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MATHEMATICAL PHYSICS
I. P. PAVLOTSKII

STATISTICAL MECHANICS OF A ONE-
DIMENSIONAL SYSTEM WITH COULOMB
INTERACTION

(Presented by Academician N. N. Bogolyubov on 11 XI 1964)

Introduction. Recently a number of works have appeared devoted to one-
dimensional statistical models (~3), which is explained by the possibility of a
rather complete study of their thermodynamic properties and by possible appli-
cations (*). In the case of interaction of nearest neighbors only, the statistical
integral is calculated exactly for an arbitrary interaction potential (°). In a
number of American papers, systems with a potential of the form ®(x) = ax
(one-dimensional “Coulomb” ) (173), arising in the three-dimensional case in the
interaction of infinite parallel charged planes, are studied. Stability is ensured
by attaching a reservoir of particles with the opposite charge. To solve the prob-
lem, the apparatus of probability theory is used; however, attempts at an exact
solution encounter considerable mathematical difficulties. In the present work a
system with a potential of the same type is investigated, but stability is ensured
at the expense of “polarization” of the interacting elements. An asymptotically
exact expression is obtained for the configurational integral of the system.

The system is in a state of thermodynamic equilibrium and consists of identical
elements 1, ..., N, located at points xq,...,2 on the axis Oz. In addition, the
elements with numbers 0 and N +1 are fixed immovably (z ., = L) and realize
the walls. It is assumed that

0<z, <2y < <y <L

The interaction is effected through the potential

O(|z; —x)]) = a1 g — ;.
In the case v = 1 the force of interaction does not depend on the mutual
distance between the ¢-th and j-th elements; 0 < v < 1 means a weakening of
the interaction by a factor of 1/, if between two elements there is still some
other one; finally, v = 0 means that only nearest neighbors interact.

The configurational integral of the system may be written in the form
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L Ty
Qn = N!/ de‘../ exp(—BUy, 1) dxq, (1)
0 0

where g = 1/kT,

Uni1 = Z ayI g, — ).

(i<9)

The last expression can be represented in the form

Uny1 = azck(xkﬂ — ), (2)
k
where
(N+1—=Fk)(1+k), =1,
Cp=q O =DV —1)/(y =1, 0<y<1,
17 Y= 0.

Note that C}, = Cy_s.-

1°. Proof of the absence of an equation of state of the system for v = 1.
Introduce the functions

fe(@pp1 — x1) = exp[—aBC (T4 — 7))
and consider

L

de.../ Zka(:rkH—xk)dx.

0 (k)

QNEQN/N!:/O

We can write a sequence of functions obtained as the convolution of the preced-
ing one with f,:

Fo(e) = / fu(@)Fy (@ —€)de (M=23,.); F = f(a).

Then @, = Frn1(L).

Denote by f(s) the Laplace transform of f(s),

~

Fuls) = / e fu(z)ds  (Refs} > 0).
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Note that, by virtue of the property C}, = Cn_;,, we have

~

Fils) = Fy—il(s) = [s+ aB(N +1—k)(1+ k)] "

Obviously,

) N/2

Qn(L) —7{68’: H[s +afC,) 2 ds.
k=0

= omi

For simplicity one may take N to be an even number. It will be clear from what
follows that this assumption is inessential.

On the axis Re{s}, the position of the j-th pole is determined by the equality

;= —af(N+1—=5)(1+7),

and the residue at the j-th pole 2miR; has the form

iy 9 N/2 1
2miR; = —2— |L— — _ |,
T (@B aﬁ;(k—J)(N—k‘—J)
(k)

N/2
p; = expl-aBCy.) [ T (k= )*(N —k— j)2.
=)

Obviously,
Qn(L) =Y R, 3)
©)

We note the following properties of the expression for R;:

) Sl =DV = k=) < 5

b) T — 7V — k=32 = [(5 =4)!] 1V =2
‘)

Pi j+1 2 .
Pi+1 [(N/Qj)(]\fj)] exp[(N —2j — 1)apL].
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These properties ensure a rapid decrease of p; with increasing j for j < N /2.
For example,

Po/pP1 = (4/N4)QXP[(N* DapLl,

Pnj2-1/Pnj2 = (N/(N +2)) exp(aBL).

On the basis of a), b), ¢), as L, N — oo one may conclude

- efaB(NJrl)L L
Qn(L) — NZ(N/20)2 (aB)N

or, using Stirling’ s formula and assuming Llim (N/L) =1, one can write
—00

N—oo
= N1 ex -«
(L) = ﬁf(ag)lfv p[SN(N)B%(j\lf + L] @)

The equation of state is obtained with the aid of the known relation

9 QD). (5)

PP =31

where P is the pressure in the system. With the aid of (4) it is not difficult to
obtain

PB=— <2aﬁN+ %lnN> ,

which means that, as N — oo, there is no equation of state for the system.

2°. The equation of state for 0 < v < 1. Using the method of item 1°, it
would not be difficult to obtain

N/2
L(y—1)2N / .
R. = ex | I J_ N—(k+i) _1)2,
7 (e P ! )
k#])

and then apply formula (3). However, we shall use a simpler method. Suppose
that v # a'/N. Choose some § <« 1 and put yX*! = §. Denote

=(Indéd/Invy)—1 (x < N).

Then
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-6 1
(y=1?2  (y—1)7?

C,=Cy 1 — (0<y<9)

for k> y and 6 — 0.

Repeating the reasoning of item 1°, it is easy to obtain:

(L) = 5 § P TIF)N P ds, (0
where
T, = L[O[s +aBCY, f(s) = {s+ (7“61)2]
Denote
Als) = e LT ()" = M),
where

2 2x ~
x(8) = sl + NIHTX + (1 — W) In f(s),

x(s) = sl +1n f(s) (N — ).

(7)
We use the saddle-point method. For the saddle point s; we have the condition

X =1+ [% In f(s)} =0. (8)

5=5¢

Following the argument of (6), one can easily obtain s, = pf and

Oéﬂ —N+2x
i — ePBLT2 _
JLVIE%QN(L,p, B) = e’ T (pB) {pﬂ# - 1)2] :
and with the aid of (8) the equation of state
Blp+aly—1)?% =1 (9)

3. Interaction of neighboring planes. By the method set forth above, the
expression for @, is obtained trivially:
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N
V2rN

Here we have used Stirling’ s formula. Note that the result can just as simply be
obtained directly from (1). With the aid of (5) and (10) we obtain the equation
of state

Qn = exp{(1—af)N}:  Qy = (L)Nexp(~afL).  (10)

Blp+a)=1. (11)

In conclusion I express my gratitude to N. N. Bogoliubov and S. V. Tyablikov for
their constant interest in the work, and to B. N. Baranov for useful discussions.
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