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Abstract
Full Text
MATHEMATICS
A. YANUSHAUSKAS

ON THE PROBLEM OF THE OBLIQUE
DERIVATIVE
(Presented by Academician M. A. Lavrent′ev on 2 III 1965)

The note is devoted to the following boundary-value problem:
Find a function 𝑤, regular and harmonic in the ball Σ ∶ {𝑥2 + 𝑦2 + 𝑧2 < 1},
satisfying on the sphere 𝑆 ∶ {𝑥2 + 𝑦2 + 𝑧2 = 1} the condition

𝛼(𝑡, 𝑧)(𝑥 𝜕𝑤/𝜕𝑥 + 𝑦 𝜕𝑤/𝜕𝑦) + 𝛽(𝑡, 𝑧)𝜕𝑤/𝜕𝑧 = 𝜒, (1)

where 𝑡 = 𝑥2 + 𝑦2; 𝛼, 𝛽, 𝜒 are continuous Hölder functions defined on 𝑆, and 𝛼
and 𝛽 have no common zeros on 𝑆, and 𝛽(0, 1) ⋅ 𝛽(0, −1) > 0.

We shall assume the desired function 𝑤(𝑥, 𝑦, 𝑧) to be Hölder continuous together
with its first derivatives in the closed ball Σ.

The function 𝑤 can be represented inside the ball Σ by the absolutely and
uniformly convergent series (1):

𝑤 =
∞

∑
𝑙=0

𝑤(1)
𝑙 𝑡𝑙/2 cos 𝑙𝜑 +

∞
∑
𝑙=0

𝑤(2)
𝑙 𝑡𝑙/2 sin 𝑙𝜑, (2)

where 𝜑 = arctg 𝑦/𝑥, and the functions 𝑤(1)
𝑙 and 𝑤(2)

𝑙 are solutions of the differ-
ential equation

4𝑡 (𝜕2𝑢𝑙/𝜕𝑡2) + 𝜕2𝑢𝑙/𝜕𝑧2 + 4(𝑡 + 1)𝜕𝑢𝑙/𝜕𝑡 = 0, (3)

regular in the domain 𝐷 ∶ {0 < 𝑡 < 1 − 𝑧2, −1 < 𝑧 < 1, 𝑡 > 0}.

Lemma. Every function 𝜒, Hölder continuous on the sphere 𝑆, can be repre-
sented by the uniformly convergent series

𝜒 =
∞

∑
𝑙=0

𝐴(1)
𝑙 (𝜃)𝑡𝑙/2 cos 𝑙𝜑 +

∞
∑
𝑙=0

𝐴(2)
𝑙 (𝜃)𝑡𝑙/2 sin 𝑙𝜑. (4)

Proof. As is known (2), every Hölder continuous function 𝜓(𝜑) given on a circle
can be represented by a Fourier series; therefore, for 𝜒 we have
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𝜒 =
∞

∑
𝑙=0

𝑎𝑙(𝜃) cos 𝑙𝜑 +
∞

∑
𝑙=0

𝑏𝑙(𝜃) sin 𝑙𝜑.

Construct a harmonic function 𝑢(𝑥, 𝑦, 𝑧), regular in the ball Σ, satisfying the
condition 𝑢 = 𝜒 on the sphere 𝑆. Every harmonic function regular in the ball Σ
can be represented by an absolutely and uniformly convergent series in spherical
functions (1); rearranging and grouping terms in this series, we obtain

𝑢 =
∞

∑
𝑙=0

𝐵(1)
𝑙 (𝑟, 𝜃)𝑡𝑙/2 cos 𝑙𝜑 +

∞
∑
𝑙=0

𝐵(2)
𝑙 (𝑟, 𝜃)𝑡𝑙/2 sin 𝑙𝜑.

Consider the value of the function 𝑢 on the sphere 𝑆𝑛 ∶ {𝑥2 +𝑦2 +𝑧2 = 1−1/𝑛}.
For sufficiently large 𝑛 we have max |𝑢|𝑆𝑛

− 𝜒| < 𝜀; applying Bessel’s inequality
to the function 𝑢|𝑆𝑛

− 𝜒, we obtain

∞
∑
𝑙=0

[𝑎𝑙(𝜃) − 𝐵(1)
𝑙 (1 − 1

𝑛, 𝜃) 𝑡𝑙/2]
2
+

∞
∑
𝑙=0

[𝐿𝑏𝑙(𝜃) − 𝐵(2)
𝑙 (1 − 1

𝑛, 𝜃) 𝑡𝑙/2]
2

< 2𝜋𝜀2,

hence

lim
𝑛→∞

𝐵(1)
𝑙 (1 − 1/𝑛, 𝜃)𝑡𝑙/2 = 𝑎𝑙(𝜃), lim

𝑛→∞
𝐵(2)

𝑙 (1 − 1/𝑛, 𝜃)𝑡𝑙/2 = 𝑏𝑙(𝜃).

Substituting (2) and (4) into condition (1) and comparing the coefficients of
𝑡𝑙/2 cos 𝑙𝜑 and 𝑡𝑙/2 sin 𝑙𝜑, we obtain

2𝛼(𝑡, 𝑧)𝑡 𝜕𝑢(𝑖)
𝑙 /𝜕𝑡 + 𝛽(𝑡, 𝑧)𝜕𝑢(𝑖)

𝑙 /𝜕𝑧 + 𝑙𝛼(𝑡, 𝑧)𝑢(𝑖)
𝑙 = 𝐴(𝑖)

𝑙 (𝑧), (5)

𝑖 = 1, 2; 𝑧 = cos 𝜃.

Thus problem (1) has been reduced to the following problem:
Find a solution, regular in the domain 𝐷 ∶ {0 < 𝑡 < 1 − 𝑧2, −1 < 𝑧 < 1, 𝑡 > 0},
of equation (3), satisfying condition (5) on the part of the boundary 𝐿 ∶ {𝑡 =
1 − 𝑧2, −1 < 𝑧 < 1} of the domain 𝐷.

Consider problem (5). In [3] the following problem was studied:
Find a solution, regular in the domain 𝐷, of equation (3), satisfying on the
curve 𝐿 the condition

2𝛼(𝑡, 𝑧)𝑡 𝜕𝑢𝑙/𝜕𝑡 + 𝛽(𝑡, 𝑧)𝜕𝑢𝑙/𝜕𝑧 = 𝐴𝑙(𝑧). (6)
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Problem (6) is solved by reduction to an integral equation. Problem (5) is also
solved by reduction to an integral equation, and the equation for problem (5)
differs from the integral equation for problem (6) by a completely continuous
operator. Therefore the difference between the number of linearly indepen-
dent solutions of the homogeneous problem and the number of necessary and
sufficient orthogonality conditions on the function 𝐴𝑙(𝑧) for solvability of the
nonhomogeneous problem is the same for problems (5) and (6).

Let 2𝜋𝑛 be the increment of the argument of the function 𝛼
√

𝑡−𝑖𝛽 in traversing
the curve 𝐿 from the point (0, 1) to the point (0, −1). For problem (6), it was
established in [3] that if 𝑛 ≥ 0, then the homogeneous problem has 2𝑛+1 linearly
independent solutions, and the nonhomogeneous problem is always solvable; if
𝑛 < 0, then the homogeneous problem has one linearly independent solution,
and for solvability of the nonhomogeneous problem it is necessary and sufficient
that 2𝑛 orthogonality conditions on the function 𝐴𝑙(𝑧) be fulfilled.

Theorem 1. The difference between the number of linearly independent solu-
tions of the homogeneous problem (5) and the number of necessary and sufficient
orthogonality conditions on the function 𝐴𝑙(𝑧) for solvability of the nonhomo-
geneous problem (5) is equal to 2𝑛 + 1 for all 𝑙.
Let 𝑢(1)

𝑙 , … , 𝑢(𝑘𝑙)
𝑙 be a complete orthonormal system of solutions of the homo-

geneous problem (5); let 𝑞(1)
𝑙 , … , 𝑞(𝑗𝑙)

𝑙 be the orthogonality functions to which
the functions 𝐴𝑙(𝑧) must be orthogonal, necessarily and sufficiently, for solvabil-
ity of the nonhomogeneous problem (5). Denote by 𝐻𝑆 the space of functions
Hölder-continuous on 𝑆, and by 𝐺Σ the space of functions harmonic and regular
in the ball Σ, whose first derivatives satisfy a Hölder condition in the closed ball
Σ. Consider the subspace 𝐾Σ of the space 𝐺Σ generated by the functions

𝑢(1)
𝑙 𝑡𝑙/2 cos 𝑙𝜑, 𝑢(1)

𝑙 𝑡𝑙/2 sin 𝑙𝜑, … , 𝑢(𝑘𝑙)
𝑙 𝑡𝑙/2 cos 𝑙𝜑, 𝑢(𝑘𝑙)

𝑙 𝑡𝑙/2 sin 𝑙𝜑, 𝑙 = 0, 1, … .

We also consider the subspace 𝑅𝑆 of the space 𝐻𝑆, generated by the functions
𝑞(1)

1 𝑡𝑙/2 cos 𝑙𝜑, 𝑞(1)
1 𝑡𝑙/2 sin 𝑙𝜑, … , 𝑞(𝑗𝑙)

1 𝑡𝑙/2 cos 𝑙𝜑, 𝑞(𝑗𝑙)
1 𝑡𝑙/2 sin 𝑙𝜑, 𝑙 = 0, 1, …. 𝐾Σ is

the space of solutions of the homogeneous problem (1), and for the solvabil-
ity of the nonhomogeneous problem (1) it is necessary that the function 𝜒 be
orthogonal to the space 𝑅𝑆.

Theorem 2. If 𝑛 ≥ 0, then the homogeneous problem (1) has infinitely many
linearly independent solutions.

This theorem is a consequence of Theorem 1.

Let 𝛼(𝑡, 𝑧) and 𝛽(𝑡, 𝑧) be polynomials. Extend the coefficients 𝛼(𝑡, 𝑧) and 𝛽(𝑡, 𝑧)
into the ball Σ in the following way: since on the sphere 𝑆 we have 𝑡 = 1 − 𝑧2,
set

𝑃(𝑧) = 𝛼(1 − 𝑧2, 𝑧), 𝑄(𝑧) = 𝛽(1 − 𝑧2, 𝑧)
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in Σ. The left-hand side of the boundary condition (1), after continuation, has
the form

𝑃(𝑧)(𝑥 𝜕𝑤/𝜕𝑥 + 𝑦 𝜕𝑤/𝜕𝑦) + 𝑄(𝑧) 𝜕𝑤/𝜕𝑧. (1’)

In this case problem (1) is a special case of the problem studied in (4).
We study the singular points of the vector field

Ω ∶ {𝑥𝑃(𝑧), 𝑦𝑃 (𝑧), 𝑄(𝑧)}.

The singular points of the field Ω are the points (0, 0, 𝑧0), 𝑄(𝑧0) = 0. The type
of a singular point is determined by the roots of the equation

∣
𝑃 (𝑧) − 𝜆 0 0

0 𝑃(𝑧) − 𝜆 0
0 0 𝑄′(𝑧) − 𝜆

∣ ≡ [𝑃 (𝑧) − 𝜆]2[𝑄′(𝑧) − 𝜆] = 0.

If at the singular point (0, 0, 𝑧0) we have 𝑃(𝑧0)𝑄′(𝑧0) > 0, then this point is a
node; if 𝑃(𝑧0)𝑄′(𝑧0) < 0, then the singular point (0, 0, 𝑧0) is a saddle. In (4) it
is shown that in the case of a singular point of saddle type, problem (1) is uncon-
ditionally solvable. From the unconditional solvability of problem (1) follows
the unconditional solvability of problem (5) for all natural 𝑙. Consequently, the
space 𝑅𝑆 consists only of the single element 0, and the homogeneous problem
(5) has the same number 2𝑛 + 1 of linearly independent solutions for all natural
𝑙.
Theorem 3. If at all singular points (0, 0, 𝑧0) of the vector field Ω the relation
𝑃(𝑧0)𝑄′(𝑧0) < 0 holds, then the nonhomogeneous problem (1) is always solvable,
and the homogeneous problem has infinitely many linearly independent solutions.

Suppose further that 𝑃(𝑧) and 𝑄(𝑧) are twice continuously differentiable func-
tions, and that 𝑃(𝑧) and 𝑄(𝑧) have no common zeros on the interval −1 ≤ 𝑧 ≤ 1.
Denote by 𝜎 the set of points of the sphere 𝑆 at which the vector field Ω is
tangent to the sphere 𝑆. In the work (5) it is shown that a solution of the
homogeneous problem (1) can attain an extremum only at points of the set 𝜎.
In order that a point 𝑥 ∈ 𝜎 not be an extremum point of a nonconstant solution
of the homogeneous problem (1) of the form 𝑢𝑙(𝑟, 𝜃) cos 𝑙𝜑, it is sufficient that
at this point the inequality

𝑧 𝑑
𝑑𝑧 [𝑃 (𝑧)(1 − 𝑧2) + 𝑧𝑄(𝑧)]/𝑃 (𝑧) > 0 (7)

hold.

If at all points of the set 𝜎 inequality (7) holds, then the homogeneous problem
(1) has no nonzero solutions of the form 𝑢𝑙(𝑟, 𝜃) cos 𝑙𝜑, 𝑙 ≥ 0; 𝑣𝑙(𝑟, 𝜃) sin 𝑙𝜑, 𝑙 >
0, and from the reduction of problem (1) to problem (5) it follows that the
homogeneous problem (1) has no solutions distinct from the constant solution.
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Theorem 4. If at all points of the set 𝜎 inequality (7) holds, then the ho-
mogeneous problem (1) has no solutions distinct from a constant that possess
continuous second derivatives in Σ ∪ 𝑆.

Remark. Similarly, one may consider the problem on the oblique derivative
with the boundary condition

𝛼(𝑡, 𝑧) (𝑥 𝜕𝑤/𝜕𝑥 + 𝑦 𝜕𝑤/𝜕𝑦 + 𝛽(𝑡, 𝑧) (𝜕𝑤/𝜕𝑧+
+ 𝛾(𝑡, 𝑧)(𝑦 𝜕𝑤/𝜕𝑥 − 𝑥 𝜕𝑤/𝜕𝑦))) = 𝜒.

The role of problem (5) in this case is played by the following problem:

Find a solution of the system of equations

4𝑡 𝜕2𝑢(𝑖)
𝑙 /𝜕𝑡2 + 𝜕2𝑢(𝑖)

𝑙 /𝜕𝑧2 + 4(𝑙 + 1) 𝜕𝑢(𝑖)
𝑙 /𝜕𝑡 = 0, 𝑖 = 1, 2,

satisfying the conditions

2𝛼(𝑡, 𝑧)𝑡 𝜕𝑢(1)
𝑙 /𝜕𝑡 + 𝛽(𝑡, 𝑧) 𝜕𝑢(1)

𝑙 /𝜕𝑧 + 𝑙𝛼(𝑡, 𝑧)𝑢(1)
𝑙 − 𝑙𝛾(𝑡, 𝑧)𝑢(2)

𝑙 = 𝐴(1)
𝑙 (𝑧),

2𝛼(𝑡, 𝑧)𝑡 𝜕𝑢(2)
𝑙 /𝜕𝑡 + 𝛽(𝑡, 𝑧) 𝜕𝑢(2)

𝑙 /𝜕𝑧 + 𝑙𝛼(𝑡, 𝑧)𝑢(2)
𝑙 + 𝑙𝛾(𝑡, 𝑧)𝑢(1)

𝑙 = 𝐴(2)
𝑙 (𝑧)

on the curve 𝐿.

All the theorems carry over to this case, except Theorem 4.
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Note: Figure translations are in progress. See original paper for figures.
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