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Abstract
Full Text

V. R. Portnov

A Theorem on the Density of Finite Functions in Weighted
Classes

(Presented by Academician S. L. Sobolev on 9 VII 1964)

Theorems on the density of the set of finite functions in spaces without weight
were first proved by S. L. Sobolev in (1,2). In (%) an analogous result was estab-
lished for spaces with weight, when 2 = E,. In the present article more general
results are obtained both for bounded and for unbounded domains having a
simple boundary in the sense of S. L. Sobolev. Applications are given to the
solution of one nonlinear system of differential equations.

1. Let © be a domain in the space E, of points x = (x1,2s,...,2,), and
suppose that the following conditions are fulfilled:

2. 0=y x-xQp (1 <P, <2), where Q;, (k=1,2,..., F,) is a domain

0
in the space E, of the variables 7}, = (z,, ;1. %,, ) (0 =1ng <n; <
< np =N, Qg =Ny, —ny_q), whose boundary S, is bounded in E, and

can be divided into a finite number of smooth manifolds S,(Cl), ...,S,(CA’“)
of dimensions ¢, — 5561)7 s — sgcA"‘>, respectively. Here and below we

introduce the notation:

Ty = (Tysees Ty 1T 41s o1 Ty)-

3. Let T, . be the set of those points in €2, which lie on the normals to S,@
()

(j = 1,..., A;) planes of dimension s;;" at distances < p;;. Introduce in
the space of the variables y,,ys, ..., y,, cylindrical coordinates with center
on the axis

hi=Y="=Yu = 0.

By Cékj and gkj we denote, respectively, the systems of angular coordinates
and coordinates of the axis thereby obtained; put

P = Vit Ty

> 0, is mapped
by means of a smooth nondegenerate transformation with derivatives
bounded up to order m, onto a cylinder of the form (0, p;;) x Ay, where
Ay is a domain in the variables (&, Uy;)-

The set T/’kj’ starting with a sufficiently small pg;.)
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Consider the set of functions u(x) for which, for each k = 1,2, ..., P,, there exist
derivatives
1,k)

D3, [ng U(CC)} (I=1,..,0; 0 < |a| <mbR)

in the sense of S. L. Sobolev. Let us write these derivatives, obtained for all &, [,
and «, in the form of the sequence

DMy, D)y, .. DM@y, ... DRy (1)
and suppose that
< P
g (u) = /va(az) |D*Mul” dx < 0o (I1<p<oo) (2)
Q51

and, for every k =1,2,..., P,

AL »
rw =Y [109@)H@) S | (D5 )| ds @)
1=1 &

|or|=m(t:k)

where b, (), bR (%), a*)(z,) > 0 are continuous functions in ©, and, if
1 <j < Ay and j’ is such that s,(j') > s;(j), then for any p,;, > 0 there is a

pgy > 0 such that on
Tp(o) \ U T

Y Pri’
kj ) . J
s (57)>55(9)

with certain constants c;(py;) > 0 and cy(py;) > 0 the inequality
Lk.j L
b () < Pl Ay g Bry) < e (@)

is satisfied
(k=1,2,...,Py; 1 =1,2,...,\p).

If Q, is unbounded, then outside a ball of sufficiently large radius

0 < ey <bER(F)|F,] 7R < g, < 00
The resulting set of functions will be denoted by Lgfl))(Q) (b=(by,...,bg), a=
(@b ..., o)),
Let . ,

Dy = mbk —1 — [(“Y(l’]w) +55,(7)) : p]
for j=1,..., Ay; 3

@y =mbH — (49 4 qp) < p,
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if there exists an r (1 <r < m(l’k)) such that
AR —pp 1 =0
otherwise
(i)lk =mH —1— [(V(I’k) +a)  pl
Put

Q= max(—1, min(mF —1, élkj))v O, = max(—l,min(m(l”l€> -1, (i)lk)).

0
Definition. We shall say that u(z) € L;‘?‘&(Q) if:

1) u(z) € L (Q);
2)
: « B(lak) ~ A o —
pgfgo Dg [Dgzk u(pkjykja<pkjv'rk)] =0 (0< ol <Oy;)

for almost all (§;, @y, ¥1), and in the case when €2, is unbounded,;

3)

lim D

|| =00

I,k ~ ~
[Dgi )u(|:pk|79k7xk)] =0 (B +1<]a| < mk) 1)

(87
A

for almost all (ék,i"k), where ék is a set of angular spherical coordinates
in £,
(k: 1,...,P0; | = 1,...,>\k; ]: ]‘7""Ak>'

Theorem 1. Suppose that for all £k =1,2,..., P, [ =1,..., A, at least one of
the following conditions is satisfied:

1. There exists a j(I) such that ®,; = mF —1.

2. Q, is unbounded and 1+ ®;, = 0.

3. is bounded and there exists a j(l) such that @, > @,

0
Then C(()OO)(Q) is dense in L;%(Q) in the seminorm g(u).

II. Consider the system of equations

alt) ) o
Li(u) =) (—1)l"ID" g, (2, D0y, (2)) = fi(w) (4)
v=1
(i p=1,2,.,8 7 =1,2,...,R; ¢ = 1,2,..., R,; the functions ¢, (z,yby)

(—o0 < yézqm < 0)
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depend on R =1+ Z:: R, arguments and are continuously differentiable
with respect to all of them, u(z) = (uq(z), ..., u (x)) is an unknown vector-

function. By H , H we denote the sets of vector-functions for which

respectively

(i=1,2,....8 bix)=(b;(2),...bg (), a;= (@) albB)y),

?

In what follows, everywhere, the addition of the index 4 to notation encountered
earlier will mean that it refers to the space of the i-th component of the vector
u(x). Below we shall assume that for any i = 1, ..., s:

a) for some pair (lg), k(()i>)
181"k = 0
and b) the condition of Theorem 1 is satisfied.

Let ;. (x) > 0 be such that

/ B () | D0V, ()| dr < g2 (us) <
Q

Q;
. 2
< / S by (@) [0V (@) da
Q5=
for u € H, and for 1 <~ < Q, put 3;,(x) = b;,(z). The functions 3, can also
be obtained starting from the zero boundary conditions for the functions w,(x)
and their derivatives and the known Hardy inequality ((5), p. 296). Here we
note only that the indicated functions 8, (z) > 0 in Q exist for all i = 1,2,...,s
and y=1,2,...,R;.
Denote by H|, the set of vector-functions all of whose components belong to

C(()m(’)(Q), where m, > max,, la'™)|. By H we denote the set of those u(z) € H
for which

2
/Qﬁl’yl(x) |g01'y (fL', Da(p7q)up(x>)’ dx < 0.

Suppose that the following conditions are satisfied:

)

sup

(i)
Ypo

890@ (x, y/(j&v))

L < @B (@)Byy(w) (1<p<s1<o<R,);
Ypq

) there exists a matrix M(z) = |mg;(x)] (1 < 0,4 < s), for which my, €

Cmo)(Q) (0,4 =1,2,...,s) and |M(x)| # 0 in Q; moreover, if we denote

v; = Zm(%ue(x) (u(z) € Hy),
=1
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and by ui,i,;A/)(ﬂc) the functions in the relation
D = S D,
which we shall regard as satisfied, then for all z,~, p, o
|1 ()] By () < B, ();

) there exists a system of functions {A } such that

papo (@)

DY RE

pgo

XD”‘@’(I)ugg’a)up dr =0

for every u € H,, and the functions

9. ,
Tpgpo = Z 5 fﬁ/) ( 73/5317)) (yﬁfg””(x) + qupg) (0=1,...;8; w=1,...,Rs)

iv OYpq

are representable in the form

_ (1) (2)
Tpgpo = Tpapo + Tpapo,

where

Toapotpatps > ZZ L

Papo

@ *
‘TPQPU| = ’qupo'ﬁpq(x)ﬁpa(l.>7
if (p,q) # (p,0), and

2 .
_Tpgq;)q < ’qupqﬂpq(x) (pvpaZ =1,2,..,8 ¢=1,2, '~~7Rp; c=12, "'7Rp; y=12,..

where 7,,,,, are absolute constants;

)
Z Vpgpo < 1

pgpo

Theorem 2. Let 4, € H, f(x) = (f,(x),..., f.(z)) € H*, and suppose that
for each i = 1,..., s the conditions a)—e) listed above are satisfied. Then there

exists a unique u(x) € H (a generalized solution of system (4)) such that

/ 3 e (0 D0 (2)) DV (0) = / PIIE
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for any v € Hy, and u — 4, € H.

In the proof of Theorem 2, Theorem 3 of paper (3) was used. I express my deep
gratitude to S. L. Sobolev and L. D. Kudryavtsev for their attention to the work
and for discussion of the results.
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