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Abstract
Full Text

M. Sh. Stavskii

Hartogs’Theorem in Certain Normed Fields
(Presented by Academician Yu. V. Linnik on 28 XII 1964)

Introduction. One of the fundamental theorems in the theory of analytic
functions of several complex variables is Hartogs’fundamental theorem (see
(1)). The question arises whether this theorem holds for power series over other
fields. In the present note a positive answer to this question is given for certain
normed fields.

Let 𝐻 be a field complete with respect to a non-Archimedean norm of rank 1
defined in it. We shall regard the group 𝐺 of values of the norm in multiplicative
notation. 𝐺 is a subgroup of the multiplicative group of positive real numbers.
The norm of an element 𝑥 ∈ 𝐻 will be denoted by |𝑥|. As usual, we adjoin
zero to 𝐺, putting |0| = 0. Recall the following properties of the norm: for any
𝑥, 𝑦 ∈ 𝐻, |𝑥𝑦| = |𝑥| ⋅ |𝑦|, |𝑥+𝑦| ≤ max(|𝑥|, |𝑦|), and in the case |𝑥| ≠ |𝑦| equality
holds in the latter relation.

Suppose that the field 𝐻 is not locally compact. Then it has at least one of the
following two properties:

Property 1. The group 𝐺 of values of the norm is dense with respect to the
ordinary absolute value.

Property 2. The residue field of the normed field 𝐻 contains an infinite number
of elements.

In such a field Hartogs’theorem holds. To simplify the proof, suppose that 𝐻 is
algebraically closed. Then properties 1 and 2 are satisfied simultaneously. We
introduce several further definitions and notations.

We shall call a disk with center at the point 𝑥0 ∈ 𝐻 and radius 𝑟 the set
{𝑥 ∈ 𝐻, |𝑥−𝑥0| < 𝑟}. The closed disk and circle are defined correspondingly.
We shall call a polydisk the topological product of several disks. A function
𝑓(𝑥) over the field 𝐻 will be called holomorphic in a given disk if it is the sum
of a power series convergent in this disk. A function of several variables will
be called holomorphic if it can be represented as the sum of a multiple power
series with coefficients in 𝐻.

We denote by 𝑀𝑓(𝑟) the maximum of the norm of the holomorphic function
𝑓(𝑥) on the circle |𝑥| = 𝑟. This maximum, by virtue of property 2 of the field
𝐻, is always equal to the norm of the maximal term of the power series 𝑓(𝑥) (see
(2)). The usual maximum principle holds (see (2, 3)). The Cauchy inequality
for the coefficients of a power series also holds.*
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Lemma 1. Let 𝑓(𝑥) be holomorphic in the disk |𝑥| < 𝑅, 𝑓(0) ≠ 0. Denote by
𝑛(𝑡) the number of roots of 𝑓(𝑥) in the closed disk |𝑥| ≤ 𝑡. Then for any 𝑟 < 𝑅

∫
𝑟

0

𝑛(𝑡)
𝑡 𝑑𝑡 = ln𝑀𝑓(𝑟) − ln |𝑓(0)|.

* All the basic properties of power series over 𝐻 are easily extended to power
series over the field of complex numbers, in particular the concept of conjugate
radii of convergence, the property of logarithmic convexity of the domain of
convergence, and also the existence of a power series with a given logarithmically
convex domain of convergence.

This lemma coincides with Theorem 2 in (4).
Lemma 2. Denote by Γ𝑅 the circumference |𝑥| = 𝑅. Whatever the points
𝑎1, … , 𝑎𝑛 ∈ Γ𝑅 may be (among which there may also be coincident ones), and
whatever 𝑟 ≤ 𝑅 may be, one can find on Γ𝑟 such a finite system of disks with
sum of radii equal to 𝑟 that outside these disks the inequality

𝑛
∏
𝑗=1

|𝑥 − 𝑎𝑗| > (𝑟
𝑒)

𝑛

will hold.

Moreover, the minimal radius of these disks is not less than 𝑟/𝑛.
This lemma is analogous to Cartan’s theorem (see (5), Ch. I, § 7); the proof is
the same. We note only that the radii of the disks under consideration do not
exceed 𝑟, and therefore they all belong to Γ𝑅.

Theorem. Let the function 𝑓(𝑥1, … , 𝑥𝑛) be holomorphic in each of the variables
(with the others fixed) in the polydisk |𝑥𝑖| < 𝑅𝑖 (𝑖 = 1, … , 𝑛). Then 𝑓(𝑥1, … , 𝑥𝑛)
is holomorphic in this polydisk.

We divide the proof into several parts.

1∘. For brevity we introduce the notation: 𝑘 = (𝑘1, … , 𝑘𝑛); 𝑦 = 𝑦1, … , 𝑦𝑛;
𝑦𝑘 = 𝑦𝑘1

1 … 𝑦𝑘𝑛𝑛 ; ‖𝑘‖ = 𝑘1 + … + 𝑘𝑛; |𝑦| ≤ 𝜌 means |𝑦𝑖| ≤ 𝜌 (𝑖 = 1, … , 𝑛).
Applying induction, suppose that the theorem is true for 𝑛 variables, and con-
sider the function 𝑓(𝑥, 𝑦) = 𝑓(𝑥, 𝑦1, … , 𝑦𝑛). It is known that it is holomorphic
in each of the variables in the polydisk

|𝑥| < 𝑅, |𝑦𝑖| < 𝑅𝑖 (𝑖 = 1, … , 𝑛). (1)

From the induction hypothesis it follows that 𝑓(𝑥, 𝑦) expands in a series of the
form
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𝑓(𝑥, 𝑦) = ∑
𝑘

𝑓𝑘(𝑥)𝑦𝑘 = ∑
𝑘1,…,𝑘𝑛

𝑓𝑘1,…,𝑘𝑛
(𝑥)𝑦𝑘1

1 … 𝑦𝑘𝑛𝑛 , (2)

convergent in the polydisk (1).

Take arbitrary values of the norm 𝑅′ < 𝑅, 𝑅′
𝑖 < 𝑅𝑖 (𝑖 = 1, … , 𝑛). Without loss

of generality, one may assume 𝑅′
𝑖 = 1. Thus 𝑓(𝑥, 𝑦) satisfies the conditions of

the theorem in the closed polydisk

|𝑥| ≤ 𝑅′, |𝑦| ≤ 1. (3)

Hence, as in Osgood’s lemma, we obtain boundedness of 𝑓(𝑥, 𝑦) in the interior
polydisk. The properties of the non-Archimedean norm make it possible to move
the centers of the disks constituting it to the origin of coordinates. Obviously,
one may assume that in the indicated polydisk |𝑓(𝑥, 𝑦)| ≤ 1. Then from (2),
with the aid of Cauchy’s inequality, we obtain

|𝑓𝑘(𝑥)| ≤ 𝐴‖𝑘‖, |𝑥| ≤ 𝑅′; 𝐴 is a constant. (4)

From this inequality, using the induction hypothesis, we obtain the holomorphy
of 𝑓𝑘(𝑥) for |𝑥| < 𝑅. Finally, one may assume that for all 𝑘

|𝑓𝑘(0)| ≥ 𝑒−‖𝑘‖. (5)

If this is not fulfilled for the sets of indices 𝑘1, 𝑘2, …, then it suffices to add to
𝑓(𝑥, 𝑦) the series ∑𝑖 𝑎−‖𝑘𝑖‖𝑦𝑘𝑖 , 𝑎 ∈ 𝐻, 2 ≤ |𝑎| ≤ 𝑒.
2∘. Denote by 𝑛𝑘(𝑡) the number of zeros of 𝑓𝑘(𝑥) in the disk |𝑥| ≤ 𝑡. From
Lemma 1 and inequalities (4) and (5) one can obtain, for 𝑅″ < 𝑅′, the inequality

𝑛𝑘(𝑅″) ≤ 𝑅′

𝑅′ − 𝑅″ (‖𝑘‖ ln𝐴 + ‖𝑘‖) = 𝐵‖𝑘‖; 𝐵 is a constant. (6)

3°. Let 𝛼 be an arbitrary positive number. We shall show that for all sufficiently
large ‖𝑘‖ one has

|𝑓𝑘(𝑥)| ⩽ 𝑒𝛼‖𝑘‖, |𝑥| ⩽ 𝑅‴ < 𝑅′, (7)

where 𝑅‴ is arbitrary but fixed. If (7) is proved, then the completion of the
proof presents no difficulty. Indeed, write 𝑓𝑘(𝑥) in the form

𝑓𝑘(𝑥) =
∞

∑
𝑖=0

𝑎𝑘,𝑖𝑥𝑖 =
∞

∑
𝑖=0

𝑎𝑘1,…,𝑘𝑛,𝑖𝑥𝑖.
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Taking into account that 𝛼 in (7) is arbitrarily small, it is easy to obtain the
convergence of the series

∑
𝑘,𝑖

𝑎𝑘,𝑖𝑥𝑖𝑦𝑘 = ∑
𝑘

𝑓𝑘(𝑥)𝑦𝑘 = 𝑓(𝑥, 𝑦)

in any polydisc interior with respect to (3), and consequently in the whole
polydisc (1). Thus, everything is reduced to the proof of (7).

4°. Suppose that (7) is not satisfied. Then there exists an infinite sequence

𝑘1, 𝑘2, … , 𝑘𝑖, … ; ‖𝑘𝑖‖ < ‖𝑘𝑖+1‖, (8)

for which

𝑀𝑓𝑘𝑖
(𝜌) > 𝑒𝛼‖𝑘𝑖‖, 𝑅‴ ⩽ 𝜌 ⩽ 𝑅″. (9)

Choose an arbitrary 𝜀 > 0. Select in the annulus 𝑅‴ ⩽ |𝑥| ⩽ 𝑅″ 𝑁 normed
circles (i.e. such circles whose radii are values of the norm), where 𝑁 > 𝐵/𝜀, 𝐵
being defined in (6). This is possible by property 1 of the field 𝐻. It follows
from (6) that for each 𝑓𝑘𝑖

(𝑥), on at least one of these circles the number of roots
does not exceed the number 𝜀‖𝑘𝑖‖. Choose from our circles one for which the
latter occurs infinitely many times. We may assume that this occurs for the
whole sequence (8). We may also assume, without loss of generality, that the
chosen circle has radius 1. Denote it by Γ1. Thus, on Γ1, for all 𝑓𝑘𝑖

(𝑥), the
number of roots 𝑠𝑖 satisfies the inequality

𝑠𝑖 < 𝜀‖𝑘𝑖‖. (10)

Let 𝑘 = 𝑘𝑖 be one of such sets of indices. Write 𝑓𝑘(𝑥) in the form

𝑓𝑘(𝑥) = 𝑔𝑘(𝑥)
𝑠

∏
𝑗=1

(𝑥 − 𝑎𝑗), (11)

where 𝑎1, … , 𝑎𝑠 are all the roots of 𝑓𝑘(𝑥) on Γ1; 𝑔𝑘(𝑥) does not vanish anywhere
on Γ1, and therefore has a unique maximal term on Γ1 and preserves a constant
norm there. Taking this into account, from (9) we easily obtain

|𝑔𝑘(𝑥)| > 𝑒𝛼‖𝑘‖, 𝑥 ∈ Γ1. (12)

Denote by 𝐸𝑘 the set of those 𝑥 ∈ Γ1 for which |𝑓𝑘(𝑥)| ⩽ 1. Then from (11)
and (12) we obtain
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𝑠
∏
𝑗=1

|𝑥 − 𝑎𝑗| < 𝑒−𝛼‖𝑘‖, 𝑥 ∈ 𝐸𝑘. (13)

According to Lemma 2, on Γ1 there exists a finite set of discs 𝑈𝑘

with sum of radii equal to 𝑟 < 1, outside which

𝑠
∏
𝑗=1

|𝑥 − 𝑎𝑗| > (𝑟/𝑒)𝑠.

Using (10), we obtain

𝑠
∏
𝑗=1

|𝑥 − 𝑎𝑗| > (𝑟
𝑒)

𝜀‖𝑘‖
.

We choose 𝜀 so small that (𝑟/𝑒)𝜀 > 𝑒−𝑎. Comparing the latter with (13), we see
that 𝐸𝑘 is entirely covered by the set 𝑈𝑘. Put

𝐷𝑚 =
∞
⋃

𝑖=𝑚
𝐸𝑘𝑖

.

Then 𝐷𝑚 has a finite covering 𝑈𝑘𝑚
. Moreover, 𝐷𝑚 ⊂ 𝐷𝑚+1. We also note that

every point of Γ1, by virtue of the convergence of the series (2) for 𝑦 = 1, must
belong to some 𝐷𝑚; consequently,

∞
⋃

𝑚=1
𝐷𝑚 = Γ1.

On the other hand, it follows from the properties of the sets 𝐷𝑚 that their sum
does not exhaust the whole circumference Γ1 (the proof of this fact is somewhat
complicated by the fact that the field 𝐻 is not locally compact). From this
contradiction follows the validity of inequality (7), which completes the proof of
the theorem.

Remark. If the residue field of the field 𝐻 contains an uncountable set of
elements, then Hartogs’theorem is proved much more simply. After 1∘ we argue
as follows: from the circumference Γ𝑅′ of radius 𝑅′ with center at zero we remove
neighborhoods (open) of radius 𝑅′ with centers at all roots 𝑓𝑘(𝑥) from (2). There
are countably many such neighborhoods; consequently, they will not cover the
whole Γ𝑅′ . At the remaining points 𝑥 ∈ Γ𝑅′ we have |𝑓𝑘(𝑥)| = 𝑀𝑓𝑘

(𝑅′) for all 𝑘;
hence the convergence of the series at such a point means uniform convergence
of the series on Γ𝑅′ , and from this it is not difficult to conclude that 𝑓(𝑥, 𝑦) is
holomorphic.
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In conclusion I express my sincere gratitude to Corresponding Member of the
Academy of Sciences of the USSR A. O. Gelfond and Yu. I. Manin for valuable
comments.

Moscow State
Pedagogical Institute
named after V. I. Lenin

Received
23 XII 1964
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