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Abstract
Full Text
V. I. LEVENSHTEIN

BINARY CODES WITH CORRECTION OF
DELETIONS, INSERTIONS, AND REVER-
SALS OF SYMBOLS
(Presented by Academician P. S. Novikov on 4 I 1965)

In studying problems of transmitting binary information through channels, one
usually considers a channel model in which failures of the type 0 → 1, 1 → 0,
hereafter called reversals, are allowed. In the present paper (as in (1)) a channel
model is studied in which failures of the type 0 → Λ, 1 → Λ, called deletions,
and failures of the type Λ → 0, Λ → 1, called insertions, are also allowed (here Λ
is the empty word). For such channels, by analogy with the combinatorial prob-
lem of constructing optimal codes with correction of 𝑠 reversals, one considers
problems of constructing optimal codes with correction of deletions, insertions,
and reversals.

1. Codes with correction of deletions and insertions. Words in the
alphabet {0, 1} will be called binary words. An arbitrary set of binary words
of fixed length will be called a code*. A code 𝐾 will be called a code with
correction of 𝑠 deletions (a code with correction of 𝑠 insertions) if any
binary word can be obtained from no more than one word of the code 𝐾 by
means of 𝑠 or fewer deletions (respectively insertions). A code 𝐾 will be called
a code with correction of 𝑠 deletions and insertions if any binary word
can be obtained from no more than one word of the code 𝐾 by means of 𝑠 or
fewer deletions and insertions. The latter property ensures the possibility of
uniquely determining the original code word from the word obtained from it by
some number 𝑖 (𝑖 ≥ 0) of deletions and some number 𝑗 (𝑗 ≥ 0) of insertions, if
𝑖 + 𝑗 ≤ 𝑠. The following assertion shows that all the definitions of codes given
above are equivalent.

Lemma 1. Any code with correction of 𝑠 deletions (as well as any code with
correction of 𝑠 insertions) is a code with correction of 𝑠 deletions and insertions.

Proof (by contradiction). Suppose that from a word 𝑥 of length 𝑛, by means
of 𝑖1 deletions and 𝑗1 insertions, where 𝑖1 + 𝑗1 ≤ 𝑠, and from a word 𝑦 of length
𝑛, by means of 𝑖2 deletions and 𝑗2 insertions, where 𝑖2 + 𝑗2 ≤ 𝑠, one obtains
the same word 𝑧. If in the word 𝑧 we omit (insert) those symbols which, in
obtaining 𝑧, are inserted (omitted) in at least one of the words 𝑥 and 𝑦, then,
as is easy to see, we obtain a word that can be obtained both from 𝑥 and from
𝑦 by no more than max(𝑖2 + 𝑗1, 𝑗2 + 𝑖1) deletions (respectively insertions). In
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view of the equality of the lengths of the words 𝑥 and 𝑦, 𝑗1 − 𝑖1 = 𝑗2 − 𝑖2, and
consequently,

𝑖2 + 𝑗1 = 𝑗2 + 𝑖1 = 1
2(𝑖1 + 𝑖2 + 𝑗1 + 𝑗2) ≤ 𝑠,

which proves Lemma 1.

Codes with correction of 𝑠 deletions and insertions admit another, metric, de-
scription. Consider the function 𝜌(𝑥, 𝑦), defined on pairs of binary words and
equal to the least number of deletions and insertions that transform the word 𝑥
into 𝑦. It is not difficult to show that the function 𝜌(𝑥, 𝑦) is a metric; moreover,
a code 𝐾 is a code with correction of 𝑠 deletions and insertions if and only if,
for any two distinct words 𝑥 and 𝑦 from 𝐾, one has 𝜌(𝑥, 𝑦) > 2𝑠.
Let 𝐵𝑛 be the set of all binary words of length 𝑛. For an arbitrary word 𝑥 from
𝐵𝑛, denote by |𝑥| the number of ones in the word 𝑥, and by

* The subsequent definitions also make sense if by a code one understands an
arbitrary set of words (possibly of different lengths) in some alphabet of 𝑟 letters
(𝑟 ≥ 2). Note, however, that in the case of words of different lengths, Lemma 1
is, generally speaking, no longer true.

‖𝑥‖ is the number of runs* of the word 𝑥, and let us estimate the number 𝑃𝑠(𝑥)
(the number 𝑄𝑠(𝑥)) of distinct words obtained from 𝑥 by means of 𝑠 deletions
(respectively, 𝑠 insertions). The following estimates hold:

𝐶𝑠
‖𝑥‖−𝑠+1 ≤ 𝑃𝑠(𝑥) ≤ 𝐶𝑠

‖𝑥‖+𝑠−1, (1)

𝑠
∑
𝑖=0

𝐶𝑖
𝑛2𝑠−𝑖 ≤ 𝑄𝑠(𝑥) ≤

𝑠
∑
𝑖=0

𝐶𝑖
𝑛𝐶𝑖

𝑠2𝑠−𝑖. (2)

To prove the upper estimate in (1), note that each word obtained from 𝑥 by
deletions is uniquely determined by specifying the number of symbols deleted
from each run, and, consequently, 𝑃𝑠(𝑥) does not exceed the number of ordered
decompositions of the number 𝑠 into ‖𝑥‖ nonnegative summands. On the other
hand, it is easy to see that if in any 𝑠 pairwise nonadjacent runs of the word
𝑥 one deletes one symbol from each, then all words obtained in this way will
be distinct. This gives the lower estimate in (1), if one notes that the number
of such words is equal to the number of ordered decompositions of the number
‖𝑥‖ − 𝑠 into 𝑠 + 1 nonnegative summands, only two of which may be zero. The
upper estimate in (2) follows from the fact that each word obtained from the
word 𝑥 = 𝜎1 … 𝜎𝑛 by 𝑠 insertions can be obtained in the following way. For
some 𝑖 (𝑖 = 0, 1, … , 𝑠), 𝑖 indices 𝑛1, … , 𝑛𝑖 are chosen (1 ≤ 𝑛1 < ⋯ < 𝑛𝑖 ≤ 𝑛)
and 𝑖+1 words 𝛽1, … , 𝛽𝑖, 𝛽𝑖+1, the sum of whose lengths is equal to 𝑠, with each
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of the first 𝑖 words 𝛽𝑗 nonempty and not ending with the symbol 𝜎𝑛𝑗
; then each

word 𝛽𝑗 (𝑗 = 1, … , 𝑖) is inserted into the word 𝑥 before the symbol 𝜎𝑛𝑗
, and the

word 𝛽𝑖+1 after the symbol 𝜎𝑛. The lower estimate in (2) follows from the fact
that if each of the words 𝛽1, … , 𝛽𝑖 has length one, then all the words obtained
from 𝑥 by the method indicated above are distinct.

Note that from (1) and (2) it follows that 𝑃1(𝑥) = ‖𝑥‖ and 𝑄1(𝑥) = 𝑛 + 2.
Denote by 𝐿𝑠(𝑛) the cardinality (number of words) of a maximal code in 𝐵𝑛
with correction of 𝑠 deletions and insertions.

Lemma 2.** For fixed 𝑠 and 𝑛 → ∞,

2𝑠(𝑠!)22𝑛/𝑛2𝑠 ≲ 𝐿𝑠(𝑛) ≲ 𝑠! 2𝑛/𝑛𝑠. (3)

Proof. Let 𝐾 be a maximal code in 𝐵𝑛 correcting 𝑠 deletions and insertions,
and let, for arbitrary 𝑘 (1 ≤ 𝑘 < 𝑛/2),

𝐿𝑠(𝑛) = 𝐿′
𝑘 + 𝐿″

𝑘,

where 𝐿′
𝑘 is the number of words 𝑥 of the code 𝐾 such that 𝑘 < ‖𝑥‖ < 𝑛 − 𝑘.

From the definition of the code 𝐾 it follows that

∑
𝑥∈𝐾

𝑃𝑠(𝑥) ≤ 2𝑛−𝑠,

and from its maximality,

∑
𝑥∈𝐾

𝑅2𝑠(𝑥) ≥ 2𝑛,

where 𝑅2𝑠(𝑥) is the number of words at distance 2𝑠 or less (in the metric 𝜌(𝑥, 𝑦))
from the word 𝑥. Using (1) and (2), we obtain

2𝑛−𝑠 ≥ 𝐿′
𝑘𝐶𝑠

𝑘−𝑠

and

2𝑛 ≤ (𝐿′
𝑘𝐶𝑠

𝑛−𝑘+𝑠 + 𝐿″
𝑘𝐶𝑠

𝑛+𝑠−1)
𝑠

∑
𝑖=0

𝐶𝑖
𝑛−1𝐶𝑖

𝑠2𝑠−𝑖.

The estimates (3) follow from the last inequalities, if one notes that

𝐿″
𝑘 ≤ 2 (

𝑘
∑
𝑖=1

𝐶𝑖−1
𝑛−1 +

𝑛
∑

𝑖=𝑛−𝑘
𝐶𝑖−1

𝑛−1) = 2
𝑘

∑
𝑖=0

𝐶𝑖
𝑛
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(since the number of words from 𝐵𝑛 having 𝑖 runs is equal to 2𝐶𝑖−1
𝑛−1), and uses

the fact that

𝑘
∑
𝑖=0

𝐶𝑖
𝑛 = 𝑜 ( 2𝑛

𝑛2𝑠 )

for 𝑘 = [𝑛/2 −
√

𝑠𝑛 ln𝑛 ] and 𝑛 → ∞ (see, for example, (2)).

* A run of the word 𝑥 is a maximal subword of the word 𝑥 consisting of identical
symbols. For example, the word 𝑥 = 01101 has 4 runs.

** In what follows, the notation 𝑓(𝑛) ≲ 𝑔(𝑛) means that lim𝑛→∞ 𝑓(𝑛)/𝑔(𝑛) ≤ 1,
and the notation 𝑓(𝑛) ∼ 𝑔(𝑛) means that lim𝑛→∞ 𝑓(𝑛)/𝑔(𝑛) = 1.
Theorem 1.

𝐿1(𝑛) ∼ 2𝑛/𝑛. (4)

Proof. By Lemma 2, it is enough for us to show that

𝐿1(𝑛) ⩾ 2𝑛/(𝑛 + 1). (5)

To prove this, we use a construction of Varshamov–Tenengolts (3). Consider
the class of codes 𝐾𝑎

𝑛,𝑚, where each 𝐾𝑎
𝑛,𝑚 (𝑎 = 0, 1, … , 𝑚 − 1) is defined as the

set of words 𝜎1 … 𝜎𝑛 from 𝐵𝑛 such that

𝑛
∑
𝑖=1

𝜎𝑖𝑖 ≡ 𝑎 (mod 𝑚).

We shall show that each code 𝐾𝑎
𝑛,𝑚, for 𝑚 ⩾ 𝑛 + 1, is a code correcting one

deletion. Suppose that, as a result of one deletion, a word 𝑥 = 𝜎1 … 𝜎𝑛 from
𝐾𝑎

𝑛,𝑚 has been transformed into the word 𝑥′ = 𝜎′
1 … 𝜎′

𝑛−1. Then the number
|𝑥′| and the least nonnegative residue of the number

𝑎 −
𝑛−1
∑
𝑖=1

𝜎′
𝑖𝑖

modulo 𝑚, which we shall denote by 𝑎′, may be regarded as known. In order
to reconstruct the word 𝑥 from the word 𝑥′, it is evidently sufficient to know:
1) which of the binary symbols, 0 or 1, was deleted, and 2) either the number
(which we shall denote by 𝑛0) of zeros to the left of the deleted symbol, if this
symbol is 1, or the number (which we shall denote by 𝑛1) of ones to the right of
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the deleted symbol, if this symbol is 0. But from the definition of the codes 𝐾𝑎
𝑛,𝑚

and the numbers 𝑛0, 𝑛1 it follows that, for 𝑚 ⩾ 𝑛 + 1, either 𝑎′ = |𝑥′| + 1 + 𝑛0
(if the symbol 1 was deleted), or 𝑎′ = 𝑛1 (if the symbol 0 was deleted), with
𝑛1 ⩽ |𝑥′|. Therefore, depending on whether 𝑎′ is greater than the number |𝑥′| or
not, one can determine which of the binary symbols was deleted, and then find
the number 𝑛0 or 𝑛1, respectively. Consequently, by Lemma 1, each code 𝐾𝑎

𝑛,𝑚,
for 𝑚 ⩾ 𝑛 + 1, is a code correcting one deletion or insertion. Since each word
from 𝐵𝑛 belongs to one and only one of the 𝑚 codes 𝐾𝑎

𝑛,𝑚 (𝑎 = 0, 1, … , 𝑚−1), at
least one of these codes contains no fewer than 2𝑛/𝑚 words, which for 𝑚 = 𝑛+1
gives the estimate (5).

2. Codes correcting deletions, insertions, and substitutions. We shall
call a code 𝐾 a code correcting 𝑠 deletions, insertions, and substitutions
if any binary word can be obtained from no more than one codeword of the
code 𝐾 by means of 𝑠 or fewer deletions, insertions, and substitutions. It can
be shown that the function 𝑟(𝑥, 𝑦), defined on pairs of binary words and equal
to the least number of deletions, insertions, and substitutions transforming the
word 𝑥 into 𝑦, is a metric, and that a code 𝐾 is a code correcting 𝑠 deletions,
insertions, and substitutions if and only if, for any distinct words 𝑥 and 𝑦 from
𝐾, one has 𝑟(𝑥, 𝑦) > 2𝑠. Denote by 𝑀𝑠(𝑛) the cardinality of the largest code in
𝐵𝑛 correcting 𝑠 deletions, insertions, and substitutions.

Theorem 2.

2𝑛−1/𝑛 ⩽ 𝑀1(𝑛) ⩽ 2𝑛/(𝑛 + 1). (6)

Proof. The upper bound is the Hamming bound (4) for codes correcting one
substitution. To prove the lower bound, it is enough for us to show that all
codes 𝐾𝑎

𝑛,𝑚 defined in the proof of Theorem 1, for 𝑚 ⩾ 2𝑛, are codes correcting
one deletion, insertion, or substitution. The fact that these codes allow one to
correct a deletion or insertion has already been proved. Further note that if, as
a result of no more than one substitution, a word 𝜎1 … 𝜎𝑛 from 𝐾𝑎

𝑛,𝑚 has been
transformed into the word 𝜎′

1 … 𝜎′
𝑛, then the minimum of the least nonnegative

residues of the numbers

𝑎 −
𝑛

∑
𝑖=1

𝜎′
𝑖𝑖 and

𝑛
∑
𝑖=1

𝜎′
𝑖𝑖 − 𝑎

modulo 2𝑛 or more—

is equal to 𝑗, where 𝑗 is the number of the substituted symbol (or 𝑗 = 0, if no
substitution occurred).

Using the method of proof of Lemma 2, one can establish that, for fixed 𝑠 and
𝑛 → ∞,
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((2𝑠)!/
𝑠

∑
𝑖=0

2−𝑖𝐶 2𝑖
2𝑠 𝐶 𝑖

2𝑖)
2𝑛

𝑛2𝑠 ≲ 𝑀𝑠(𝑛) ≲ 𝑠! 2𝑛

𝑛𝑠 . (7)

3. Use of codes in transmission (without synchronizing symbols) over
channels with deletions, insertions, and substitutions. Denote by 𝑙′𝑠,𝑛
(𝑙″𝑠,𝑛; 𝑙𝑠,𝑛; 𝑚𝑠,𝑛) a channel in which in each segment of length 𝑛 there occur no
more than 𝑠 deletions (respectively insertions; deletions and insertions; deletions,
insertions, and substitutions). We shall agree to write the sequence obtained at
the output of the channel from an arbitrary infinite product 𝑧1𝑧2 … of words of
the code 𝐽 in the form 𝑧′

1𝑧′
2 …, where 𝑧′

𝑖 denotes the word obtained from the code-
word 𝑧𝑖 as a result of errors in the channel. We shall call a code 𝐽 admissible
for the given channel if there exists a finite automaton* mapping any sequence
𝑧′

1𝑧′
2 … into the sequence 𝑧1𝑧2 …. In order that a code 𝐽 be admissible for the

channels defined above, it is necessary (but, generally speaking, not sufficient)
that it be a code correcting 𝑠 errors of the corresponding kinds. In constructing
admissible codes the following assertion is useful: for any binary words 𝛼 and 𝛽,
the codes 𝐾 and 𝐾𝛼,𝛽 = {𝛼𝑥𝛽, 𝑥 ∈ 𝐾} are codes correcting one and the same
number of errors of the kinds under consideration. This assertion follows from
the evident equalities 𝜌(𝛼𝑥𝛽, 𝛼𝑦𝛽) = 𝜌(𝑥, 𝑦), 𝑟(𝛼𝑥𝛽, 𝛼𝑦𝛽) = 𝑟(𝑥, 𝑦). In what
follows the word 𝛽𝛼 plays the role of a comma between codewords, although it
will, generally speaking, be distorted by errors in the channel.

Let us next note the important circumstance that, in contrast to the channel
𝑙𝑠𝑛, in the case of the channels 𝑙′𝑠,𝑛, 𝑙𝑠,𝑛, 𝑚𝑠,𝑛 for 𝑠 ≥ 2 (i.e., channels with
two or more insertions) no code 𝐽 makes it possible, from an arbitrary sequence
𝑧′

1𝑧′
2 …, to determine where the word 𝑧′

1 ends. This leads to the fact that, in
the indicated cases, in decoding it is necessary to proceed from the assumption
that not only channel errors are possible, but also errors caused by an incorrect
determination of the beginning of the next word 𝑧′

𝑖 (decoding errors). The idea
of the constructions proposed below for the indicated channels is that, as a result
of considering decoding errors as channel errors, each codeword should have to
account for no more than 𝑠 errors. This is achieved by a certain reduction in the
length of the code and an appropriate choice of the comma 𝛽𝛼. The following
assertions hold: 1) if a code 𝐾 from 𝐵𝑛−2𝑠−1 is a code correcting 𝑠 deletions,
then the code 𝐽 = 𝐾1𝑠,0𝑠 is admissible for the channel 𝑙′𝑠,𝑛; 2) if a code 𝐾 from
𝐵𝑛−4𝑠 is a code correcting 𝑠 insertions, then the code 𝐽 = 𝐾Λ, 1𝑠0𝑠 is admissible
for the channel 𝑙″𝑠,𝑛; 3) if a code 𝐾 from 𝐵𝑛−4(𝑠+1)2−2𝑠 is a code correcting 𝑠
deletions, insertions, and substitutions (deletions and insertions), then the code
𝐽 = 𝐾Λ, (1𝑠+10𝑠+1)𝑠+11𝑠 is admissible** for the channel 𝑚𝑠,𝑛 (respectively 𝑙𝑠,𝑛).
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* In a certain generalized sense (see, for example, (5)).

** In the case of the channel 𝑚1,𝑛 one can show that if a code 𝐾 from 𝐵𝑛−7
corrects one deletion, insertion, or substitution (for example, 𝐾 = 𝐾𝑛−7, 2(𝑛−7)),
then the code 𝐽 = 𝐾11, 01 is admissible.
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