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MATHEMATICS

A. F. LEONT’EV

ON THE REPRESENTATION OF ARBI-
TRARY ENTIRE FUNCTIONS BY DIRICH-
LET SERIES
(Presented by Academician Yu. V. Linnik on 19 IV 1965)

In the note [1] the question was the representation of arbitrary analytic functions
by Dirichlet series with complex exponents in a finite convex domain. Here
results will be given concerning the representation of arbitrary entire functions
from a certain class by Dirichlet series in the whole plane.

Let

𝐿(𝜆) =
∞

∑
0

𝑐𝑛𝜆𝑛

be an entire function of finite order 𝜌 > 1, satisfying the following condition:
there exists a system of circles |𝜆| = 𝑟𝑘, 𝑟𝑘 ↑ ∞, such that ln |𝐿(𝑟𝑒𝑖𝜑)| > 𝑟𝜌−𝜀,
𝑟 = 𝑟𝑘, 𝑘 > 𝐾(𝜀), 𝜀 > 0 arbitrary. Let 𝜆1, 𝜆2, … be the distinct zeros of 𝐿(𝜆),
arranged in order of nondecreasing moduli, and let 𝑝1, 𝑝2, … be their respective
multiplicities. Take an arbitrary entire function 𝑓(𝑧) of order 𝜈, satisfying the
condition 𝜈 < 𝜌/(𝜌 − 1), and introduce the function

𝜔𝑓(𝜇) = 𝜔(𝜇) =
∞

∑
𝑛=1

𝑐𝑛[𝑓 (𝑛−1)(0) + 𝜇𝑓 (𝑛−2)(0) + … + 𝜇𝑛−1𝑓(0)].

It is easy to see that 𝜔(𝜇) is an entire function. Put

𝑃𝑘(𝑧)𝑒𝜆𝑘𝑧 = 1
2𝜋𝑖 ∫

𝐶𝑘

𝜔(𝜇)𝑒𝜇𝑧 𝑑𝜇
𝐿(𝜇) (𝑘 = 1, 2, …),

where 𝐶𝑘 is a closed contour inside which 𝜆𝑘 lies and there are no other zeros
of 𝐿(𝜆).
Theorem 1. For an entire function 𝑓(𝑧) of order 𝜈 < 𝜌/(𝜌 − 1) the represen-
tation
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𝑓(𝑧) =
∞

∑
𝑚=1

𝑓𝑚(𝑧), 𝑓1(𝑧) = ∑
|𝜆𝑘|<𝑟1

𝑃𝑘(𝑧)𝑒𝜆𝑘𝑧, 𝑓𝑚(𝑧) = ∑
𝑟𝑚−1<|𝜆𝑘|<𝑟𝑚

𝑃𝑘(𝑧)𝑒𝜆𝑘𝑧

(𝑚 ≥ 2), (1)

takes place, and the series converges absolutely and uniformly inside the plane.
Moreover, for any 𝑧 the estimate is valid

∣𝑓(𝑧) −
𝑛

∑
𝑚=1

𝑓𝑚(𝑧)∣ < 𝐴(𝜀)𝑒−𝑟𝜌−𝜀
𝑛 exp |𝑧|𝑝+𝜀, 𝑝 = 𝜌

𝜌 − 1 (𝑛 = 1, 2, …), (2)

where 𝜀 > 0 is arbitrary.

Theorem 2. Suppose that the function 𝐿(𝜆) additionally satisfies the following
conditions: 1) all zeros 𝜆1, 𝜆2, … are simple and their number in the ring 𝑟𝑘−1 <
|𝜆| < 𝑟𝑘 does not exceed a certain fixed number, one and the same for all
𝑘 = 1, 2, …; 2) there exists a constant 𝑞 such that 𝑟𝑘/𝑟𝑘−1 < 𝑞 (𝑘 = 2, 3, …); 3)
there exist constants 𝐴 and ℎ, ℎ < 𝜌, such that for any 𝜆𝑚 and 𝜆𝑛, 𝑚 ≠ 𝑛,
from the ring 𝑟𝑘−1 < |𝜆| < 𝑟𝑘

we have |𝜆𝑚 − 𝜆𝑛| > 𝐴 exp(−𝑟ℎ
𝑘). Then the representation

𝑓(𝑧) =
∞

∑
𝑚=1

𝑎𝑚𝑒𝜆𝑚𝑧, 𝑎𝑚 = 𝜔(𝜆𝑚)
𝐿′(𝜆𝑚) . (3)

As an example of a function 𝐿(𝜆), when the representation (3) holds, one may
take the function of order 𝜌

𝐿(𝜆) =
∞
∏
𝑛=1

(1 − 𝜆𝑚

𝜇𝑚𝑛
) , 𝜇𝑛 = 𝑛1/𝜌 (𝑛 = 1, 2, …),

where 𝑚 is an integer > 2𝜌. Let us note that in estimate (2) the quantity 𝜌 in
general cannot be replaced by a smaller quantity. Indeed, it is shown in (2) that
if

∣𝑓(𝑧) −
𝑛

∑
𝑚=1

𝑓𝑚(𝑧)∣ < 𝐴 exp |𝑧|ℎ, ℎ < 𝜌
𝜌 − 1,

then the function 𝑓(𝑧) satisfies the equation
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𝑀(𝑓) ≡
∞

∑
0

𝑐𝑚𝑓 (𝑚)(𝑧) = 0;

but not every function satisfies this equation; for example, if 𝜆 ≠ 𝜆𝑛 (𝑛 =
1, 2, …), then

𝑀(𝑒𝜆𝑧) = 𝑒𝜆𝑧𝐿(𝜆) ≠ 0.

Theorem 3. If 𝑓(𝑧) is an entire function of order 𝜈 < 𝜌/(𝜌 − 1) and 𝑀(𝑓) = 0,
then instead of (2) we have the better estimate

∣𝑓(𝑧) −
𝑛

∑
𝑚=1

𝑓𝑚(𝑧)∣ < 𝐴(𝜀)𝑒−𝑟𝜌−𝜀
𝑛 exp |𝑧|𝜈+𝜀 (𝑛 = 1, 2, …).

This estimate is of the same type as in the paper (3), but more precise. The
difference between functions 𝑓(𝑧) that do not satisfy the equation 𝑀(𝑦) = 0
and functions 𝑓(𝑧) that do satisfy such an equation is manifested not only in
the different rates of convergence of the series (1). As will be seen from what
follows, it is also manifested in many other facts.

Theorem 4. Suppose the conditions of Theorem 2 are satisfied, and let 𝑓(𝑧) be
an entire function of order 𝜈 < 𝜌/(𝜌 − 1) with expansion (3). Then the quantity

lim
𝑛→∞

ln |𝜆𝑛|
ln ln |1/𝑎𝑛| , (4)

which characterizes the rate at which 𝑎𝑛 tends to zero, is equal to 1/𝜌 if 𝑀(𝑓) ≢
0, and is equal to (𝜈 − 1)/𝜈 ((𝜈 − 1)/𝜈 < 1/𝜌) if 𝑀(𝑓) ≡ 0.

To this result one may add that if the quantity (4) is equal to (𝜈 − 1)/𝜈, where
𝜈 < 𝜌/(𝜌 − 1), then (under the conditions of Theorem 2) the function 𝑓(𝑧)
defined by the series (3) has order 𝜈 and satisfies the equation 𝑀(𝑓) = 0.

Theorem 5. Suppose the conditions of Theorem 2 are satisfied, and let 𝑓(𝑧)
be an entire function of order 𝜈 < 𝜌/(𝜌 − 1) with expansion (3). If 𝑀(𝑓) = 0,
then the function

𝐹(𝑧) =
∞

∑
𝑚=1

𝑏𝑚𝑒𝜆𝑚𝑧, |𝑏𝑚| = |𝑎𝑚| (𝑚 = 1, 2, …) (5)

has order 𝜈; if 𝑀(𝑓) ≢ 0, then there exists a function 𝐹(𝑧) of the form (5) whose
order is equal to 𝜌/(𝜌 − 1) > 𝜈.

Consider the maximum term 𝜇(𝑟) of the series (3). By definition,
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𝜇(𝑟) = max
𝑛⩾1

max
|𝑧|=𝑟

∣𝑎𝑛𝑒𝜆𝑛𝑧∣ = max
𝑛⩾1

|𝑎𝑛|𝑒|𝜆𝑛|𝑟.

Theorem 6. Under the conditions of Theorem 2, the quantity

lim
𝑟→∞

ln ln 𝜇(𝑟)
ln 𝑟 ,

which characterizes the growth of the maximum term, is equal to the order 𝜈
of the function 𝑓(𝑧) if 𝑀(𝑓) ≡ 0, and is equal to 𝜌/(𝜌 − 1) (𝜌/(𝜌 − 1) > 𝜈) if
𝑀(𝑓) ≢ 0.

The following assertion concerns the question of the existence of a nontrivial
expansion of zero.

Theorem 7. Let 𝜆1, 𝜆2, … be the zeros of a function 𝐿(𝜆) satisfying the con-
ditions of Theorem 2. Then, in the class of series ∑∞

0 𝑎𝑛𝑒𝜆𝑛𝑧 for which the
quantity (4) is less than 1/𝜌, there is no series whose sum would be zero (it is
assumed that not all coefficients are equal to zero); on the other hand, in the
class of series for which the quantity (4) is equal to 1/𝜌, there exist series whose
sums are equal to zero.

Let us indicate the idea of the proof of Theorem 1, the basic one in this note.
Put

Φ𝑘(𝑧, 𝜆) = 𝐿(𝜆) 1
2𝜋𝑖 ∫

|𝜇|=𝑟𝑘

𝑒𝑧𝜇 𝑑𝜇
(𝜇 − 𝜆)𝐿(𝜇)

for 𝜆 lying inside the circle |𝜇| = 𝑟𝑘. For other 𝜆 we define this function by
analytic continuation. It is not difficult to verify that Φ𝑘(𝑧, 𝜆), as a function of
the variable 𝜆, is an entire function of order not greater than 𝜌. Expand it in
the series

Φ𝑘(𝑧, 𝜆) =
∞

∑
𝑚=0

𝐴(𝑘)
𝑚 (𝑧)𝜆𝑚.

It turns out that for any function 𝑓(𝑧) of order 𝜈 < 𝜌/(𝜌 − 1) the relation

𝑓(𝑧) − 1
2𝜋𝑖 ∫

|𝜇|=𝑟𝑘

𝜔𝑓(𝜇)𝑒𝜇𝑧 𝑑𝜇
𝐿(𝜇) =

∞
∑
𝑚=0

𝐴(𝑘)
𝑚 (𝑧)𝑓 (𝑚)(0) (6)

holds.

For the coefficients 𝐴(𝑘)
𝑚 (𝑧) an estimate is found; from it, in particular, it follows

that the right-hand side in (6) tends to zero as 𝑘 → ∞.
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Finally, consider the question of the minimal number of rays on which the
exponents 𝜆𝑛 must be placed in order that, for example, the function 𝑓(𝑧) ≡ 1
could be represented in the whole plane by the Dirichlet series

∞
∑

1
𝑎𝑛𝑒𝜆𝑛𝑧.

Under the condition lim𝑛→∞ ln 𝑛/𝜆𝑛 = 0, which ensures absolute convergence
of the series, it is necessary for this, as shown in (1), that the number of rays 𝑚
be ⩾ 3. Let 𝑚 = 3. It was noted above (see the example after Theorem 2) that
the function

𝐿(𝜆) =
∞
∏

1
(1 − 𝜆3/𝜇3

𝑛), 𝜇𝑛 = 𝑛1/𝜌

(its zeros are arranged on three rays), for 𝜌 < 3/2, satisfies the conditions of
Theorem 2 and, consequently, 𝑓(𝑧) ≡ 1 can be represented by the series (3).

The coefficients of this series, according to Theorem 4, are such that

lim
𝑛→∞

ln |𝜆𝑛|
ln ln ∣ 1

𝑎𝑛
∣

≤ 1
𝜌 . (7)

It turns out that if the Λ𝑛 lie on the three rays arg 𝑧 = 0, arg 𝑧 = ±2𝜋/3, and
lim𝑛→∞ ln 𝑛/𝜆𝑛 = 0, then 𝑓(𝑧) ≡ 1 cannot be represented by a Dirichlet series
with coefficients 𝑎𝑛 satisfying condition (7) with 𝜌 > 3/2. Indeed, suppose that
such a representation exists. We split the Dirichlet series into three series: in
the first series we collect the terms with arg 𝜆𝑛 = 0, in the second we collect
the terms with arg 𝜆𝑛 = 2𝜋/3, and in the third those with arg 𝜆𝑛 = −2𝜋/3. Let
the sums of these series be 𝑓1(𝑧), 𝑓2(𝑧), 𝑓3(𝑧). These functions, by virtue of
(7), have orders ≤ 𝜌/(𝜌 − 1). On the basis of the facts that 𝑓1 + 𝑓2 + 𝑓3 = 1
and that the functions 𝑓𝑗(𝑧) are bounded in the corresponding half-planes, it is
not difficult to observe that the 𝑓𝑗(𝑧) are bounded on the six rays arg 𝑧 = 𝜑𝑘,
𝜑1 = 𝜋/6, the angles between which are equal to 𝜋/3. Hence, since 𝜌/(𝜌−1) < 3
for 𝜌 > 3/2, it follows by the Phragmén–Lindelöf theorem that 𝑓𝑗(𝑧) = const.
But then 𝑓𝑗(𝑧) ≡ 0, and the equality 𝑓1 +𝑓2 +𝑓3 = 1 is impossible. Thus, if one
wishes to preserve condition (7) with 𝜌 > 3/2, it is necessary to take 𝑚 > 3 rays.
The example given after Theorem 2 shows that it is sufficient to take 𝑚 > 2𝜌
rays.

Received
8 IV 1965
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