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Abstract
Full Text

Physics
A. A. GALEEV
On the Statistical Theory of Particle Acceleration by Mag-
netohydrodynamic Waves in a Weakly Turbulent Rarefied
Plasma
(Presented by Academician G. I. Budker, 26 X 1964)

The statistical mechanism of particle acceleration was first proposed by E. Fermi
(1) to explain the origin of cosmic rays. He considered, specifically, the acceler-
ation of a charged particle in a medium consisting of a multitude of chaotically
moving magnetic clouds. The choice of such a model is convenient in that the
interaction of particles with magnetic clouds can be represented as ordinary
“collisions”of particles of small and very large mass. Calculation of the energy
balance in a system of such particles of different mass shows that the energy
initially stored in the magnetic clouds of large mass tends to be distributed
equally among the individual particles and clouds. Under real conditions, tur-
bulent motion is not necessarily the motion of separate clumps of matter as a
whole. Very often it may be thought of as a set of weakly interacting collective
motions—oscillations of the medium. Thus, in particular, we shall consider the
acceleration of a particle by a weakly turbulent plasma in which an enormous
number of natural oscillations of small amplitude have been excited. The ac-
celeration of a particle in this model can no longer be represented as vividly
as in Fermi’s model (1); however, owing to the smallness of the amplitudes of
the oscillations, their weak interaction with one another and with the plasma
particles can be studied by means of perturbation theory (2,3 ), and an exact
quantitative result can be obtained.

Particle acceleration as a result of inverse Cherenkov absorption of plasma oscil-
lations that are in resonance with the accelerated particles appears in the first
order of perturbation theory in the weak interaction of the waves with the par-
ticles and has been studied in detail in (4). In (4) it is shown that the resonance
condition (𝜔 = kv) very often imposes restrictions on the particle velocity and,
consequently, on its energy. In addition, the very presence of the acceleration
effect then depends substantially on the distribution of wave energy in phase
space (𝜔, k).
Here we shall consider in detail the case of weak stationary turbulence, which is
a set of a large number of low-frequency (𝜔 ≪ Ω𝐻 = 𝑒𝐻/𝑀𝑐), long-wavelength
(𝑘𝑧 < 𝑣𝑇 𝑗/Ω𝐻 , 𝑣𝑇 𝑗 = √𝑇𝑗/𝑚𝑗) Alfvén oscillations propagating almost along
the unperturbed magnetic field 𝐻0𝑧* (𝑘⟂ ≪ 𝑘𝑧). The fluctuating magnetic
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and electric fields can then be represented as a sum of the fields of individual
oscillations of constant amplitude

𝛿H = ∑
k

Hk𝑒−𝑖𝜔k𝑡+𝑖k⋅r + c. c. (1)

For convenience in determining the polarization of the waves, we assume the
presence of a small component of the wave vector transverse to the field, 𝑘⟂,
and shall take the vector of the electric field Ek to be perpendicular to the plane
(k, H0):

[[unclear: next formula begins on following page]]

* Such a turbulent state may arise, for example, as a result of the development
of the“fire-hose”instability in a weak magnetic field (5) and small temperature
anisotropy.

Ek = [k × h]𝐸𝑘/𝑘⟂, h ≃ H0/𝐻0. (2)

The relation between the electric and magnetic fields is determined by Maxwell’
s equation

Hk = 𝑐
𝜔k

[k × Ek]. (3)

In contrast to (4), we shall consider the acceleration of very fast particles mov-
ing with velocities 𝑣0𝑧 considerably greater than the phase velocities of Alfvén
waves 𝜔/𝑘𝑧 and the thermal velocities of particles 𝑣𝑇 𝑗 = √𝑇𝑗/𝑚𝑗. For such
particles, the law of conservation of energy permits only the process of simulta-
neous absorption of two oscillations with“momenta”𝑘𝑧, 𝑘′

𝑧 close to one another
in magnitude and opposite in sign:

𝜔k + 𝜔k′ = (𝑘𝑧 + 𝑘′
𝑧)𝑣0𝑧, 𝜔k, 𝜔k′ > 0. (4)

For classical wave fields of small amplitude (|Hk|2/4𝜋ℏ𝜔k ≫ 1, ∑k |Hk|2 ≪ 𝐻2
0 ),

process (4) may be considered within the framework of classical perturbation
theory (2,3). To this end, iterating the Boltzmann equation in the absence of
collisions

( 𝜕
𝜕𝑡 + v ⋅ ∇ + 𝑒𝑗

𝑚𝑗𝑐
[v × H0] 𝜕

𝜕v) 𝑓𝑗 = − 𝑒𝑗
𝑚𝑗

∑
k

(Ek + 1
𝑐 [v × Hk]) 𝜕𝑓𝑗

𝜕v ;
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𝑗 = 𝑖, 𝑒,

we obtain an expansion of the particle distribution function 𝑓𝑗(r, v, 𝑡) in a series
in powers of the wave amplitudes:

𝑓𝑗 = 𝑓0𝑗 + 𝑓𝑗(1) + 𝑓𝑗(2) + … , (5)

where the successive approximations for 𝑓𝑗(𝑛) are obtained with the aid of the
iteration formula for the corresponding Fourier components (6):

𝑓𝑗(𝑛+1)
k,𝜔+𝜔″ = − 𝑒𝑗

𝑚𝑗
∫

𝑡

−∞
∑

k′+k″=k
(𝐸k′𝜔′ + 1

𝑐 [v × Hk′𝜔′ ]) 𝜕𝑓𝑗(𝑛)
k″𝜔″

𝜕v 𝑑𝑡′. (6)

The integral (6) is taken along the unperturbed trajectory of the particles in
the magnetic field:

𝑑r𝑗
𝑑𝑡 = v𝑗(𝑡), v𝑗(𝑡) ≃ {𝑣⟂ cos(𝜃𝑗 − 𝜔𝐻𝑗𝑡), 𝑣⟂ sin(𝜃𝑗 − 𝜔𝐻𝑗𝑡), 𝑣𝑧}. (7)

The unperturbed distribution of particles over velocities is chosen in the form
of the sum of the Maxwellian distribution of the main plasma particles and a
monochromatic-in-velocity distribution of the accelerated particles

𝑓0𝑗(v, 𝑡) ≃ 𝑛0 ( 𝑚𝑗
2𝜋𝑇𝑗

)
3/2

𝑒−𝑚𝑗𝑣
2/2𝑇

𝑗 + 𝛿𝑛𝑗𝛿(v − v0𝑗(𝑡)). (8)

Then, with the aid of (5)—(8), we calculate the particle current j to terms of
third order in the wave amplitudes and calculate the work of the electric field
on the particles j ⋅ E under the assumption of chaotic phases of the amplitudes
Ek. By means of the indicated procedure we obtain a correct mathematical
description of effects quadratic in the wave energy, such as process (4), and find
the complete change of the particle energy per unit time due to these processes.

We now proceed to the direct calculation. From (6)—(8), with the aid of (2),
(3), we obtain the expansion (5), neglecting terms with 𝜆 ≪ 1,

𝑓𝑗(1)
k𝜔 ≃ − 𝑒𝑗

𝑚𝑗
∑

𝑛=±1

𝐽 ′
𝑛(𝜆) [ 𝜕

𝜕𝑣⟂
(1 − 𝑘𝑧𝑣𝑧

𝜔 ) + 𝑘𝑧𝑣⟂
𝜔

𝜕
𝜕𝑣𝑧

]
𝜔 − 𝑘𝑧𝑣𝑧 − 𝑛𝜔𝐻𝑗

𝑓0𝑗𝑒−𝑖𝑛(𝜃𝑗+𝜋/2−𝛿k)+𝑖[k×v]𝑧/𝜔𝐻𝑗𝐸k,
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𝑓𝑗(2)
k+k′,𝜔+𝜔′ ≃ 𝑒2

𝑗
𝑚2

𝑗
∑

𝑛=±1

𝐽 ′
𝑛(𝜆′)𝐽𝑛(𝜆) (𝑘𝑧

𝜔 − 𝑘′
𝑧

𝜔′ ) 𝜕
𝜕𝑣𝑧

𝑓0𝑗

𝜔 − 𝑘𝑧𝑣𝑧 − 𝑛𝜔𝐻𝑗
×

× 𝑒−𝑖𝑛(𝛿k−𝛿k′ )+𝑖[k×v]𝑧/𝜔𝐻𝑗

𝜔 + 𝜔′ − (𝑘𝑧 + 𝑘′𝑧)𝑣𝑧 + 𝑖0𝐸k′𝐸k,

(9)

𝑓𝑗(3)
k,𝜔 ≃ −

𝑒3
𝑗

𝑚3
𝑗

∑
𝑙,𝑛=±1

∑
k′

𝐽 ′
𝑙 (𝜆′) [ 𝜕

𝜕𝑣⟂
(1 − 𝑘𝑧𝑣𝑧

𝜔 ) +
𝑘𝑧𝑣⟂

𝜔
𝜕

𝜕𝑣𝑧
]

𝜔 − 𝑘𝑧𝑣𝑧 − 𝑙𝜔𝐻𝑗
×

× 𝑒−𝑖𝑙(𝜃+𝜋/2−𝛿k′ )

𝜔 + 𝜔′ − (𝑘𝑧 + 𝑘′𝑧)𝑣𝑧 + 𝑖0

𝐽 ′
𝑛(𝜆)𝐽 ′

𝑛(𝜆′) (𝑘𝑧
𝜔 − 𝑘′

𝑧
𝜔′ ) 𝜕

𝜕𝑣𝑧
𝑓0𝑗

𝜔 − 𝑘𝑧𝑣𝑧 − 𝑛𝜔𝐻𝑗
×

× 𝑒−𝑖𝑛(𝛿k−𝛿k′ )+𝑖[k×v]𝑧/𝜔𝐻𝑗 |𝐸k′ |2 𝐸k,

where 𝜆 = 𝑘⟂𝑣⟂/𝜔𝐻𝑗, k = {−𝑘⟂ sin 𝛿k, 𝑘⟂ cos 𝛿k, 𝑘𝑧}, and 𝐽𝑛(𝜆) is the Bessel
function.

The current of first order in the amplitude j(1) describes only the processes of
emission (absorption) of one quantum of oscillation and is of no interest to us.
The current of second order in the amplitudes of transverse oscillations 𝐸k′ , 𝐸k″

tends to zero as 𝑘⟂ → 0. However, two transverse waves give a substantial
contribution to the charge-density oscillations 𝜌(2) and therefore are able to
excite a longitudinal oscillation with potential 𝜑(2), equal to

𝜑(2)
k′+k″,𝜔′+𝜔″ ≃ ∑

𝑗

4𝜋𝑒𝑗
(k″ + k′)2 ∫ 𝑓𝑗(2)

k′k″,𝜔′+𝜔″ 𝑑v/𝜀k′+k″(𝜔′ + 𝜔″), (10)

where

𝜀k′+k″(𝜔′ + 𝜔″) ≃ 1 + ∑
𝑗

4𝜋𝑒2
𝑗

(k″ + k′)2 ∫ 𝑘𝑧(𝜕𝑓0𝑗/𝜕𝑣𝑧)𝐽2
0 (𝜆)

𝜔′ + 𝜔″ − (𝑘′𝑧 + 𝑘″𝑧 )𝑣𝑧 + 𝑖0 𝑑v

is the dielectric permittivity of the plasma.

In turn, the interference of the forced longitudinal oscillations (10) with the
transverse ones gives a contribution to the current ∼ 𝐸3

k, comparable with the
current (9) owing to the interference of three transverse oscillations directly.
With the aid of (6) we have, for this case, a correction to 𝑓𝑗(3)′

k,𝜔+𝜔″
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𝑓𝑗(3)′

k,𝜔+𝜔″ ≃ 𝑒2
𝑗

𝑚2
𝑗

∑
𝑛=±1

k′+k″=k

𝐽0(𝜆″)𝐽 ′
𝑛(𝜆′){

𝑘″
𝑧

𝜕
𝜕𝑣𝑧

𝜔′ + 𝜔″ − 𝑘″𝑧 𝑣𝑧 − 𝑛𝜔𝐻𝑗
×

×
𝜕

𝜕𝑣⟂
(1 − 𝑘′

𝑧𝑣𝑧
𝜔′ ) + 𝑘′

𝑧𝑣⟂
𝜔′

𝜕
𝜕𝑣𝑧

𝜔′ − 𝑘′𝑧𝑣𝑧 − 𝑛𝜔𝐻𝑗
+

𝜕
𝜕𝑣⟂

(1 − 𝑘′
𝑧𝑣𝑧
𝜔′ ) + 𝑘′

𝑧𝑣⟂
𝜔′

𝜕
𝜕𝑣𝑧

𝜔′ + 𝜔″ − 𝑘𝑧𝑣𝑧 − 𝑛𝜔𝐻𝑗
×

×
𝑘″

𝑧
𝜕

𝜕𝑣𝑧
𝜔″ − 𝑘″𝑧 𝑣𝑧 + 𝑖0}𝑓0𝑗𝐸k′𝜔′𝜑(2)

k″,𝜔″𝑒−𝑖𝑛(𝜃𝑗+𝜋/2−𝛿k′ )+𝑖[k×v]𝑧/𝜔𝐻𝑗 .

(11)

Calculating, with the aid of (12)—(14), the current j and averaging the work
over the phases of the amplitudes, we obtain the rate of change of the particle
energy.

In the case of not very large particle velocities, 𝑣𝑇 𝑗 < 𝑣0𝑗 < 𝜔𝐻𝑗/𝑘𝑧, a consid-
erable cancellation of the contributions from the currents (9)—(11) occurs, and
the final-

the final expression for the work 𝑗 ⋅ 𝐸 has the form:

𝑑
𝑑𝑡 ∫ 1

2𝑚𝑗𝑣2𝛿𝑓0𝑗 𝑑𝑣 = −1
4 ∑

k,k′
( 𝜔

𝑘𝑧
− 𝜔′

𝑘′𝑧
)

2
⋅ 𝜋 cos2(𝛿k − 𝛿k′) 𝑘2

𝑧
|𝐻k|2|𝐻k′ |2

𝐻4
0

×

× ∫ 𝑚𝑗𝑣2
𝑧

2 𝑣𝑧
𝜕𝛿𝑓0𝑗
𝜕𝑣𝑧

𝛿(𝜔 + 𝜔′ − (𝑘𝑧 + 𝑘′
𝑧)𝑣𝑧) 𝑑𝑣𝑧.

Substituting (6) here, neglecting terms of order

∼ 𝜔
𝑣0𝑧|𝐻k|2

𝑑|𝐻k|2
𝑑𝑘𝑧

and using the equality of the phase velocities of the interacting waves that
follows from (4), we obtain

𝑑
𝑑𝑡

𝑚𝑗𝑣2
0𝑗

2 = ∑
k,k′

𝜔2

𝑘2𝑧𝑣2
0𝑧

⋅ 2𝜋 ⋅ cos2(𝛿k − 𝛿k′) 𝑘𝑧 |𝑣0𝑧| |𝐻k′ |2|𝐻k|2
𝐻4

0
×

×𝑘𝑧𝛿 (𝑘𝑧 + 𝑘′
𝑧 − 𝜔 + 𝜔′

𝑣0𝑧
) 𝑚𝑗𝑣2

0𝑧
2 . (12)
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This expression is very reminiscent of E. Fermi’s formula 1

𝑑
𝑑𝑡

𝑚𝑣2

2 = (𝑉
𝑣 )

2 𝑣
𝑙

𝑚𝑣2

2 ,

if one substitutes here, instead of the mean velocity of the clouds, the mean
phase velocity of the magnetohydrodynamic pulsations 𝑉 ∼ 𝜔/𝑘𝑧; instead of the
velocity 𝑣, their free-motion velocity 𝑣0𝑧 along the field lines of the unperturbed
field 𝐻0; and, finally, instead of the mean free path 𝑙, a quantity of the order of
the wavelength of the pulsations, increased by a factor (𝐻2

0 / ∑k |𝐻k|2)2

(𝑙−1 ≃ 2𝜋 ⋅ ∑
k,k′

𝑘𝑧|𝐻k|2|𝐻k′ |2𝐻−4
0 cos2(𝛿k − 𝛿k′) 𝑘𝑧𝛿 (𝑘𝑧 + 𝑘′

𝑧 − 𝜔 + 𝜔′

𝑣0𝑧
)) .

But at velocities greater than 𝑣0𝑧 > 𝜔𝐻𝑗/𝑘𝑧, the acceleration obeys another law:

𝑑
𝑑𝑡

𝑚𝑗𝑣2
0𝑗

2 = ∑
k,k′

𝜔2

𝑘2𝑧𝑣2
0𝑧

𝜋 sin2(𝛿k − 𝛿k′) 𝑘𝑧 |𝑣0𝑧| |𝐻k′ |2|𝐻k|2
𝐻4

0
×

×𝑘𝑧𝛿 (𝑘𝑧 + 𝑘′
𝑧 − (𝜔 + 𝜔′)/𝑣0𝑧) 𝑚𝑗𝜔2

𝐻𝑗/2𝑘2
𝑧. (13)

The author expresses his gratitude to G. M. Zaslavsky and R. Z. Sagdeev for
useful comments and discussion of the work.

Novosibirsk State University

Received
15 X 1964
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