
Soviet-era science, translated into English

MATHEMATICS
A. M. IL’IN

1965

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196501.12488

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196501.12488


Abstract
Full Text
MATHEMATICS

A. M. IL’IN

ON THE EIGENFUNCTIONS OF AN ELLIP-
TIC OPERATOR IN CERTAIN UNBOUNDED
DOMAINS
(Presented by Academician I. G. Petrovskii, 29 X 1964)

Let, in a domain 𝐷 of 𝑛-dimensional Euclidean space, there be defined an elliptic
differential operator

ℒ𝑢 =
𝑛

∑
𝑖,𝑗=1

𝜕
𝜕𝑥𝑖

(𝑎𝑖𝑗(𝑥) 𝜕𝑢
𝜕𝑥𝑗

) + 𝑏(𝑥)𝑢,

where 𝑥 = (𝑥1, 𝑥2, … , 𝑥𝑛); the matrix ‖𝑎𝑖𝑗‖ is symmetric and positive definite;
the coefficients of the operator are real; 𝑎𝑖𝑗(𝑥) ∈ 𝐶1(𝐷), 𝑏(𝑥) ∈ 𝐶(𝐷). The
domain 𝐷 is the union of a bounded domain 𝐷0, for which 𝑥1 < 0, and the
cylinder {[0, ∞)×Ω}, where Ω is a bounded domain in the space (𝑥2, 𝑥3, … , 𝑥𝑛).
The boundary 𝑆 ∈ 𝐶2, and for 𝑥1 > 0 the operator ℒ𝑢 ≡ Δ𝑢.
It is known (1) that, in order to single out a unique solution of the problem

ℒ𝑢 + 𝜆𝑢 = 𝑓, (1)

𝑢|𝑆 = 0 (2)

for positive real 𝜆, one must require the fulfillment of “partial radiation condi-
tions”:

𝑑𝑤𝑘
𝑑𝑥1

− 𝑖√𝜆 − 𝛼𝑘 𝑤𝑘 −−−−→
𝑥1→∞

0 for 𝛼𝑘 < 𝜆, (3)

𝑤𝑘 −−−−→
𝑥1→∞

0 for 𝛼𝑘 > 𝜆,

where
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𝑤𝑘(𝑥1) = ∫
Ω

𝑢(𝑥)𝜑𝑘(𝑥∗) 𝑑𝑥∗.

Here 𝑥∗ = (𝑥2, 𝑥3, … , 𝑥𝑛); 𝜑𝑘(𝑥∗) are eigenfunctions; 𝛼𝑘 are the eigenvalues of
the Dirichlet problem for the operator −Δ in the domain Ω. If the homogeneous
equation

ℒ𝑢 + 𝜆𝑢 = 0 (4)

has no nontrivial solution in 𝑊 2
2 (𝐷) equal to zero on the boundary, then for a

finite function 𝑓(𝑥) ∈ ℒ2 the problem (1), (2) has a unique solution 𝑢(𝑥) ∈ 𝑊 2
2

in every finite part of 𝐷 and satisfying conditions (3) (2)∗.

In the present paper we investigate the eigenvalues of the operator −ℒ, i.e.,
those 𝜆 for which equation (4) has a nontrivial solution in 𝑊 2

2 (𝐷) equal to zero
on the boundary. Of special interest are those eigenvalues which are greater
than 𝛼1, since the remaining points of the half-line [𝛼1, ∞) are points of the
continuous spectrum of the operator under consideration. Its eigenvalues are of
finite multiplicity and have no finite limit points (3).
For a certain class of domains it has been proved that the Laplace operator
has no eigenvalues for them (2). As an example of an operator whose point
spectrum lies on the continuous spectrum, one may take the operator

𝑀𝑢 ≡ 𝜕2𝑢
𝜕𝑥2

1
+ 𝜕2𝑢

𝜕𝑥2
2

+ 𝑎(𝑥1)𝑢

in the half-strip [0, ∞) × [0, 𝜋] on functions equal to zero on the boundary. If
𝑧(𝑥1) is a solution of the equation

* The result given in (2) differs inessentially from the one stated above because of other restrictions imposed on the boundary of the domain.

𝑧″ + 𝑎(𝑥1)𝑧 − 𝜇2𝑧 = 0 such that 𝑧(0) = 𝑧(∞) = 0 (the corresponding real
finite function 𝑎(𝑥1) is easy to construct), then 𝑘2 − 𝜇2 are eigenvalues, and
𝑧(𝑥1) sin 𝑘𝑥2 are eigenfunctions of the operator −𝑀 for all natural 𝑘. One can
construct domains where the operator −Δ also has eigenvalues on the continuous
spectrum. Moreover, for some domains there is, in addition, a discrete spectrum
(to the left of the point 𝑎1), while for other domains it is absent.

Let 𝜆 ≠ 𝑎𝑘 for any 𝑘, and let 𝛽 > 0 be a number smaller than

min
𝑘

√|𝜆 − 𝑎𝑘|.
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Denote by 𝐻2,𝛽 the Hilbert space of functions with scalar product

(𝑢𝑣)2,𝛽 = ∫
𝐷

𝑒2𝛽𝑥1 (𝑢𝑣 +
𝑛

∑
𝑖=1

𝜕𝑢
𝜕𝑥𝑖

𝜕𝑣
𝜕𝑥𝑖

+
𝑛

∑
𝑖,𝑗=1

𝜕2𝑢
𝜕𝑥𝑖𝜕𝑥𝑗

𝜕2𝑣
𝜕𝑥𝑖𝜕𝑥𝑗

) 𝑑𝑥,

and 𝐻0,𝛽 the space with scalar product

(𝑢, 𝑣)0,𝛽 = ∫
𝐷

𝑒2𝛽𝑥1𝑢𝑣 𝑑𝑥.

Theorem 1. Let the function 𝑓(𝑥) ∈ 𝐻0,𝛽. In order that problem (1), (2) have
a solution

𝑢(𝑥) = 𝑢̃(𝑥) + ∑
𝑎𝑘<𝜆

𝑐𝑘 exp [𝑖√𝜆 − 𝑎𝑘 𝑥1] 𝜑𝑘(𝑥∗), (5)

where 𝑢̃(𝑥) ∈ 𝐻2,𝛽, it is necessary and sufficient that

∫
𝐷

𝑓(𝑥)𝑣(𝑥) 𝑑𝑥 = 0 (6)

for every solution 𝑣(𝑥) ∈ 𝐻2,𝛽 of problem (4), (2).

For the proof, consider the domains 𝐷𝜌 = 𝐷 ∩ (𝑥1 < 𝜌) for 𝜌 > 0. Denote
𝑆𝜌 = 𝑆 ∩ (𝑥1 < 𝜌). Choose 𝑅 > 0 such that in the domains 𝐷𝑅 and 𝐷𝑅 ∖ 𝐷0
there exists a unique solution of the Dirichlet problem for equation (1). Denote
by 𝐵 the space of functions 𝜑(𝑥∗) ∈ 𝑊 3/2

2 (Ω) that are zero on the boundary of
Ω (see (4)). Let 𝜑(𝑥∗) ∈ 𝐵. Then in the domain 𝐷 ∖ 𝐷0 there exists a unique
solution of the equation Δ𝑢 + 𝜆𝑢 = 0 of the form (5) and such that 𝑢|𝑆∖𝑆0

= 0,
𝑢(0, 𝑥∗) = 𝜑(𝑥∗). In this case 𝑢(𝑅, 𝑥∗) ∈ 𝐵, and the operator 𝐴1, taking the
function 𝜑(𝑥∗) to 𝑢(𝑅, 𝑥∗), is completely continuous. If 𝑓(𝑥) ∈ 𝐻0,𝛽, then in the
domain 𝐷∖𝐷0 there exists a unique solution of the equation Δ𝑢+𝜆𝑢 = 0 of the
form (5), equal to zero on the boundary of 𝐷 ∖ 𝐷0. In this case the operator 𝐴2,
taking 𝑓(𝑥) ∈ 𝐻0,𝛽 to 𝑢(𝑅, 𝑥∗) ∈ 𝐵, is bounded. If 𝑢(𝑥) is a solution of equation
(1) in the domain 𝐷𝑅, equal to zero on the boundary, then 𝑢(0, 𝑥∗) ∈ 𝐵, and
the operator 𝐴3, taking 𝑓(𝑥) ∈ 𝐻0,𝛽 to 𝑢(0, 𝑥∗), is bounded. Finally, if 𝑢(𝑥) is
a solution of equation (5) in the domain 𝐷𝑅, which is equal to zero on 𝑆𝑅 and
equal to 𝜓(𝑥∗) for 𝑥 = 𝑅, then 𝑢(0, 𝑥∗) ∈ 𝐵, and the operator 𝐴4, taking 𝜓(𝑥∗)
to 𝑢(0, 𝑥∗), is bounded.
Thus, let 𝑢(𝑥) be a solution of problem (1), (2) of the form (5). Denote 𝑢(𝑅, 𝑥∗)
by 𝜓(𝑥∗) ∈ 𝐵. Then from the preceding it follows that the function 𝜓(𝑥∗)
satisfies the equation

𝜓 = 𝐴2𝑓 + 𝐴1(𝐴3𝑓 + 𝐴4𝜓) (7)
or

𝜓 = 𝐴5𝜓 + 𝐴6𝑓,
where the operator 𝐴5 = 𝐴1𝐴4 is completely continuous in 𝐵, and the operator
𝐴6 = 𝐴2 + 𝐴1𝐴3 takes 𝐻0,𝛽 into 𝐵 and is bounded.
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Equation (7) and problem (1), (2) are equivalent. The Fredholm theorems are
valid for equation (7). On the other hand, if problem (1), (2) has a solution,
then relation (6) is fulfilled. From this it is easy to derive the conclusion of
Theorem 1.

Theorem 2. Let the function

𝑓(𝑥) = ̃𝑓(𝑥) + ∑
𝜆>𝑎𝑘

𝑃𝑚,𝑘(𝑥1)

exp [𝑖√𝜆 − 𝑎𝑘 𝑥1] 𝜑𝑘(𝑥∗),

where ̃𝑓(𝑥) ∈ 𝐻0,𝛽, and 𝑃𝑚,𝑘(𝑥1) are polynomials of degree 𝑚.

For problem (1), (2) to have a solution

𝑢(𝑥) = 𝑢̃(𝑥) + ∑
𝜆>𝛼𝑘

𝑄𝑚+1,𝑘(𝑥1) exp [𝑖√𝜆 − 𝛼𝑘 𝑥1]𝜑𝑘(𝑥∗),

where 𝑢̃(𝑥) ∈ 𝐻2,𝛽, and 𝑄𝑚+1,𝑘(𝑥1) are polynomials, it is necessary and sufficient
that relation (6) be satisfied. Moreover, if the coefficients of the polynomials
𝑃𝑚,𝑘 at 𝑥𝑙

1 do not exceed in modulus 𝑐𝑘𝜇𝑙
𝑘/𝑙!, where 𝜇𝑘 = √𝜆 − 𝛼𝑘, then the

coefficients of the polynomials 𝑄𝑚+1,𝑘 at 𝑥𝑙
1 do not exceed in modulus 𝑐𝑘𝜇 𝑙−2

𝑘 /𝑙!.
The proof of this theorem is analogous to the proof of Theorem 1. With its
aid one can study perturbations of the eigenvalues and eigenfunctions of the
operator ℒ.

Let ℒ1 be the differential operator

ℒ1𝑢 ≡
𝑛

∑
𝑖,𝑗=1

𝜕
𝜕𝑥𝑖

(𝑎′
𝑖𝑗(𝑥) 𝜕𝑢

𝜕𝑥𝑗
) + 𝑏′(𝑥)𝑢,

where the coefficients 𝑎′
𝑖𝑗(𝑥) ∈ 𝐶1(𝐷) and 𝑏′(𝑥) ∈ 𝐶(𝐷) are real and are different

from zero only in the domain 𝐷0.

Theorem 3. Suppose that there exist 𝑟 linearly independent solutions of the
equation

ℒ𝑢 + 𝜆0𝑢 = 0, (8)
vanishing on 𝑆 and belonging to 𝑊 2

2 (𝐷), and that 𝜆0 ≠ 𝛼𝑘. Then, for sufficiently
small 𝜀, there exist 𝑟 linearly independent functions 𝑢𝑗(𝑥, 𝜀) ∈ 𝑊 2

2 (𝐷) which
satisfy the equation

(ℒ + 𝜀ℒ1)𝑢𝑗(𝑥, 𝜀) + 𝜆𝑗(𝜀)𝑢𝑗(𝑥, 𝜀) = 0, 𝑗 = 1, 2, … , 𝑟, (9)

where 𝑢𝑗(𝑥, 𝜀) and 𝜆𝑗(𝜀) are analytic functions of the parameter 𝜀, and 𝜆𝑗(0) =
𝜆0.

We note that if 𝑢(𝑥) ∈ 𝑊 2
2 (𝐷) and satisfies equation (8), then 𝑢(𝑥) ∈ 𝐻2,𝛽 for

some 𝛽 > 0. Expanding 𝜆𝑗(𝜀) and 𝑢𝑗(𝑥, 𝜀) in series in 𝜀, one can obtain equations
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for the coefficients of the expansion and indicate a method for constructing them.
Having constructed majorant series, one can verify that the power series for 𝜆𝑗(𝜀)
and 𝑢𝑗(𝑥, 𝜀) converge. The function 𝑢𝑗(𝑥, 𝜀) is a solution of equation (9), and

𝑢𝑗(𝑥, 𝜀) = 𝑢̃𝑗(𝑥, 𝜀) + ∑
𝛼𝑘<𝜆

𝑣𝑗,𝑘(𝑥1, 𝜀) exp[𝑖√𝜆 − 𝛼𝑘 𝑥1]𝜑𝑘(𝑥∗),

where 𝑢̃𝑗(𝑥, 𝜀) ∈ 𝐻2,𝛽, and 𝑣𝑗,𝑘(𝑥1, 𝜀) are entire functions of the variable 𝑥1.
Estimates of the order and type of these functions lead to the relation 𝑣𝑗,𝑘(𝑥1) ≡
0, which completes the proof of the theorem.

Thus, the eigenvalues of the operator are stable with respect to small finite
perturbations of the operator if 𝜆 ≠ 𝛼𝑘 for every 𝑘.
If the eigenvalue 𝜆0 is located in the interval 𝜎𝑘 = (𝛼𝑘−1, 𝛼𝑘), then the eigenvalue
𝜆𝑗(𝜀) is an analytic function in the interval (−𝜀0, 𝜀0) under the condition that,
for these values, the operator ℒ + 𝜀ℒ1 is elliptic and 𝜆𝑗(𝜀) does not leave the
interval 𝜎𝑘. The only points at which the point spectrum is transformed into
the continuous spectrum are the points 𝛼𝑘. If

𝜆𝑗(𝜀) −−−→
𝜀→𝜀1

𝛼𝑘,

then one can choose a subsequence of eigenfunctions 𝑢𝑗(𝑥, 𝜀𝑚) which, in every
finite domain, converge in 𝑊 2

2 , as 𝜀𝑚 → 𝜀1, to a solution 𝑢(𝑥) ≠ 0 of the
equation ℒ𝑢 + 𝛼𝑘𝑢 = 0. The limiting eigenfunction, generally speaking, does
not belong to ℒ2(𝐷), but is bounded.
The theorems formulated above are obviously generalized also to the case in
which the domain 𝐷 outside a sufficiently large ball consists of several semi-
infinite cylinders.
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