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BUCKLING OF A SHELL UNDER CREEP

(Presented by Academician Yu. N. Rabotnov on 18 XI 1964)
ELASTICITY THEORY

1. There are several formulations of the problem of stability under creep con-
ditions (}17¢). Omne of them consists in studying the buckling in time of a rod,
plate, or shell under load in the presence of certain initial imperfections. For
rods this concept was developed in ("~?), and for shells in (}°~12). In the present
work two possible formulations are considered for the problem of buckling of a
shell under creep conditions, as the problem of the development of initial im-
perfections on the basis of equations composed with allowance for geometrically
nonlinear relations. In deriving the equations, the assumption is introduced
that, in the process of creep, the stresses and strains in the shell differ little
from the stresses and strains of the basic momentless state. This assumption
makes it possible to linearize the physical relations relative to the basic state
and, in both variants, to reduce the problem of determining the deflections and
stresses of a shallow shell under creep conditions to a corresponding system
of two nonlinear integro-differential equations in the deflection and the stress
function, depending on the coordinates on the middle surface and on time.

2. Let the equation of state under creep have the form
p; = 9(pii0;)0; (1)

and let the relations of the flow theory hold between the components of the
creep strain-rate tensor p;; and the stress deviator o7;:

sk

Pij = 3/2g(pi70i)aijv Pij = €5 — %O’ij' (2)

For the intensities of stresses and creep strain rates we have

t
01'2 = 3/2‘7:;0;;, p? = 2/3pijpija b; :/ p; dt. (3)
0

We shall consider a shell which, under the action of an external load in the
absence of disturbances, is in a momentless stressed state (the basic state). If
there is some disturbance (initial deflection), as a result of which a disturbed
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motion occurs, then the redistribution of stresses and strains in the middle
surface and through the thickness of the shell will be regarded as small, so that
for the quantities characterizing the deviation of the state under consideration
from the basic one, the relations obtained by linearizing (1) and (2) will be valid:

op; = Uifag op; + aiig oo + gooy,
Ip; do;

Here the quantities p,, o, refer to the basic state, while dp,, do; characterize the
deviation of the actual state from the basic one.

Passing, with the aid of (1), from the variable ¢ to the variable p, and integrating
equations (4) under the initial condition

1
0p;; = 0e;j — E(Safj’-‘ =0 forp, =p;,
we find
3
1+0
o= % |2 o de,
6*
2 2 1 1
doj; = S Ede;; — fEe’f/ etde, dE — oz;"fe’f/ et S(da;) dé, (5)
3 3 e J J e
where
dg o; dg Ep Ep: o;r Oij
— 99 %9 Sl R Pl xx R
“ 7 api7 g 60_1" g Uz ’ 5 Uz ’ a” Oi ’ a” 2
a [S1+40b

S(p) == | —"Zpde+ be.
(¢) Bl g pdé+ by

Let the shell at the time ¢ = t* acquire some initial deflection w. For the
deformations of a shallow shell associated with deviation from the basic state,
taking the initial deflection into account, we use the expressions

1
5811 :uz_z(wzx_ng)+7(w_w0)+7(wm_wz ) (6)
R, 2
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Here u, v, w are displacements associated with the deviation of the shell from the
basic state; R;, R, are the principal radii of curvature of the shell midsurface.

For the moments and additional forces in the midsurface of the shell associated
with its bending during motion, taking (5) and (6) into account, we obtain

2(w — w")
Jr
R, Ry

w— w 1
0 +w§w22+2(w§w22)] -

2
Nll = gB |:2U£ +'Uy+

2 ¢ 2(w — w® w—w 1 ¢
3B6§L et [2% + v, + ( ) + 0 w2 —wd? + 5(11)3 wgz)] dfalleg/é* eSS(N;) dg, ...

Rl R2
(7)

D

D gt ¢
+2€5/£; et [2(w,, —wd,) + (w,, —w),)] d§ — alle5é et S(M;) dE, ...

Here

M; = (aq; — %O‘22>G11 + (g — %au)Gzz + 305Gy,

3

8
N; = (g1 — 5099)Nyg + (g — 5041 )Npg +3a15N15, D = §Eh3’ B =2Eh.

In the equilibrium equations of a shallow shell

Nijg + Nigy =0, Nyyy+ Ny, =0,

1 1
G100+ Gagyy + 2G04y — R7<N?1 + Nyp) — R*(N& + Noyg)+
1 2

+(NP, + Nypw,, + (Ngy + Nog)w,,, + 2(N7, + Nyp)w,, =0, (8)
where N{|, N9, N, refer to the basic state, we introduce the function of stresses

stresses ®, so that

Q. = Ni, (I)yy:N117 (I)'y:_N127

x
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and carry out transformations of the same type as in paper (5)7 associated
with eliminating /V; and M; from the equations. We arrive at two equations of
the same kind as the equations in paper (°), with the difference that they will
contain nonlinear terms associated with deflections. After some transformations
the system is written in the form

§
AA(I)Jre*i/ £S(AA, D) dE— B

3
I'(w,w’) — e’f/ ST (w, w°) d{} =0, (9)
5* &*

3 13
U(w,w’, ®) +e~¢ / eSDAA(w — w) dé — 6_5/ 655’[— U(w,w’, ®)
& &
3 ¢ 3
— ZDAA(U} —wY) — e’fD/ ef(AA — ZAA)(w —wY) df] d¢ =0.
&*
(10)
Here
1 02 1 92
(11)
Ulw, w0, ®) = — DAAw— w0) — — (N, + &, ) — - (N9, + B, )
’ ’ Rl 11 yy R2 22 T (12)
+ 2ho;Aw + @, Wy, + Pppwy, — 20, W,

A = 0%/0x% + 0% /0y, A = a1,0?%/02% + 2a,,0? /030y + a4550?%/0y?;

Ay =a,,(0%/0y? — %32/3:172) + ag9(0% /022 — %32/83/2) — 3a,50%/020y.

Equations (9) and (10), with the corresponding boundary conditions, determine
the deflections and the stressed state of the shell, to which at the time t = t*
the initial deflection w = w® is prescribed.

3. Let the equation of state have the form (1), and let the components of the
strain tensor ¢;; and of the stress deviator o7 be related by the deforma-
tion theory relations
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3€i *ok
€ij = 5;%3‘7 (13)

where

2

3
g2 = 3Eiip o? = 50;‘;0;‘;, p; =¢; —0;/E. (14)

For the quantities characterizing the deviation of the state under consideration

from the basic one, taking into account the initial condition dp; = 0 for p, = pj,
we find

1 g [fb+1

Linearizing (13), taking (15) into account, we obtain instead of (5)

2B § ai  [Cb+1
fo = """ _fe..+ > _a¥*fg, — — — 0. dE. 16
04 3(1+£) €Zj+ 1+§O‘w a; 1+¢ L. o, d¢ ( )

For the moments and additional forces we shall have

D

=Tty

[2(w, — w,) + Wyy — wgy] +

3
o b+1

— M, dg, ...
1+§gg* g <

§

20w —uw’)  w—wd
9 2,02
{ Uy + Uy + R, + R, T wy —wy T+

1, ., 02 } 13 1 /gb—|—1
_ + N. — N.
2 (wy wy ) Qqy 1 g % 1 gg . g 7,d£ )

We introduce the stress function. After transformations we obtain the compat-
ibility equation and the equilibrium equation in the form

B s € L, [o
AA¢_1+§F(w’w)+l+£A1A1® ¢! L AA@dE, (18)
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Ulw, u®, @) + ngD (AA _ ZAA) (w0 — w0+
(19)

+g /: b;%l [U(w,wo, o) + 1—1)5 GAA + 5AA) (w— wo)} dé = 0.

On the basis of equations (9), (10) or (18), (19), one can obtain the dependence
of the deflection of the shell on time for a prescribed value of the initial deflection
and, from the character of this dependence, judge the value of the critical time.
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