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Abstract
Full Text

MATHEMATICS
V. S. VIDENSKII

ON A CLASS OF INTERPOLATION POLYNO-
MIALS WITH UNFIXED NODES
(Presented by Academician S. N. Bernstein on 2 XII 1964)

In the work of Ya. Mycielski and S. Paszkowski (1) the following interesting
theorem was proved. Let 𝑣0, 𝑣1, … , 𝑣𝑛 be given positive numbers and let [𝑎, 𝑏]
be a real interval. There exists a unique sequence of points

𝑎 = 𝑥0 < 𝑥1 < ⋯ < 𝑥𝑛−1 < 𝑥𝑛 = 𝑏

and such an algebraic polynomial 𝑃𝑛(𝑥) of degree 𝑛 that

𝑃𝑛(𝑥𝑘) = (−1)𝑛−𝑘𝑣𝑘 (𝑘 = 0, 1, … , 𝑛);

𝑃 ′
𝑛(𝑥𝑖) = 0 (𝑖 = 1, … , 𝑛 − 1).

In particular, if all 𝑣𝑘 = 1, then 𝑃𝑛(𝑥) is the Chebyshev polynomial. Here we
generalize this theorem and give a proof based on an entirely different idea than
in (1). Consider a sequence of functions {𝜑𝑘(𝑥)}𝑛

𝑘=0, continuously differentiable
on [𝑎, 𝑏]. We shall write {𝜑𝑘(𝑥)} ∈ 𝑇𝑛 if every polynomial

𝑃(𝑥) =
𝑛

∑
𝑘=0

𝑎𝑘𝜑𝑘(𝑥) (
𝑛

∑
𝑘=0

|𝑎𝑘| > 0)

on [𝑎, 𝑏] has ≤ 𝑛 zeros. If, moreover, its derivative 𝑃 ′(𝑥) also has ≤ 𝑛 zeros on
[𝑎, 𝑏], then we shall write {𝜑𝑘(𝑥)} ∈ 𝑇 ′

𝑛.

Fix positive numbers 𝑣0, 𝑣1, … , 𝑣𝑛 and, having chosen a system of interpolation
nodes

𝑎 = 𝜉0 < 𝜉1 < ⋯ < 𝜉𝑛−1 < 𝜉𝑛 = 𝑏,
construct, with respect to {𝜑𝑘(𝑥)}, the polynomial

𝑃(𝑥) = 𝑃(𝑥; 𝜉0, 𝜉1, … , 𝜉𝑛) =
𝑛

∑
𝑘=0

(−1)𝑛−𝑘𝑣𝑘𝑙𝑘(𝑥), (1)

where
𝑙𝑘(𝑥) = 𝐷𝑘(𝑥)/𝐷[𝜑0(𝜉0), 𝜑1(𝜉1), … , 𝜑𝑛(𝜉𝑛)],
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𝐷[𝜑0(𝜉0), 𝜑1(𝜉1), … , 𝜑𝑛(𝜉𝑛)] =
∣
∣
∣
∣

𝜑0(𝜉0) 𝜑1(𝜉0) ⋯ 𝜑𝑛(𝜉0)
𝜑0(𝜉1) 𝜑1(𝜉1) ⋯ 𝜑𝑛(𝜉1)

⋅ ⋅ ⋅ ⋅
𝜑0(𝜉𝑛) 𝜑1(𝜉𝑛) ⋯ 𝜑𝑛(𝜉𝑛)

∣
∣
∣
∣
,

𝐷𝑘(𝑥) = 𝐷[𝜑0(𝜉0), … , 𝜑𝑘−1(𝜉𝑘−1), 𝜑𝑘(𝑥), 𝜑𝑘+1(𝜉𝑘+1), … , 𝜑𝑛(𝜉𝑛)].
The class of polynomials of the form (1), for fixed 𝑣𝑘 > 0 and arbitrary 𝜉1 <
⋯ < 𝜉𝑛−1 from (𝑎, 𝑏), will be denoted by 𝑉𝑛.

Theorem 1. Let {𝜑𝑘(𝑥)} ∈ 𝑇𝑛, and suppose that the points

𝑎 = 𝜉0 < ⋯ < 𝜉𝑖−1 < 𝜉𝑖+1 < ⋯ < 𝜉𝑛 = 𝑏 (1 ≤ 𝑖 ≤ 𝑛 − 1)

and the numbers 𝑤0, … , 𝑤𝑖−1, 𝑤𝑖, 𝑤𝑖+1, … , 𝑤𝑛 are given such that

𝑤𝑖−1 > 0, 𝑤𝑖 ≤ 0, 𝑤𝑖+1 > 0.

In (𝜉𝑖−1, 𝜉𝑖+1) there exists such a point 𝜉𝑖 and such a polynomial 𝐿(𝑥) with
respect to the system {𝜑𝑘(𝑥)} that

𝐿(𝜉𝑘) = 𝑤𝑘 (𝑘 = 0, 1, … , 𝑛); 𝐿′(𝜉𝑖) = 0.

Adjoin to the points 𝜉𝑘 (𝑘 ≠ 𝑖), as an interpolation node, an arbitrary point 𝑧
from (𝜉𝑖−1, 𝜉𝑖+1), and construct the polynomial

𝐿(𝑥) = 𝐿(𝑥; 𝜉0, … , 𝜉𝑖−1, 𝑧, 𝜉𝑖+1, … , 𝜉𝑛) =
𝑛

∑
𝑘=0

𝑤𝑘𝑙𝑘(𝑥), (2)

where 𝑙𝑘(𝑥) are the fundamental polynomials for the system of nodes 𝜉0 < ⋯ <
𝜉𝑖−1 < 𝑧 < 𝜉𝑖+1 < ⋯ < 𝜉𝑛. Differentiating formula (2) with respect to 𝑥 at the
point 𝑥 = 𝑧, we obtain

𝐿′(𝑧)𝐷𝑖(𝑧) =
𝑛

∑
𝑘=0

𝑤𝑘𝐷𝑘′(𝑧) = Φ(𝑧), where 𝐷′
𝑘(𝑧) = 𝐷′

𝑘(𝑥)∣𝑥=𝑧.

We shall show that Φ(𝜉𝑖−1)Φ(𝜉𝑖+1) < 0. Consequently, there is a point 𝑧 =
𝜉𝑖, 𝜉𝑖−1 < 𝜉𝑖 < 𝜉𝑖+1, such that Φ(𝜉𝑖) = 0, and hence also 𝐿′(𝜉𝑖) = 0, since
𝐷𝑖(𝜉𝑖) = 𝐷[𝜑0(𝜉0), … , 𝜑𝑛(𝜉𝑛)] ≠ 0 for {𝜑𝑘(𝑥)} ∈ 𝑇𝑛. If 𝑖 ≠ 𝑘, then 𝐷′

𝑘(𝑧) =
𝐷[𝜑0(𝜉0), … , 𝜑𝑖(𝑧), … , 𝜑′

𝑘(𝑧), … , 𝜑𝑛(𝜉𝑛)]. For 𝑖 ≠ 𝑘 the determinant 𝐷′
𝑘(𝜉𝑗) = 0,

if 𝑗 ≠ 𝑖, 𝑘, since it contains two identical rows. Thus,

Φ(𝜉𝑖−1) = 𝑤𝑖−1𝐷′
𝑖−1(𝜉𝑖−1)+𝑤𝑖𝐷𝑖′(𝜉𝑖−1), Φ(𝜉𝑖+1) = 𝑤𝑖𝐷𝑖′(𝜉𝑖+1)+𝑤𝑖+1𝐷′

𝑖+1(𝜉𝑖+1)

The polynomial 𝐷𝑖(𝑥) vanishes at the 𝑛 points 𝜉𝑗 (𝑗 ≠ 𝑖); hence the 𝜉𝑗 are its
simple zeros, and therefore, in particular, 𝐷′

𝑖(𝜉𝑖−1) ≠ 0. Since the determinant
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𝐷′
𝑖−1(𝜉𝑖−1) is obtained from the determinant 𝐷′

𝑖(𝜉𝑖−1) by interchanging two of
its rows, we have 𝐷′

𝑖−1(𝜉𝑖−1) = −𝐷′
𝑖(𝜉𝑖−1). We obtain

Φ(𝜉𝑖−1) = (−𝑤𝑖−1 + 𝑤𝑖)𝐷′
𝑖(𝜉𝑖−1), Φ(𝜉𝑖+1) = (𝑤𝑖 − 𝑤𝑖+1)𝐷′

𝑖(𝜉𝑖+1),

and since 𝜉𝑖−1, 𝜉𝑖+1 are neighboring simple zeros of the polynomial 𝐷𝑖(𝑥), it
follows that 𝐷′

𝑖(𝜉𝑖−1)𝐷′
𝑖(𝜉𝑖+1) < 0, and consequently Φ(𝜉𝑖−1)Φ(𝜉𝑖+1) < 0.

Theorem 2. Let {𝜑𝑘(𝑥)} ∈ 𝑇 ′
𝑛, and let points be given

𝑎 = 𝜉0 < 𝜉1 < ⋯ < 𝜉𝑖−1 < 𝜉𝑖+𝑟 < ⋯ < 𝜉𝑛−1 < 𝜉𝑛 = 𝑏
(1 ≤ 𝑖 ≤ 𝑛 − 1; 1 ≤ 𝑟 ≤ 𝑛 − 1; 𝑖 + 𝑟 ≤ 𝑛).

In (𝜉𝑖−1, 𝜉𝑖+𝑟) there exists a unique system of 𝑟 points 𝜉𝑖 < 𝜉𝑖+1 < ⋯ < 𝜉𝑖+𝑟−1
such that 𝑃(𝑥) = 𝑃(𝑥; 𝜉0, … , 𝜉𝑛) ∈ 𝑉𝑛 satisfies the conditions

𝑃 ′(𝜉𝑖) = 𝑃 ′(𝜉𝑖+1) = ⋯ = 𝑃 ′(𝜉𝑖+𝑟−1) = 0. (3)

Theorem 2 generalizes the result of [1] in two directions: algebraic polynomials
are replaced by polynomials with respect to {𝜑𝑘(𝑥)} ∈ 𝑇 ′

𝑛, and instead of 𝑟 =
𝑛 − 1 the condition 1 ≤ 𝑟 ≤ 𝑛 − 1 is introduced.

We shall prove Theorem 2 by induction applied to the number 𝑟. For 𝑟 = 1 the
result follows from Theorem 1. Indeed, suppose that in (𝜉𝑖−1, 𝜉𝑖+1) there exist
two points 𝜉𝑖1 and 𝜉𝑖2 such that the corresponding polynomials 𝑃1(𝑥) ∈ 𝑉𝑛 and
𝑃2(𝑥) ∈ 𝑉𝑛 satisfy the conditions 𝑃 ′

1(𝜉𝑖1) = 0, 𝑃 ′
2(𝜉𝑖2) = 0. Since 𝜉𝑖1 and 𝜉𝑖2 are

the unique points of maximum of the polynomials (−1)𝑛−𝑖𝑃1(𝑥), (−1)𝑛−𝑖𝑃2(𝑥)
in (𝜉𝑖−1, 𝜉𝑖+1), it follows that 𝑣𝑖 = |𝑃1(𝜉𝑖1)| > (−1)𝑛−𝑖𝑃2(𝜉𝑖1), (−1)𝑛−𝑖𝑃1(𝜉𝑖2) <
|𝑃2(𝜉𝑖2)| = 𝑣𝑖. Hence it follows that the polynomial 𝑃1(𝑥) − 𝑃2(𝑥) has a zero
in (𝜉𝑖1, 𝜉𝑖2). On the other hand, 𝑃1(𝜉𝑘) − 𝑃2(𝜉𝑘) = 0 (𝑘 ≠ 𝑖); consequently, the
total number of zeros of 𝑃1(𝑥) − 𝑃2(𝑥) is greater than 𝑛 on [𝑎, 𝑏].
We shall now assume that Theorem 2 has already been established for some
fixed number 𝑟 (1 ≤ 𝑟 ≤ 𝑛 − 2) for any 𝑖, and shall show that in this case it
is valid also for the number 𝑟 + 1. Thus, let points be given 𝑎 = 𝜉0 < 𝜉1 <
⋯ < 𝜉𝑖−1 < 𝜉𝑖+𝑟+1 < ⋯ < 𝜉𝑛 = 𝑏. Adjoin to them an arbitrary point 𝜉′

𝑖+𝑟,
𝜉𝑖−1 < 𝜉′

𝑖+𝑟 < 𝜉𝑖+𝑟+1. By the induction hypothesis, in (𝜉𝑖−1, 𝜉′
𝑖+𝑟) there are

uniquely found 𝑟 points 𝜉′
𝑖 < 𝜉′

𝑖+1 < ⋯ < 𝜉′
𝑖+𝑟−1 such that the polynomial

𝑃1(𝑥) = 𝑃1(𝑥; 𝜉0, … , 𝜉𝑖−1, 𝜉′
𝑖 , … , 𝜉′

𝑖+𝑟, 𝜉𝑖+𝑟+1, … , 𝜉𝑛) ∈ 𝑉𝑛

satisfies (3) at these points. If 𝑃 ′
1(𝜉′

𝑖+𝑟) = 0, then 𝑃1(𝑥) is the desired polynomial.
If, however, 𝑃 ′

1(𝜉′
𝑖+𝑟) ≠ 0, then in (𝜉′

𝑖+𝑟−1, 𝜉𝑖+𝑟+1) there is a point 𝜂′
𝑖+𝑟, 𝜂′

𝑖+𝑟 ≠
𝜉′

𝑖+𝑟, such that 𝑃1(𝜂′
𝑖+𝑟) = (−1)𝑛−𝑖−𝑟𝑣𝑖+𝑟. Next choose
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𝜉″
𝑖+𝑟 = 1

2(𝜉′
𝑖+𝑟 + 𝜂′

𝑖+𝑟)

and repeat the preceding reasoning. In

(𝜉𝑖−1, 𝜉″
𝑖+𝑟) there are uniquely determined 𝑟 points 𝜉″

𝑖 < ⋯ < 𝜉″
𝑖+𝑟−1 such that

the polynomial

𝑃2(𝑥) = 𝑃2(𝑥; 𝜉0, … , 𝜉𝑖−1, 𝜉″
𝑖 , … , 𝜉″

𝑖+𝑟, 𝜉𝑖+𝑟+1, … , 𝜉𝑛) ∈ 𝑉𝑛

satisfies conditions (3) at these points. Suppose that 𝑃 ′
2(𝜉″

𝑖+𝑟) ≠ 0; denote by
𝑥′

1 < ⋯ < 𝑥′
𝑛 the zeros of 𝑃1(𝑥), and let us show that 𝑃1(𝑥) − 𝑃2(𝑥) ≠ 0 in

(𝑥′
𝑖+𝑟, 𝑥′

𝑖+𝑟+1). Indeed, if at some point 𝑧, 𝑥′
𝑖+𝑟 < 𝑧 < 𝑥′

𝑖+𝑟+1,

𝑃1(𝑧) = 𝑃2(𝑧) = (−1)𝑛−𝑖−𝑟𝑣∗
𝑖+𝑟, 𝑣∗

𝑖+𝑟 > 0,

then this would mean that the two distinct polynomials

𝑃1(𝑥) = 𝑃1(𝑥; 𝜉0, … , 𝜉′
𝑖+𝑟−1, 𝑧, 𝜉𝑖+𝑟+1, … , 𝜉𝑛) ∈ 𝑉 ∗

𝑛 ,

𝑃2(𝑥) = 𝑃2(𝑥; 𝜉0, … , 𝜉″
𝑖+𝑟−1, 𝑧, 𝜉𝑖+𝑟+1, … , 𝜉𝑛) ∈ 𝑉 ∗

𝑛

satisfy conditions (3), where 𝑉 ∗
𝑛 is the class of polynomials obtained from 𝑉𝑛

by replacing 𝑣𝑖+𝑟 by 𝑣∗
𝑖+𝑟. But this contradicts the induction hypothesis on the

uniqueness of such a polynomial. Since 𝑃1(𝑥) − 𝑃2(𝑥) ≠ 0 in (𝜂′
𝑖+𝑟, 𝜉′

𝑖+𝑟) ⊂
(𝑥′

𝑖+𝑟, 𝑥′
𝑖+𝑟+1), and since 𝑃1(𝜉′

𝑖+𝑟) = 𝑃1(𝜂′
𝑖+𝑟) = 𝑃2(𝜉′

𝑖+𝑟), it follows that 𝑃2(𝑥) <
|𝑃1(𝑥)| for 𝑥 ∈ [𝜂′

𝑖+𝑟, 𝜉′
𝑖+𝑟], and in (𝜂′

𝑖+𝑟, 𝜉′
𝑖+𝑟) there is a point 𝜂″

𝑖+𝑟 ≠ 𝜉′
𝑖+𝑟 such

that

𝑃2(𝜂″
𝑖+𝑟) = (−1)𝑛−𝑖−𝑟𝑣𝑖+𝑟.

It is clear that |𝜂″
𝑖+𝑟 − 𝜉″

𝑖+𝑟| < 1
2 |𝜂′

𝑖+𝑟 − 𝜉′
𝑖+𝑟|. We shall now show that

𝜉𝑖 < 𝜉″
𝑖 , … , 𝜉′

𝑖+𝑟−1 < 𝜉″
𝑖+𝑟−1. (4)

We shall regard the polynomial 𝑃2(𝑥) as a continuous image of the polynomial
𝑃1(𝑥) corresponding to the continuous displacement of the point 𝜉′

𝑖+𝑟 to 𝜉″
𝑖+𝑟.

Move the point 𝜉′
𝑖+𝑟 to the point ̃𝜉𝑖+𝑟, and assume that |𝜉′

𝑖+𝑟 − ̃𝜉𝑖+𝑟| is as small as
we need. In (𝜉𝑖−1, ̃𝜉𝑖+𝑟) there are uniquely determined 𝑟 points ̃𝜉𝑖 < ⋯ < ̃𝜉𝑖+𝑟−1,
which are, respectively, small displacements of the points 𝜉′

𝑖 < ⋯ < 𝜉′
𝑖+𝑟−1, such

that the polynomial
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𝑄′(𝑥) = 𝑄′(𝑥; 𝜉0, … , 𝜉𝑖−1, ̃𝜉𝑖, … , ̃𝜉𝑖+𝑟, … , 𝜉𝑛) ∈ 𝑉 ′
𝑛

satisfies conditions (3) at the points ̃𝜉𝑖, … , ̃𝜉𝑖+𝑟−1. If | ̃𝜉𝑘 −𝜉′
𝑘| (𝑘 = 𝑖, … , 𝑖+𝑟−1)

are sufficiently small, then

𝜉𝑖 < ̃𝜉𝑖, … , 𝜉′
𝑖+𝑟−1 < ̃𝜉𝑖+𝑟−1. (5)

Indeed, if for some 𝑘 we had ̃𝜉𝑘 < 𝜉′
𝑘, then the polynomial 𝑃1(𝑥) − 𝑄′(𝑥)

would have two zeros in a neighborhood of the point 𝜉′
𝑘. In a neighborhood of

each of the 𝜉′
𝑗 it has at least one zero, so that the total number of its zeros in

(𝜉𝑖−1, 𝜉𝑖+𝑟+1) would be ≥ 𝑟 + 1, while at the remaining 𝑛 − 𝑟 nodes 𝜉𝑠, 𝑃1(𝜉𝑠) −
𝑄′(𝜉𝑠) = 0; hence on [𝑎, 𝑏] the function 𝑃1(𝑥) − 𝑄′(𝑥) would have ≥ 𝑛 + 1 zeros.
This proves also inequalities (4), since inequalities (5) cannot be violated as
𝜉′

𝑖+𝑟 → 𝜉″
𝑖+𝑟.

Continuing the construction process by the same scheme, we obtain {𝑃𝑚(𝑥)} ⊂
𝑉𝑛. We see that {𝜉(𝑚)

𝑘 } (𝑘 = 𝑖, … , 𝑖+𝑟−1), for fixed 𝑘, is increasing and bounded;
consequently, as 𝑚 → ∞ it has a limit 𝜉𝑘; {𝜉(𝑚)

𝑖+𝑟 } has a limit as 𝑚 → ∞, since

[𝜂(𝑚)
𝑖+𝑟 , 𝜉(𝑚)

𝑖+𝑟 ] ⊂ [𝜂(𝑚−1)
𝑖+𝑟 , 𝜉(𝑚−1)

𝑖+𝑟 ]

and

|𝜂(𝑚)
𝑖+𝑟 − 𝜉(𝑚)

𝑖+𝑟 | < 2−𝑚+1|𝜂′
𝑖+𝑟 − 𝜉′

𝑖+𝑟|.

Let us note that 𝜉𝑘 ≠ 𝜉𝑘+1. Indeed, if 𝜉𝑘 = 𝜉𝑘+1, then {𝑃𝑚(𝑥)} would con-
verge to a discontinuous function; meanwhile, {𝑃𝑚(𝑥)} is uniformly bounded
on [𝜉′

𝑖+𝑟−1, 𝜉′
𝑖+𝑟], hence it is compact and can have as its limit only a polynomial

from 𝑇 ′
𝑛. Put

𝑃(𝑥) = lim
𝑚→∞

𝑃𝑚(𝑥).

It is easy to see that 𝑃(𝑥) = 𝑃(𝑥; 𝜉0, … , 𝜉𝑛) ∈ 𝑉𝑛 and that

𝑃 ′(𝜉𝑖) = ⋯ = 𝑃 ′(𝜉𝑖+𝑟) = 0. (6)

We shall now show that the points 𝜉𝑖 < ⋯ < 𝜉𝑖+𝑟 and the corresponding poly-
nomial 𝑃 (𝑥) ∈ 𝑉𝑛 are uniquely determined by conditions (6). Suppose that
there exists another system of points 𝜁𝑖 < ⋯ < 𝜁𝑖+𝑟 such that the polyno-
mial 𝑄(𝑥) ∈ 𝑉𝑛 corresponding to it satisfies conditions (6) at these points.
If 𝜉𝑖+𝑟 = 𝜁𝑖+𝑟, then for the two systems of 𝑟 points 𝜉𝑖 < ⋯ < 𝜉𝑖+𝑟−1 and
𝜁𝑖 < ⋯ < 𝜁𝑖+𝑟−1, and for the polynomials 𝑃(𝑥) and 𝑄(𝑥), conditions (3) would
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be fulfilled, which contradicts the inductive assumption of uniqueness. Let, for
definiteness, 𝜉𝑖+𝑟 < 𝜁𝑖+𝑟. We begin our construction process by choosing in
(𝜉𝑖−1, 𝜉𝑖+𝑟+1) an arbitrary point 𝜉′

𝑖+𝑟. Denote by 𝑋 the upper bound of those
𝜉′

𝑖+𝑟 starting from which we arrive at the points 𝜉𝑖 < ⋯ < 𝜉𝑖+𝑟 and at the
polynomial 𝑃(𝑥). It is clear that 𝑋 ≤ 𝜁𝑖+𝑟, since the sequence of contracting
intervals [𝜂(𝑚)

𝑖+𝑟 , 𝜉(𝑚)
𝑖+𝑟 ] is constructed uniquely after the point 𝜉′

𝑖+𝑟 has been chosen.
Suppose that 𝑋 = 𝜁𝑖+𝑟. Choose 𝜉′

𝑖+𝑟 < 𝑋 and so close to 𝑋 that the polyno-
mial 𝑄(𝑥) does not change sign in (𝜉′

𝑖+𝑟, 𝑋) and so that 𝜉𝑖+𝑟 < 𝜉′
𝑖+𝑟. Then

𝜉′
𝑖+𝑟 will be the right endpoint of the interval [𝜂′

𝑖+𝑟, 𝜉′
𝑖+𝑟], and the correspond-

ing polynomial 𝑃1(𝑥) will be monotone on [𝜉′
𝑖+𝑟, 𝜉𝑖+𝑟+1]. Hence it follows that

|𝑃1(𝑋)| < |𝑄(𝑋)|, |𝑃1(𝜉′
𝑖+𝑟)| > |𝑄(𝜉′

𝑖+𝑟)|. Consequently, in (𝜉′
𝑖+𝑟, 𝑋) there is a

point 𝜇𝑖+𝑟 such that
𝑃1(𝜇𝑖+𝑟) = 𝑄(𝜇𝑖+𝑟) = (−1)𝑛−𝑖−𝑟𝑣∗

𝑖+𝑟, 𝑣∗
𝑖+𝑟 > 0, and this means that two dis-

tinct polynomials

𝑃1(𝑥) = 𝑃1(𝑥; 𝜉0, … , 𝜉𝑖+𝑟−1, 𝜇𝑖+𝑟, … , 𝜉𝑛) ∈ 𝑉 ∗
𝑛 ,

𝑄(𝑥) = 𝑄(𝑥; 𝜉0, … , 𝜉𝑖+𝑟−1, 𝜇𝑖+𝑟, … , 𝜉𝑛) ∈ 𝑉 ∗
𝑛

satisfy conditions (3) at the points 𝜉𝑖 < ⋯ < 𝜉𝑖+𝑟−1 and 𝜁𝑖 < ⋯ < 𝜁𝑖+𝑟−1,
respectively; 𝑉 ∗

𝑛 is the class obtained from 𝑉𝑛 by replacing 𝑣𝑖+𝑟 by 𝑣∗
𝑖+𝑟. We

have arrived at a contradiction with the inductive assumption of the uniqueness
of such a polynomial. The case 𝑋 < 𝜁𝑖+𝑟 is considered analogously. It is only
necessary, in addition to the point 𝜉′

𝑖+𝑟 < 𝑋, to choose another point 𝜁′
𝑖+𝑟 > 𝑋

and, with the aid of our process, to construct the polynomial 𝑄1(𝑥), and then
repeat arguments similar to those given above.
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