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Abstract
Full Text
MATHEMATICS
Yu. I. LYUBICH, V. A. TKACHENKO

UNIQUENESS AND APPROXIMATION THE-
OREMS FOR THE LOCAL LAPLACE TRANS-
FORM
(Presented by Academician S. N. Bernstein on 16 II 1965)

In the note (1), in connection with the study of an abstract Cauchy problem, a
certain generalization of the classical Laplace transform was proposed—the local
Laplace transform (l.L.t.).* This generalization makes it possible to ignore such
factors as the growth of the original as 𝑡 → ∞ or the boundedness of the interval
of variation of 𝑡, which are very essential from the classical point of view.

In the present work we study the case where the l.L.t. is a meromorphic vector-
function with values in an arbitrary Banach space 𝐵. In this situation the
original may be associated with a formal series of residues, and then the problem
of completeness (approximation) naturally arises. It turns out that completeness
holds if the growth of the l.L.t. in the plane, measured in the sense of R.
Nevanlinna ((4), 𝑝𝑝.168–169), is bounded in an appropriate way.

1∘. We begin by slightly extending, in comparison with (1), the definition of
the l.L.t. This extension is closely connected with the definition of completely
regular growth of a holomorphic function ((5), 𝑝𝑝.182–183). It is dictated by
certain applications.

Let 𝑀 be some set of full (i.e., equal to 1) relative measure ((5), 𝑝.127) on the ray
𝜆 ≥ 𝑎 ≥ 0. A locally integrable vector-function 𝑓(𝜆) with values in 𝐵, defined
at least on 𝑀 , will be called a local Laplace transform (l.L.t.) on the interval
[0, 𝑇 ), where 0 < 𝑇 ≤ ∞, if there exists a locally integrable vector-function 𝑥(𝑡)
(0 ≤ 𝑡 < 𝑇 ) such that for all 𝑡 ∈ [0, 𝑇 ) the representation

𝑓(𝜆) = ∫
𝑡

0
𝑥(𝑠)𝑒−𝜆𝑠 𝑑𝑠 + 𝜀(𝜆, 𝑡)

holds with a remainder term 𝜀(𝜆, 𝑡) satisfying the condition

lim
𝜆→+∞, 𝜆∈𝑀

𝜆−1 ln ‖𝜀(𝜆, 𝑡)‖ ≤ −𝑡.

The linear class of functions which are l.L.t. on [0, 𝑇 ) will be denoted by Λ𝑇 (𝐵).
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First of all, let us note that if a vector-function 𝑓(𝜆) ∈ Λ𝑇 (𝐵) is holomorphic
and of finite degree in some angle Γ+ containing the ray 𝜆 ≥ 𝑎, then the func-
tion 𝑔[𝜀(𝜆, 𝑡)] will have the same property for any functional 𝑔 ∈ 𝐵∗. From
a theorem of V. Bernstein ((6); (5), 𝑝𝑝.99–100) it follows that the indicator of
the function 𝑔[𝜀(𝜆, 𝑡)] on the positive ray does not exceed −𝑡. Using now the
Banach–Steinhaus theorem, it is easy to show that

lim
𝜆→+∞

𝜆−1 ln ‖𝜀(𝜆, 𝑡)‖ ≤ −𝑡.

* Variants of generalization close to the l.L.t. were indicated earlier in the works
(2,3 ).
Thus, 𝑓(𝜆) proves to be an l.p.L. in the sense of (1). Therefore the following
propositions are valid.

Lemma 1. The original 𝑥(𝑡) of the function 𝑓(𝜆) ∈ Λ𝑇 (𝐵) is determined
uniquely (up to values on a set of measure zero).

Lemma 2. Let 𝑓(𝜆) ∈ Λ𝑇 (𝐵) be a function holomorphic in 𝑇𝑡 of finite degree.
Put

𝐹(𝑡) = 1
2𝜋𝑖 ∫

∞

𝑎

𝑓(𝜆)
𝜆 𝑒𝜆𝑡 𝑑𝜆 (Re 𝑡 < 0).

Then 𝐹(𝑡) is analytically continued into the domain

Π𝑇 = { 𝑡 ∣ Re 𝑡 < 𝑇 , 𝑡 ∉ [0, 𝑇 ) }

and
lim
𝑠↓0

[𝐹 (𝑡 + 𝑖𝑠) − 𝐹(𝑡 − 𝑖𝑠)] = ∫
𝑡

0
𝑥(𝑠) 𝑑𝑠 (0 < 𝑡 < 𝑇 ).

2∘. As an illustrative example, consider the integral equation

∫
1

0
𝑎(𝑠)𝜉(𝑠 + 𝑡) 𝑑𝑠 = 0 (0 < 𝑡 < 𝑇 ; 𝑇 ≤ ∞)

with kernel 𝑎(𝑠) ∈ ℒ(0, 1). Put

𝐴(𝜆) = ∫
1

0
𝑎(𝑠)𝑒𝜆𝑠 𝑑𝑠, 𝜑(𝑠, 𝜆) = 𝑒𝜆𝑠

𝐴(𝜆) ∫
1

0
𝑎(𝑢)𝑒𝜆𝑢 𝑑𝑢 ∫

𝑠

𝑢
𝜉(𝑣)𝑒−𝜆𝑣 𝑑𝑣.

We shall treat the functions 𝜉(𝑠 + 𝑡), 𝜑(𝑠, 𝜆) as vector-functions 𝑥(𝑡), 𝑓(𝜆) with
values in ℒ(0, 1). The “characteristic”function 𝐴(𝜆) has quite regular growth
((5), p. 324). Using this fact, it is easy to show that 𝑓(𝜆) ∈ Λ𝑇 (ℒ(0, 1)) and
that −𝑥(𝑡) is the original. Hence, on the basis of Lemma 1, it follows that the
solution 𝜉(𝑠) (0 < 𝑠 < 𝑇 +1) is uniquely determined by its values on (0, 1). This
uniqueness theorem was proved earlier in (7) *.
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3∘. Consider the case of an entire 𝑓(𝜆) ∈ Λ𝑇 (𝐵). Put

𝑀𝑓(𝑟) = max
|𝜆|≤𝑟

‖𝑓(𝜆)‖, 𝜎𝑓 = lim
𝑟→∞

𝑟−1𝑀𝑓(𝑟)

(𝜎𝑓 is the“degree”of the function 𝑓(𝜆)). We shall assume 𝜎𝑓 < ∞ and introduce
the growth indicator

ℎ𝑓(𝜃) = lim
𝑟→∞

𝑟−1 ln ‖𝑓(𝑟𝑒𝑖𝜃)‖.

The following analogue of the Wiener—Paley theorem holds.

Theorem 1. Let 𝑓(𝜆) ∈ Λ𝑇 (𝐵) be an entire function of degree 𝜎𝑓 < 𝑇 and

ℎ = max(0, ℎ𝑓(−𝜋)).

Then

𝑓(𝜆) = ∫
ℎ

0
𝑥(𝑠)𝑒−𝜆𝑠 𝑑𝑠.

Proof. For every 𝑔 ∈ 𝐵∗ we have

Φ𝑔(𝑡) ≡ 𝑑
𝑑𝑡𝑔[𝐹(𝑡)] = 𝑔[𝐹 ′(𝑡)] = 1

2𝜋𝑖 ∫
∞

𝑎
𝑔[𝑓(𝜆)]𝑒𝜆𝑡 𝑑𝜆 (Re 𝑡 < 0).

Thus, the function Φ𝑔(−𝑡) is (up to an integral summand) the Borel associate
of the function 𝑔[𝑓(𝜆)]. Its singularities, by Lemma 2 and the inequality 𝜎𝑓 <
𝑇 , can lie only on the negative real half-axis. But then, by the well-known
theorem of Pólya, the indicator diagram of the function 𝑔[𝑓(𝜆)] is contained in
the segment [−ℎ, 0], and the singularities of the function Φ𝑔(−𝑡) also lie there.
Therefore 𝐹 ′(𝑡) is analytically continued through (ℎ, ∞), and hence

lim
𝑠↓0

[𝐹 (𝑡 + 𝑖𝑠) − 𝐹(𝑡 − 𝑖𝑠)] = const (𝑡 > ℎ).

* In (7) the well-known theorem of Titchmarsh on convolution is used ((8), pp. 445—446).

It can also be easily proved with the aid of l.p.L.

By Lemma 2, 𝑥(𝑡) = 0 almost everywhere in (ℎ, 𝑇 ). Now

𝑓(𝜆) = ∫
ℎ

0
𝑥(𝑠)𝑒−𝜆𝑠 𝑑𝑠 + 𝜀(𝜆, 𝑡) (ℎ < 𝑡 < 𝑇 ).

The function 𝜀(𝜆, 𝑡) turns out to be independent of 𝑡 and to be an entire function
of 𝜆 of finite degree. The indicator diagram for 𝑔[𝜀(𝜆, 𝑡)] is contained in [−ℎ, 0].
But the indicator of 𝑔[𝜀(𝜆, 𝑡)] along the ray 𝜆 > 0 does not exceed −𝑡 < −ℎ.
Therefore 𝑔[𝜀(𝜆, 𝑡)] = 0, whence 𝜀(𝜆, 𝑡) = 0 for 𝑡 > ℎ.
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Remark. Theorem 1 is inverted in an obvious way.

In the corollaries to Theorem 1 given below its conditions are assumed to be
satisfied.

Corollary 1. Almost everywhere in (ℎ, 𝑇 ), 𝑥(𝑡) = 0.
Corollary 2. If ℎ𝑓(−𝜋) ≤ 0, then 𝑓(𝜆) = 0, and 𝑥(𝑡) = 0 almost everywhere
in (0, 𝑇 ).
4°. Let now 𝑓(𝜆) be a meromorphic function. Introduce the Nevanlinna growth
function

𝑚𝑓(𝑟) = 1
2𝜋 ∫

2𝜋

0
ln+ ‖𝑓(𝑟𝑒𝑖𝜃)‖ 𝑑𝜃.

In this case the analogue of degree is 𝜏𝑓 = lim𝑟→∞ 𝑟−1𝑚𝑓(𝑟). Put

𝜏−
𝑓 = inf

𝑀
{ lim

𝑟→∞, 𝑟∈𝑀
1
𝜋𝑟 ∫

3𝜋/2

𝜋/2
ln+ ‖𝑓(𝑟𝑒𝑖𝜃)‖ 𝑑𝜃} ,

where 𝑀 ranges over the class of all sets of full relative measure on the ray
𝑟 > 0.
Lemma 3. Let 𝜑(𝜆) be a scalar entire function of finite degree and

𝜔 = lim
𝑟→∞, 𝑟∈𝑀

1
𝜋𝑟 ∫

3𝜋/2

𝜋/2
ln+ |𝜑(𝑟𝑒𝑖𝜃)| 𝑑𝜃,

where 𝑀 is a set of full relative measure. Then for any 𝛿 (0 < 𝛿 < 𝜋/2) there
exists a constant 𝑐𝛿, depending only on 𝛿, such that

ℎ𝜑(𝜃) ≤ 𝑐𝛿𝜔 (𝜋/2 + 𝛿 ≤ 𝜃 ≤ 3𝜋/2 − 𝛿).

We shall regard the constant 𝑐𝛿 as the best one. Introduce the absolute constant*

𝑐 = inf
𝛿

𝑐𝛿 = lim
𝛿→𝜋/2

𝑐𝛿.

Theorem 2. Let 𝑓(𝜆) ∈ Λ𝑇 (𝐵) be a meromorphic function of finite degree with
set of poles {𝜆𝑘}∞

1 , and let 𝑥(𝑠) (0 ≤ 𝑠 < 𝑇 ) be its original. On any segment
(𝑐𝜏−

𝑓 , 𝑇1) (𝜏−
𝑓 < 𝑇1 < 𝑇 ) there exists a sequence of aggregates converging in the

mean to 𝑥(𝑠),
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𝑥𝑁(𝑠) =
𝑁

∑
𝑘=1

𝑛𝑘−1
∑
𝑚=0

𝛼(𝑁)
𝑚,𝑘𝑒𝜆𝑘𝑠𝑃𝑚,𝑘(𝑠),

where 𝑃𝑚,𝑘(𝑠) are polynomials determined by the equality

𝑃𝑚,𝑘(𝑠) = 𝑒−𝜆𝑘𝑠 ( 𝑑
𝑑𝑠 − 𝜆𝑘)

𝑚
Res [𝑓(𝜆)𝑒𝜆𝑠]𝜆=𝜆𝑘

,

𝑛𝑘 is the multiplicity of the pole 𝜆𝑘, and 𝛼(𝑁)
𝑚,𝑘 are scalar coefficients.

If the original 𝑥(𝑠) is continuous, then uniform approximation by aggregates of
the same form can be carried out.

* It can be shown that 𝜋/2 ≤ 𝑐 ≤ 8/3.

Let us outline the proof, choosing, for definiteness, approximation in the mean.

Consider the space of vector-functions ℒ = ℒ(𝐵; (0, 𝑇0)), where 𝑇0 = 𝑇1 −
𝑐𝜏, 𝜏 = 𝜏−

𝑓 . The representation

𝑒𝜆𝑠𝜀(𝜆, 𝑠) = 𝑒𝜆𝑠 (𝑓(𝜆) − ∫
𝑠

0
𝑥(𝑢)𝑒−𝜆𝑢 𝑑𝑢) = ∫

𝑣

0
𝑥(𝑡 + 𝑠)𝑒−𝜆𝑡 𝑑𝑡 + 𝑒𝜆𝑠𝜀(𝜆, 𝑣 + 𝑠)

shows that ̂𝑓(𝜆) = 𝑒𝜆𝑠𝜀(𝜆, 𝑠), as an element of ℒ, is an L. P. L. on [0, 𝑇 − 𝑇0)
with original ̂𝑥(𝑡) = 𝑥(𝑡 + 𝑠). Suppose ̂𝑔 ∈ ℒ∗ annihilates the closed linear
hull of the vector-functions 𝑒𝜆𝑘𝑠𝑃𝑚,𝑘(𝑠). We shall show that ̂𝑔[ ̂𝑥(𝑡)] = 0 if
𝑐𝜏 ≤ 𝑡 < 𝑇 − 𝑇0. Note that 𝜑(𝜆) = ̂𝑔[ ̂𝑓(𝜆)] is an entire function of finite degree
from Λ𝑇 −𝑇0

(𝐵1). By the definition of the L. P. L. ℎ𝜑(0) ≤ 0, and by Lemma 3
ℎ𝜑(𝜃) ≤ 𝑐𝛿𝜏(𝜋/2 + 𝛿 ≤ 𝜃 ≤ 3𝜋/2 − 𝛿). By the Phragmén–Lindelöf principle, the
degree of the function 𝜑(𝜆) does not exceed 𝑐𝜏 (in view of the arbitrariness of
𝛿). According to Corollary 1 of Theorem 1, the original ̂𝑔[ ̂𝑥(𝑡)] is equal to zero
on [𝑐𝜏 , 𝑇 − 𝑇0) everywhere (since it is continuous). In particular, ̂𝑔[ ̂𝑥(𝑐𝜏)] = 0.
Taking into account the choice of the functional ̂𝑔, by the Hahn–Banach theorem
we conclude that the element 𝑥(𝑐𝜏) = 𝑥(𝑠+𝑐𝜏) (0 ≤ 𝑠 ≤ 𝑇1−𝑐𝜏) is approximable
in ℒ by linear combinations of functions of the form 𝑒𝜆𝑘𝑠𝑃𝑚,𝑘(𝑠).
5∘. The growth restriction on 𝑓(𝜆) in Theorem 2 cannot be substantially weak-
ened. This is shown by the following theorems, close to the uniqueness theorems
from (9,10).
Theorem 3. Let the function 𝜌(𝑟) > 0 (𝑟 > 0) be such that 𝑟−1𝜌(𝑟) → ∞ (𝑟 →
∞). Then there exist a Hilbert space 𝐻 and an entire function 𝑓(𝜆) ∈ Λ∞(𝐻)
with original not identically zero such that 𝑚𝑓(𝑟) ≤ 𝜌(𝑟) (𝑟 > 0).
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Theorem 4. For any 𝜏 > 0 there exist a Hilbert space 𝐻 and an entire function
of finite degree 𝑓(𝜆) ∈ Λ∞(𝐻) for which 𝜏−

𝑓 = 𝜏 and whose original is nonzero
everywhere on the interval [0, 𝑐1𝜏], where 𝑐1 > 0 is an absolute constant.

6∘. Let us apply Theorem 2 to the situation considered in 2∘. Here the L. P. L.
𝑓(𝜆) is a meromorphic function of finite degree. From the completely regular
growth of the function 𝐴(𝜆) it follows that 𝜏−

𝑓 = 0. By Theorem 2, every
solution 𝜉(𝑠) (0 < 𝑠 < 𝑇 + 1) can be approximated with arbitrary accuracy in
the mean on each interval (0, 𝑇1 + 1) for 0 < 𝑇1 < 𝑇 by linear combinations
of solutions of the form 𝑠𝑗𝑒𝜆𝑠. This result was essentially established by other
methods in (11,12).
In conclusion we note that from Theorem 2 one can obtain an approximation
theorem for solutions of an abstract Cauchy problem by exponential solutions.
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