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CYBERNETICS AND CONTROL THEORY
M. V. RYBASHOV, E. E. DUDNIKOV

A PARAMETRIC METHOD FOR SOLVING
FRACTIONAL PROGRAMMING PROBLEMS
ON ANALOG COMPUTERS

(Presented by Academician V. A. Trapeznikov on 18 XI 1964)

1°. Consider the nonlinear programming problem

A* = min{P(z), x € R} (1)

with fractional objective function P(z) = F(z)/F5(z) and a nonempty, admis-
sible, bounded and closed set R, defined by the system of constraints

%(l") :Zajk$k+bj :Ov J: 1a"~7q; q<mn,
k=1

n

a;, <x; < B, 1=1,...,n,

where z € E,; Fy(z), p4(x) are convex functions; a;, b;, a;, B; are real numbers.

It is assumed that a segment of values of the parameter numbers 2 = [A;, A] is
known, among which lies the extremal value (1), A* € 2. Further, it is assumed
that Fy(z) > 0 for z € R, and that the auxiliary function &(z,\) = —AF,(x),
A € ), is convex.

In addition, it is assumed that the functions F} (z), Fy(x), p4(z) are defined ev-
erywhere, continuously differentiable, and that their partial derivatives in every
bounded closed domain satisfy a Lipschitz condition. The fractional program-
ming problem is: find a vector x = x*, 2* € R, for which the objective function
P(z) attains the extremal value A*.

Remark 1. If F,(z) = 1 (convex programming) or is linear, then there is no
need to know the segment of numbers Q. In this case the function £(z, A) is
convex for any .
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Remark 2. The problem formulated includes the known problem of fractional-
linear programming (*?) under additional constraints (2).

2°. Introduce the function V(x, \) with parameter A (X is a real number)

V(e ) = S{IF () ~ ARy()]? salFy (2) ~ AFy(e)]

m q n

+Y i) sge,(@) + Y a) + Y [(z; — B;)? selw; — 5)

=1 =1 =1
+ (a; — ;) sga; — )},

where sgr = 1 for r > 0 and sgr = 0 for r < 0. Let Q" be the set of values of
the function P(x) on the set R, A* € Q" and QN Q" £ 0.

The function V' (z, ) is everywhere convex and attains an absolute minimum on
the compact convex set Q(\), moreover

V(z,A\)=0 forze @), QA\) CR, Ne, (3)

V(z,A) >0 1in all other cases.

From the convexity of V(z, \) and the boundedness of the set Q(\) it follows
that

” Hlim V(z,A) = +o0, (4)
z|—+00
|grad Vi(z,A)] >0 when V(z,A) > 0. (5)

If A = A*, then the set Q(\*) consists precisely of the points at which the
extremal value P(z) = \* is attained.

Using the properties (3) of the function V(x, ), the fractional-programming
problem can be reduced to finding the minimum value of the parameter \ € 2
and the corresponding vector x for which V(z,\) = 0.

The procedure for finding A = A* and x = z* reduces to the following. For
A = Ay the function V(z,\;) is minimized. If min, V(z,\;) = 0, then \; =
A*. If, however, min, V(z,A) > 0, then the minimization is repeated for an
increasing sequence of values of the parameter A until such a \; is found for
which min, V(z, ;) = 0 and min, V(z,\; —¢) > 0 for any arbitrarily small
€ > 0. In this case z = z*, \; = A",
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3°. To find the minimum of V' (z, A) for fixed A, we use the gradient system of
differential equations

de, _ OV(z,N)
Tiar T ox; '

7

Z>O7 221,771 (6)

The solutions of this system x(z, A, t), independently of the initial conditions
Zg, Ty € Q(A), for t > 0 and ¢ — +oo converge to the set Q(A), i.e., for
any d-neighborhood of the set Q(\) there exists a T'(6,2°) > 0 such that, for
t>T(5,2%), x(xg, A\, t) € 6 and |z(xg, \, )| < M, M > 0.

Indeed, by virtue of (5) and (6),

g_

1 2
o S e ey Ed V@ F <0 whenz ¢ QN

dV(z,\)/dt =0 when x € Q(N).

It follows from (4) that every solution z(z°, \,t) is bounded. The set Q()) is
an invariant set for the system (6), dV (z(zq, A, t),\)/dt = 0, if z° € Q()\) and
x € Q(A) for 0 <t < +00, and is an w-limit set for its solutions, which proves
assertion (3). In this case the function V(z, \) is an analogue of the Lyapunov
function.

Taking (2) and (2’) into account, system (6) takes the form

dv; _ [[0F(x) )\aFQ(.’E)
it Ox; Ox;

7

] [y () — AFy(@)]sg [F () — AFy (@) +

m T q a (
#3200 seinto) + 3 T o

3 [ — B salar — B,) — (o — ) sl — xm} . @

The system of differential equations (7) can be solved by known methods on
an electronic analog computer (electronic model) [4]. With a sufficiently slow
change of the parameter A, the analog model will automatically track, with some
error p, the coordinates of the minimum of the function Wz, A), with u — 0
as the rate of change of X is decreased.

sovietrxiv.org/items/ru-196501.10835 Machine Translation


https://sovietrxiv.org/items/ru-196501.10835

At the moment when the minimum of the function V' (z, ) passes from a nonzero
value to a zero value, the vector z and the parameter A are recorded. The
obtained values x, A are the solution of the problem.
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