can be computed at E = 0. Formulas (5) were obtained
from the assumption that the correlations vanish as |t — 7| — co. However, it is
not difficult to verify these formulas directly by substituting them into equations
(1) and (2) at E' = 0, and to make sure that the equations are identically satisfied
if one takes into account that féo) satisfies the corresponding equilibrium chain
of equations (1).

To eliminate R, subtract from equation (4) the same equation, but at E = 0.
According to expressions (5) and formula (3), the quantity D(E = 0;x,, z,,¥)
is proportional to n3. Therefore, to the accepted accuracy we obtain

—iEAR = [Hy; Ap] + f(E; 21,24, 9),
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AE:D(E;xlax%y); GE<xay> :G/E'(l‘7y)_G;E‘:O<x?y)v (6)

1
f(E; 2y, 29,y) = 5”0237}[2/0[@(1'1 —1y);Gp(ry,y) + Gp(ry,y)].

Let us note that f(F;xq,x,,y) is an analytic function of F in the upper and
lower complex half-planes, and infinity is not a singular point. By its definition,
A must also possess this property. It can be shown that the solution of equation
(6), the only one and regular in the upper (plus sign) or lower (minus sign)
complex half-plane of F, will be

400
Ap = / emES(Eo)zf(E; Ty, Ty, y) da.
)

Here S is the operation of replacing the arguments z,,z, by z;(a), z5(),
determined by the solution of the “two-body” problem with Hamiltonian H,
and initial conditions z,(0) = x;; z45(0) = z,.

Now, substituting the expression for (4, , :4,)pg, in accordance with the
adopted notation, into equation (1), we obtain a closed equation for the Fourier-

of the image of the first Green function in the form

(P 0} . /
i (ﬁ —~ E) Gaa(pr. ) F (b)) = iBGys(p1. 0 ) F (py)+
FnCten / [@(ry —ry); €07 (Gylpr, p)e™ +

+00
+/ §2) eifa [®(ry —1y); Ggy(py,p)e™™ ] da) dxy+ (7)
0

Fnctenm / [@(ry —ra); 2/ (Gs(po, D)™+
+00o
+/ SG&eiE“ [®(r, —r,); Gy (Pa, p/)e_”""Q] da)} dz,,
0

where

Gplr,y) = / G (P, )" d,

1 -
)10 {nQFfO)(p’) / (1 — e‘q’(”/@) e " dr —nd(p — p’)} .
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Let us transform equation (7). Using property (1)

(2)
2 7\ ivr aS— 7\ ,ivr
SZa [®(ry —19) + Ty + Ty; Ggy(py,p')e'™] = aaa Ggy(P1, P e,
it is not difficult to show that
/dmz —1y); e /0 (Gpy(py, )™+

+/ SSO)z iBa [‘I’(rl —Ty); Gﬁ(plvp/)ewrl} da)} =
0

+00 ~
= /dwz [@(rl —1y); e H2/0 (z/ S2) eibea (w )Gw(pl,p) iry da)} .
b m

Introduce the operator of uniform rectilinear motion S((ll). It replaces ry(0) by
r,(0) + (p;(0)/m)a and does not change the momentum p,(0). Denote further
by ¥ = lim,_, S(,QQSS). This operator, acting on ry,ry;p;, Py, transforms
them respectively into Q;, Qy; P, P5y, which depend only on the differences
(P2 — P1), (r; —ry) and do not depend on a.

Introduce for the variable r, a cylindrical coordinate system. As the cylindrical
axis £ take the straight line passing through the point r; and parallel to the
vector (p, — py). Denote the polar radius and polar angle respectively by a, ¢.
Then, after simple transformations, using the fact that (1)

1
—(PI+p3) +P(r; —ry) = 7{P2 + P3},

H =
27 om

equation (7) can be represented in the form

v
iGipr ) F (b)) { L B} = zEGOv<p1,p>F< o))+

wr o - P2 —Pi
in dp daa dp2 d§ ‘ ‘
0 0 (p2)

85 { (P34+P2)/2mb [Gﬁ@l,p/)ew(mﬂl) + G5 (P, p/)eiﬁ(Kz+r2)]
71-1767(P%+P§)/2m0 [Gﬁ(Plap/)eﬁ(Kl+rl>‘:;‘ ‘:Tj 10(Kq+rs) G*’(PQ, ):| } +
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+0o0
+e"w1"/dr2/dp2 [@(rl —15); e‘<p?+p§)/9/ (S((XQ)SS) )
0

X {’L (E _ M) ei(E*pzﬁ/m)aGEﬁ(p%p/)eiﬁr2+
m
+1 (E — w) ei(E*Ihﬁ/Wl)aGEﬁ(pl,p ) wrl}da:| )
m

Here K =Q; —ry, Ky =Qy—ry; J; =Py —py; Jo =P,y —

Let us transform the equation obtained for a system of elastic spheres. We shall
first consider the situation in which ®(r; —ry) =0, |ry —ry| > ry +0; ®(r; —
ry) = U, |ry — 1y < 1y, and then pass to the limit as § — 0, U — oo. By
directly taking into account the dynamics of a binary collision, we can reduce
this equation to a somewhat simpler form:

Gps(P1, P’ (pl){plv/m E} = EGy,(p1, P )Fl(O) (p1)+
Finr / P, / PP §) Y ) B (o) (Cas(py, )
(v2) (g:3)>0
+Gy(P2, P’ )6”0 v —Gps(P1,P) — Gry(p2, P')e ""[UJ]}7 (8)

where p}, p} (which are functions of py, py, @, ¢) and py, p, are the momenta of
the particles before and after the collision; j is a unit vector along the line joining
the centers of the two colliding spheres, directed from the center of molecule I.
The minus sign corresponds to the case Im F > 0, the plus sign to the case
Im FE < 0.

The equation obtained is the analogue of the classical Boltzmann equation (with
account of the finite sizes of the particles) in the Green-function method. This
can be verified if one applies to the Boltzmann equation in Bogoliubov’ s form
! the method developed in 2

The investigation of equation (8) will be the subject of our next paper.

In conclusion I express my deep gratitude to Academician N. N. Bogoliubov,
under whose guidance the work was carried out, and also to I. A. Kvasnikov
and N. N. Bogoliubov (Jr.) for useful discussions.
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