
Soviet-era science, translated into English

Reports of the Academy of
Sciences of the USSR
B. L. GOLINSKII

1965

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196501.16800

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196501.16800


Abstract
Full Text

Reports of the Academy of Sciences of the USSR
1965. Volume 160, No. 5

MATHEMATICS
B. L. GOLINSKII

ON LIMIT RELATIONS AND ASYMPTOTIC
FORMULAS FOR POLYNOMIALS ORTHOG-
ONAL ON THE UNIT CIRCLE
(Presented by Academician S. N. Bernstein on 4 VIII 1964)

1. Let

𝑃𝑛(𝑧) = 𝜘𝑛𝑧𝑛 + … ; 𝜘𝑛 > 0, 𝑛 = 0, 1, 2, … ,

be polynomials orthonormal on the unit circle with respect to the measure 𝑑𝜎(𝜃),
i.e.

1
2𝜋 ∫

2𝜋

0
𝑃𝑛(𝑒𝑖𝜃) 𝑃𝑚(𝑒𝑖𝜃) 𝑑𝜎(𝜃) = 𝛿𝑛𝑚,

where 𝜎(𝜃) is a bounded nondecreasing function with an infinite set of points of
increase. Let

∫
2𝜋

0
ln 𝑝(𝜃) 𝑑𝜃 > −∞, (1)

where 𝑝(𝜃) is the derivative 𝜎′(𝜃), which exists almost everywhere. As is known,
in this case the function

𝜋(𝑧, 𝑝) = exp{− 1
4𝜋 ∫

2𝜋

0
ln 𝑝(𝜃) 𝑒𝑖𝜃 + 𝑧

𝑒𝑖𝜃 − 𝑧 𝑑𝜃}

is regular in |𝑧| < 1, and
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lim
𝑛→∞

𝑃 ∗
𝑛(𝑧) = 𝜋(𝑧, 𝑝) (𝑃 ∗

𝑛(𝑧) = 𝑧𝑛𝑃𝑛(1
𝑧 )) ,

lim
𝑛→∞

𝜘𝑛 = 𝜘 = 𝜋(0, 𝑝), (2)

where the limit relation (2) holds uniformly for |𝑧| ≤ 𝑟 < 1. S. N. Bernstein (1)
and G. Szegő (2) were the first to pose and solve the problem of the uniform
limit relation

lim
𝑛→∞

𝑃 ∗
𝑛(𝑒𝑖𝜃) = 𝜋(𝑒𝑖𝜃, 𝑝), 𝜃 ∈ [0, 2𝜋], (3)

where

𝜋(𝑒𝑖𝜃) = lim
𝑟→1−0

𝜋(𝑟𝑒𝑖𝜃),

and found an estimate for the difference

𝜌𝑛(𝜃) = |𝑃 ∗
𝑛(𝑒𝑖𝜃) − 𝜋(𝑒𝑖𝜃)|

in the case when 𝜎(𝜃) is an absolutely continuous function: 𝜎(𝜃) ∈ 𝑎𝐶∗, and
the weight 𝑝(𝜃) is a positive 2𝜋-periodic continuous function satisfying a Dini–
Lipschitz condition of order > 1.

* 𝑑𝜎(𝜃) = 𝑝(𝜃) 𝑑𝜃, 𝑝(𝜃) is a nonnegative summable function.

Ya. L. Geronimus (3) generalized the formulation of this problem, extending
it also to the case of an interior interval [𝛼, 𝛽] ⊂ [0, 2𝜋]. In the present note
new cases are given for the existence of the limiting relation (3) at each point
𝜃 ∈ [𝛼, 𝛽], almost everywhere on [0, 2𝜋] or on [𝛼, 𝛽], uniformly on [0, 2𝜋] or on
[𝛼, 𝛽].
We denote, as usual, the integral modulus of continuity of a 2𝜋-periodic function
𝑓(𝜃) ∈ ℒ𝑞(0, 2𝜋), 1 ≤ 𝑞 < ∞, by

Ω𝑞(𝛿, 𝑓) = sup
|ℎ|≤𝛿

‖𝑓(𝜃 + ℎ) − 𝑓(𝜃)‖ℒ𝑞(0,2𝜋),

and the modulus of continuity of a 2𝜋-periodic continuous function 𝑔(𝜃) ∈
𝐶(0, 2𝜋) by

Ω(𝛿, 𝑔) = max
|ℎ|≤𝛿

‖𝑔(𝜃 + ℎ) − 𝑔(𝜃)‖𝐶(0,2𝜋).
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If 𝑓(𝜃) ∈ ℒ𝑞(𝛼, 𝛽), 𝑔(𝜃) ∈ 𝐶(𝛼, 𝛽), then

𝜔𝑞(𝛿, 𝑓) = sup
|ℎ|≤𝛿≤𝛿0

‖𝑓(𝜃 + ℎ) − 𝑓(𝜃)‖ℒ𝑞(𝛼′,𝛽′),

𝜔(𝛿, 𝑔) = max
|ℎ|≤𝛿≤𝛿0

‖𝑔(𝜃 + ℎ) − 𝑔(𝜃)‖𝐶(𝛼′,𝛽′),

[𝛼′, 𝛽′] ⊂ [𝛼, 𝛽], 𝛿0 = min(𝛼′ − 𝛼, 𝛽 − 𝛽′).

2. Theorem 1. Suppose that on [0, 2𝜋]

𝜎(𝜃) ∈ 𝑎𝐶,

0 < 𝐵0 ≤ 𝑝(𝜃) ∈ 𝐶(0, 2𝜋); (4)

Ω(𝑡, 𝑝)
𝑡 ∈ ℒ1. (5)

Then, starting from some 𝑛 ≥ 𝑁0, we have

𝜌𝑛(𝜃) ≤ 𝐵1 ∫
𝛿𝑛

0

Ω(𝑡, 𝑝)
𝑡 𝑑𝑡 + 𝐵2

1
𝛿𝑛

Ω( 1
𝑛, 𝑝)

∗
, (6)

where 𝛿𝑛 is chosen so that

1
𝛿𝑛

Ω( 1
𝑛, 𝑝) = 𝑜(1) as 𝑛 → ∞.

If, instead of conditions (4) and (5), the conditions

𝑝(𝜃) ≤ 𝐵2, 1
𝑝(𝜃) ∈ ℒ2, (7)

and, on [𝛼, 𝛽],

0 < 𝐵0 ≤ 𝑝(𝜃) ∈ 𝐶(𝛼, 𝛽); (8)

𝜔(𝑡, 𝑝)
𝑡 ∈ ℒ1, (9)

hold, then, starting from some 𝑛 ≥ 𝑁1, we have for 𝜃 ∈ [𝛼′, 𝛽′]
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𝜌𝑛(𝜃) ≤ 𝐵3 ∫
𝜀𝑛

0

𝜔(𝑡, 𝑝)
𝑡 𝑑𝑡 + 𝐵4

𝜀𝑛
Ω2( 1

𝑛, 1
𝑝) + 𝐵5Ω1/2

1 ( 1
𝑛, 1

𝑝) , (10)

and 𝜀𝑛 is chosen so that

1
𝜀𝑛

Ω2( 1
𝑛, 1

𝑝) = 𝑜(1) as 𝑛 → ∞.

If Ω(𝛿, 𝑝) = 𝑂 {(ln 1
𝛿 )−(1+𝜀)}, 𝜀 > 0, then, putting in (6) 𝛿𝑛 = (ln𝑛)−1, we

obtain the estimate of S. N. Bernstein and G. Szegő.

3. Theorem 2. Suppose that condition (1) is satisfied, and on [𝛼, 𝛽]

𝜎(𝜃) ∈ 𝑎𝐶, 0 < 𝐵0 ≤ 𝑝(𝜃) ∈ 𝐶(𝛼, 𝛽); (11)

∗ 𝐵0, 𝐵1, 𝐵2, … are various constants.

𝜔(𝑡, 𝑝)
𝑡 ∈ ℒ2; (12)

(𝑍1) ∶ 𝛿 ∫
𝛿0

𝛿

𝜔(𝑡, 𝑝)
𝑡2 𝑑𝑡 = 𝑂{𝜔(𝛿, 𝑝)}∗. (13)

Then, uniformly for 𝜃 ∈ [𝛼′, 𝛽′], (3) holds.
We note that conditions (12) and (13) are satisfied if

𝜔(𝛿, 𝑝) = 𝑂 {𝛿𝜈 (ln 𝐵
𝛿0

)
−𝜇

} (14)

with
0 ≤ 𝜇 < (1 − 𝜈) ln 𝐵

𝛿0
− 1, 𝐵 > 𝛿0, 1

2 ≤ 𝜈 < 1.

Theorem 3. Let 𝜌−1(𝜃) ∈ ℒ1, and suppose that on [𝛼, 𝛽] condition (9), con-
dition (𝑍1) (or the equivalent conditions), and, instead of condition (12), the
condition

(𝑍) ∫
𝛿

0

𝜔(𝑡, 𝑝)
𝑡 𝑑𝑡 = 𝑂{𝜔(𝛿, 𝑝)}∗∗ (15)
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hold. Then, uniformly for 𝜃 ∈ [𝛼′, 𝛽′], (3) holds.
We note that conditions (𝑍) and (𝑍1) are satisfied if 𝜔(𝛿, 𝑝) satisfies inequality
(14) with

0 ≤ 𝜇 < (1 − 𝜈) ln 𝐵
𝛿0

− 1, 𝐵 > 𝛿0, 0 < 𝜈 < 1.

Remark 1. Under the hypotheses of Theorem 3 we have, uniformly for 𝜃 ∈
[𝛼′, 𝛽′] and for all 𝑛 ≥ 𝑁2, the lower estimate

𝜌𝑛(𝜃) ≥ 𝐵4𝜔 ( 1
𝑛) .

If
𝐵5𝛿𝛼 ≤ 𝜔(𝛿, 𝑝) ≤ 𝐵6𝛿𝛽, 0 ≤ 𝛼 < 𝛽 < 1,

then
𝜌𝑛(𝜃) ≥ 𝐵7𝑛−𝛽(1−𝛼)/(1−𝛽).

Theorem 4. Let 𝜌−1(𝜃) ∈ ℒ1, and suppose that on [𝛼, 𝛽] condition (9) holds
and

𝜔(𝑡, 𝑝)
𝑡 ln 1

𝑡 ∈ ℒ1.

Then, uniformly for 𝜃 ∈ [𝛼′, 𝛽′], (3) holds.
We prove Theorems 2–4 by the method of Ya. L. Geronimus (3), applying a
local analogue of a theorem of A. Zygmund, which makes it possible, in terms
of the modulus of continuity of a given function 𝑓(𝜃), to estimate from above
the modulus of continuity of the conjugate function ̃𝑓(𝜃) (5):

𝜔(𝛿, ̃𝑓) = 𝑂 {∫
𝛿

0

𝜔(𝑡, 𝑓)
𝑡 𝑑𝑡 + 𝛿 ∫

𝛿0

𝛿

𝜔(𝑡, 𝑓)
𝑡2 𝑑𝑡} (16)

under the condition that

𝑓(𝜃) ∈ ℒ1, 𝑓(𝜃) ∈ 𝐶(𝛼, 𝛽), 𝜔(𝑡, 𝑓)
𝑡 ∈ ℒ1.

Remark 2. Let

𝐵9𝛿𝜈𝜆(𝛿) ≤ 𝜔(𝛿, 𝑝) ≤ 𝐵8𝛿𝜈𝜆(𝛿), (17)

where 0 < 𝜈 < 1; 𝜆(𝜎) is an almost nondecreasing function on [0, 𝛿0], i.e.

𝜆(𝛿2) ≤ 𝐵10𝜆(𝛿1) (𝛿2 > 𝛿1, 𝐵10 ≥ 1). (18)
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Starting from inequality (16), we obtain

𝜔(𝛿, 𝜋) = 𝑂 {∫
𝛿

0

𝜔(𝑡, 𝑝)
𝑡 𝑑𝑡} ,

and in Theorem 2, instead of condition (𝑍1), one may take condition (17).

* Condition (𝑍1) is equivalent to conditions (𝑆1), (𝐿1), (𝑃1), (𝐵1) in the notation of (4).

** Condition (𝑍) is equivalent to conditions (𝑆), (𝐿), (𝑃 ), (𝐵) in the notation of (4).
4. Theorem 5. Suppose that on [0, 2𝜋] 𝜎(𝜃) ∈ 𝑎𝐶𝑢,

0 < 𝐵0 ≤ 𝑝(𝜃) ≤ 𝐵1, Ω2
2(𝑡, 𝑝)1

𝑡 ln 1
𝑡 ∈ ℒ1 (19)

or

𝑝(𝜃) ∈ ℒ𝑞, 1
𝑝(𝜃) ∈ ℒ𝑞′ , 1

𝑞 + 1
𝑞′ = 1, 1 < 𝑞 ≤ 2, (20)

Ω𝑞(𝑡, 𝑝)1
𝑡 ln 1

𝑡 ∈ ℒ1.

Then for almost all 𝜃 ∈ [0, 2𝜋], (3) holds.
The proof is based on a theorem of G. Rademacher and D. E. Menshov 6 and
on estimates of Ya. L. Geronimus (3, Table I).

Theorem 6. Suppose that on [0, 2𝜋] 𝜎(𝜃) ∈ 𝑎𝐶, 1
𝑝(𝜃) ∈ ℒ2, and on [𝛼, 𝛽]

|𝑃𝑛(𝑒𝑖𝜃)| ≤ 𝐵11, 𝑛 = 0, 1, 2, … (21)

If on [𝛼, 𝛽] one of the conditions

𝑝(𝜃) ≤ 𝐵1, 𝜔2
2(𝑡, 𝑝)1

𝑡 ln 1
𝑡 ∈ ℒ1; (22)

𝑝(𝜃) ∈ ℒ𝑞, 1
𝑝(𝜃) ∈ ℒ𝑞′ , 𝜔𝑞(𝑡, 𝑝)1

𝑡 ln 1
𝑡 ∈ ℒ1; (23)

𝑝(𝜃) ≤ 𝐵1, 𝜔𝑞
𝑞(𝑡, 𝑝)

𝑡 ∈ ℒ1, 1 < 𝑞 ≤ 2; (24)
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𝜔1(𝑡, 𝑝)
𝑡 ∈ ℒ1, (25)

is satisfied, then for almost all 𝜃 ∈ [𝛼′, 𝛽′], (3) holds.
The proof of Theorem 6 is based on the following lemma:

Lemma. Suppose that a weight 0 ≤ 𝜑(𝜃) ≤ 𝐵12 satisfies condition (1), and
the corresponding system of orthonormal polynomials {Φ𝑛(𝑒𝑖𝜃)}∞

0 is uniformly
bounded on [0, 2𝜋]. Then at a point 𝑒𝑖𝜃0 of the unit circle we have

lim
𝑛→∞

Φ∗
𝑛(𝑒𝑖𝜃0) = 𝜋(𝑒𝑖𝜃0 , 𝜑).

If the new weight 𝜓(𝜃) = 𝜑(𝜃) for 𝜃 ∈ [𝛼, 𝛽] and 𝜓(𝜃) ∈ ℒ1, 𝜓−1(𝜃) ∈ ℒ2, then
for the corresponding system of orthonormal polynomials {Ψ𝑛(𝑒𝑖𝜃)}∞

0 we have

lim
𝑛→∞

Ψ∗
𝑛(𝑒𝑖𝜃) = 𝜋(𝑒𝑖𝜃, 𝜓), 𝜃 ∈ [𝛼′, 𝛽′].

Kharkov Aviation Institute

Received
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