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The basic internal problems of the theory of analytic functions can be regarded
as special cases of the extremal problem formulated below in § 1. In § 2 we give
the results of its study for classes of functions with a structural formula. At the
same time, in contrast to (1), where, in investigating a somewhat less general
problem, the method of internal variations was used, we proceed from the struc-
tural formulas themselves. The method of variation of a Stieltjes integral that
we use in the proof of Theorem 1 goes back to G. M. Goluzin (?). Theorem 1
is a generalization of the main theorem of V. A. Zmorovich (?) and of the theo-
rems of Yu. E. Alenitsyn (4). In § 3 applications are given of the corollaries of
Theorem 1 to certain extremal problems posed for classes of starlike, typically
real, holomorphic bounded, and other functions.

§ 1. Let B be a finite domain of the complex plane z, and let M be a class,
compact in itself with respect to uniform convergence inside B, of functions f(z)
analytic in B, admitting in M a homotopy to a fixed function fy(z) € M. A
bounded complex-valued functional I(f) is called weakly differentiable on
the class M if, for any function f(z) € M and function f,(z) = f(z) + AP(z)+
o(A) € M (A > 0), uniformly inside the domain B, differentiable with respect
to A at A = 0, there exists the functional derivative

(AR (VI
A5+0 A

[f, P,

representable in the form of the following sum of two linear functionals ®V)[f, P]
and ®?)[f, P] on the class of meromorphic functions P:

o[f,P] = oW[f, P]+ d2[f, P].

A continuous system I(f) = {I,(f)} (n = 1,2,...) of weakly differentiable
functionals with a convergent sum of squares of moduli is called weakly dif-
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ferentiable if the sum of squares of the moduli of the functional derivatives
. [f,P] for I,(f) on the class M converges. We give three examples of weakly
differentiable functionals. In the absence of additional restrictions it is assumed
that J,, are given analytic functions.

L. Let 2y, 29, ..., 2, (p = 1,2, ...) be fixed points in B, and let u,,; = f(m>(zj),

»“p
Vi = Up; (J=1,2,...,p; m=0,1,...;s;). Consider on the class M the
functional
In(f) = Jn(u()lv Vo1 o+ Us 15 Vs 15 -+ 3 Upps Vops -+ 7uspp7 vspp)' (1)
For it
P d™P(z) dmP(z,)
P Pl = (") J b(n) J
n[f? ] jz:;m:() (amj dzm + mj dym ’
where

k=01, /0u,,;, b =0J,/0v,; (2)

are quantities depending only on the choice of J,, and on f.

2. Let 2y, 2,...,2, (p = 1,2,...) be fixed points in the z-plane, for each of
which there exists an annulus K; : r; < |z —z| < R; (r; > 0; j =
1,2,...,p), lying entirely in B. We shall denote the coefficients of the
expansion of an arbitrary function ¢(z), holomorphic in K, into a Laurent

series in this annulus by {¢},,;:

)= > fhuyle— =)™

Consider on the class M the functional

In(f) = ‘]n({f}slla {?}slla ) {f}qllv {?}qll; s {f}sp;m {?}sp]w et {f}qpp7 {?}qpp)
(3)
(s;<q; j=1,2,...,p),

which depends analytically on the coefficients of the Laurent expansions of f(z)
in the annuli K;. The functional derivative for I,,(f) has the form
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(£, P1= D D [am (P + U {(Phong] -

r 9%
j=1m=s;

where

" =01, )0 fYye DI = 0T, /0 Y, (@)

are quantities depending only on the choice of J,, and on f.

3. Let o be a domain or a rectifiable curve in B. Just as (1) and (3), the
functional

1D = [ TG TG e 1902 FIE)) o )

is weakly differentiable on M.

The set D of values I(f) = {I,,(f)} in the space [2, as f ranges over the class M,
is connected and closed. A point I° = {I?} of the boundary D of the domain
D of values I(f) is called nonsingular® if there exists a point I¢ = {I¢} such
that
0 7e\ — mi e
p(I°,1°) = gglgp(f,l )s

where p(z,y) is the distance between z and y in [? (x,y € [?). The remaining
points of 9D, called singular, turn out to be limiting points for nonsingular
boundary points. Functions from M that introduce into D nonsingular bound-
ary points are called boundary functions (with respect to I(f) on the class M).
The problem arises: to find the set D of values I(f) on M and to single out in
M the functions that are boundary functions with respect to I(f).

§ 2. Denote by M the class of functions

l b
16)=3 [ ot i) (6)
k=1 "a

given in the form of a sum of Stieltjes integrals. In (6), g,(z,t) are functions
regular in B for each ¢ in the interval [a, b], uniformly differentiable with respect
to t inside B, and, moreover, ¢, (z,t) = g;,(z,t) is absolutely integrable on [a, b]
for fixed z € B; u(t) are arbitrary real nondecreasing functions on [a,b] with
total variation equal to one.

Theorem 1. Let I(f) = {I,,(f)} be a weakly differentiable system of function-
als on the class M, for which
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v, [1, [ it trpi ] = [ @500l at

where 7, (t) is a function of bounded variation on [a,b]. Suppose that the sum
of scalar products

((I)(l)[fv wk(zv t)]? N) + (‘I)@)[fv %(27 t)]vﬁ)

of the elements ®) and N = I° — 1¢, ®?) and N, converges uniformly on [a, b]
to a continuous function ¢, (). Then all boundary functions with respect to

I(f) are contained in the family of functions

1 Ly
&) =33 1 gz ).
s=1

k=1 s

Here t;cs) € [a,b], uf) >0,

Lk
Sow =1,
s=1

with 1 < L, < [(M;,+1)/2], where M, is the number of solutions of the equation
Re . (t) =0 on [a,b].

Let us outline the proof of the theorem. If f(z) is an extremal function with
respect to I(f) on M, then Re(®[f, P], N) > 0. Generalizing the arguments of
G. M. Goluzin (?), one can show that, for 0 < 8, < 1,0 < )\, < 1, the class M
contains the functions

l B
L) =FE+D 0 [ iz tu(t) dt, (7)
k=1 Qg
where [ay, 8;] C [a,b],

v (t) = py(t) — {pg(ag — 0) + Op [pg (B +0) — gy, — 0)]}

on (o, B), and v,(t) = 0 on [a, o] U [By, b]. Moreover, if o, and §), are two
arbitrary points of discontinuity of the function p(¢) on [a, b], then, for numbers
Ay, sufficiently small in absolute value, the class M contains the function

l

fo(2) = f(2) + Z Aklgr(z; ) — gi (2, By)]- (8)

k=1
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The inequality indicated above, together with the variation (7), makes it pos-
sible to derive a certain equality that analytically characterizes f(z). It is es-
tablished that this equality is fulfilled only in the case when the functions i (t)
corresponding to f(z) are step functions with a number of jumps not exceeding
the number of zeros of Re ¢, (t) on [a,b]. Then, using (8), this estimate can be
improved by a factor of two.

Corollary 1. The boundary 0D of the domain D of values of the functional
I(f), satisfying the conditions of Theorem 1, belongs to the set

1 Ly
1(f)=1 (Z Zuﬁgk(z,tf))) .
k=1 s=1
If the functionals I,,(f) are linear, then D is a convex set.

Corollary 2. The extremal functions, with respect to a finite system of func-
tionals prescribed on the class M,

I(f) = {In(f)} <n =1,2, ...,’I“),

with I, (f) defined in accordance with (1) [or with (3)], have the form

1 Ly
=33 0 gz 1))
k=1 s=1

Here tgf) € [a, b], ,ugf) >0, and

with 1 < L, < [(M,, +1)/2], and M,, is the number of zeros on [a,b] of the
corresponding functions

where
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’Y,(:]) = a(r:;Nn + bgzl;Nnv N, =11,

and a\™, p\™

mj» D are computed by formulas (2) [respectively, by formulas (4)].

Thus, the family containing all extremal functions depends on no more than

M1+...+Ml_l

real parameters.

§ 3. By the order of the functional (1) we shall mean the number @ = s;+-+s,,.
In Theorems 2-5, I(f) is a finite system of functionals I,,(f) (n = 1,2,...,7) of
the form (1), and, consequently, D C E".

Theorem 2. Let the system I(f) be given on the class S* of functions w = f(z),
f(0) =0, f/(0) = 1, mapping the disk |z| < 1 onto domains star-shaped with
respect to the point w = 0. Then all boundary functions for I(f) are contained
in the family

N _ .
f)=z][(1—erimz) ™,
k=1

depending on the real parameters 7, and «;, (kK = 1,2,..., N), subject to the
conditions: 7, > 0, 7y + -+ Ty =2, a1 < ay < - < ay < o + 27, with
N<Q+p.

As shown in (6), for p = r = 1 the estimate for N cannot be improved.

Theorem 3. Suppose that the system I(f) is given on the class T, of functions
typically real in the disk |z| < 1,

1 (" z
z)=— — T du(t).
f() /0 N(t)

1—2zcost + 22

Then all boundary functions for I(f) are contained in the family

z

N
1O =2 Mg

depending on the real parameters A\, and 7, (k = 1,2,...,N), subject to the
conditions A\, > 0, \{ + -+ Ay =1, -1 <7 <. <7y <1, with N < Q + 2p.

Theorem 4. Let the system I(f) be defined on the class K of functions regular
in the disk |z| < 1, w = f(2), f(0) = 1, with positive real part. Then the
boundary functions for I(f) are contained in the family
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fo =3 A

oy
=1 (& z

depending on the real parameters A\, and «;, (kK = 1,2,..., N), subject to the
conditions A\, > 0, \{ + -+ Ay =1, oy < ay < -+ < ay < ap + 27, with

N<Q@+2p—1.

Theorem 5. Let the system I(f) be defined on the class of functions regular
in the disk |z| < 1, w = f(z), with majorant F(z)*.

Then the nonzero boundary functions with respect to I,( f) have the form f(z) =
F(by(2)), where by (z) is the Blaschke product

N
z—ay

b = e7 R = t’ R S O7
N(z)=e kl,:ll e ~ = cons ey

with a finite number N < Q + 2p — 1 of zeros oy, 0 =y < < apy < L.

Analogous theorems hold for the corresponding classes of functions in a circular
annulus, and also for finite systems composed only of functionals of the form
(1), or mixed systems including both functionals of the form (1) and functionals
of the form (3).
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* In other words, for f(z) there exists a function w(z), holomorphic in |z| < 1,
w(z) £0, w(0) =0, |w| <1, such that f(z) = F(w(z)).
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