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In §§ 1 and 2 of the present paper, for a general partial differential operator
with constant coefficients in a bounded domain, a criterion is established for
the stability of a correct homogeneous boundary-value problem with respect
to small perturbations of the coefficients of the differential expression. In § 3,
stability with respect to small, in a certain sense, perturbations of the boundary
conditions is considered. The results obtained here are also valid for operators
with variable coefficients.

1. Let, in an n-dimensional bounded domain 2, a differential expression be
given

‘7)(2)) = Z a’ozl...oznz)(l)é1 "'Z)gn = Z a’aDa (1)

|a|l<m la|<m

with complex constant coefficients, and let P, P be, respectively, the minimal
and maximal operators generated by it in L,(€2). Let P be a solvable extension
(s.e.) of the operator Py*; let O(D) be another differential expression of the form
(1), of order not exceeding m; let (P+AQ), be the minimal operator and P+\Q
the maximal operator generated in L,(2) by the expression P(D) + AQ(D) (A
is a complex constant).

Definition. The s.e. P is called @-stable if there exists a number £ > 0 such
that, for |A| < e, the following conditions are satisfied:

1) D(P) C D(P + \Q); 2) the restriction P+ AQ of the operator P + AQ to

D(P) is an s.e. of the operator (P + AQ),.
Theorem 1. The operator P, has at least one Q-stable s.e. if and only if

2 <Y jollp o o6 2)
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for all real &€ = (&4, ...,€,) (C >0 is a constant).

In the proof of Theorem 1, the differential operators are compared by the method
of L. Hérmander )| and the construction, given in his monograph ), of a
fundamental solution for an operator with constant coefficients is used.

We shall say that the differential expression P(2) is stable with respect to the
coefficient a, = a,, if the minimal operator F, has at least one D*-stable
s.e.

e

The following examples illustrate the possibilities of applying Theorem 1**.

* This means (V) that Py C P C P and that there exists a bounded operator
P~ defined on the whole space L, ().

** We exclude from consideration differential monomials that are obviously sta-
ble with respect to their nonzero coefficient.

1) In order that P(2) be stable with respect to all coefficients (including
those equal to zero) corresponding to || < m, it is necessary and sufficient
that it be elliptic.

2) If P(D) is parabolic in the sense of 1. G. Petrovsky (*) or 2b-parabolic in
the sense of S. D. Eidelman (°), then it is stable with respect to all nonzero
coefficients. Operators parabolic in the sense of G. E. Shilov (®) may no
longer have this property. Thus, the expression 9/0x, —9?/dz% — 03 )0z}
is stable with respect to the coefficient at 92/9z3, but is not stable with
respect to the coefficients at 9/0x, and 93/dx3.

3) The pseudoparabolic expression 9/dz, — 8?/0z3 + 6%/0x3 is not stable
with respect to the coefficients at %/9x3 and 9?/dx%, and is stable with
respect to the coefficient at 0/0x, and the coefficients equal to zero at

0/0z4 and 9/0x.

4) The expression 9/dz; —i0?/dz3 is not stable with respect to any nonzero
coefficient and is stable with respect to the coefficient equal to zero at
0/0z4. The stability of the hyperbolic expression 92 /9z% — 92 /0z3 — - —
0?/0x2 and of the ultrahyperbolic expression 02/0z% + -+ + 02 /0x% —
0%/0x3, | — -+ — /022 has the same character.

Remarks. 1) Some of the ultrahyperbolic and pseudoparabolic operators with
r.r. constructed in the work of A. A. Dezin (7) are stable in the sense indicated
there and with respect to small perturbations of the coefficients at the highest
derivatives. This occurs because, in the approach to the stability problem devel-
oped in (7), the domains of definition of the original and the perturbed r.r. may
turn out to be different. Our definition of stability excludes this possibility.

2) For operators with real coefficients that are stronger than the Laplace
operator, another definition of stability was given by P. P. Mosolov (®).
Polynomials stable in Mosolov’ s sense are stable in our sense with re-

sovietrxiv.org/items/ru-196501.10620 Machine Translation


https://sovietrxiv.org/items/ru-196501.10620

spect to positive coefficients in terms containing only even powers of the
variables.

2. If P and P are two r.r. of the operator Py, then, as established by M. L
Vishik (1),

D(P)=D(Py) + (P~' + K)V, (3)
where V = {v(z) : v € Ly(Q), Pv = 0} (P(D) is the expression adjoint to P(D));
K is a bounded operator, D(K) =V, R(K) CU; U = {u(x) : u € Ly(2), Pu =
0}.
Theorem 2. The Q-stability of an r.r. P entails the Q-stability of the r.r. ]5,
described by relation (3), if and only if R(K) C D(Q).

3. Let
P(x,D) = Z a, () D>
|al<m
be a differential expression with complex-valued variable coefficients, and
let Py, P be the minimal and maximal operators generated by it in L,(2).
We shall assume that P, has an r.r. P, and let D(P) = D. Consider the
Hilbert space Hp of elements g(z) € D(P) with scalar product [g,h] =
(g, h)+(Pg, Ph), where (, ) is the scalar product in L,(€2). We denote the
norm in Hp by ||, and the norm in L,(2) by || |. The space Hp decomposes
into the direct sum of the subspaces D and U (cf. (1:2)). Denote by y the

projection operator projecting Hp onto U parallel to D.

Let D (D(F,) C D € D(P)) be another subspace in Hp, and

Ix¢l <dll, Ve eD, (4)

where 6 (0 < 0 < 1) is a constant.

Theorem 3. In order that the restriction P of the operator P to the subspace
D satisfying condition (4) be an r.r. operator P, it is necessary and, for § < 1/2,
sufficient that from the relations

0eD, [p]=0,YpeD (5)

it follow that ¢ = 0.*

The application of Theorem 3 to boundary-value problems described by means
of a system of homogeneous boundary conditions proceeds according to the
following scheme.
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Denote by I' the boundary of the domain €2, and let H(I") be some Hilbert space
of vector-valued functions defined on I', with scalar product (', ). Suppose that
for all u(z),v(z) € C*°(Q2) the representation

(Pu, v)—(u, Pv) = (Aulp, Bo|p)+{(Bulp, A'vlp) = <ﬁu|r,§v|p>+<§'u|p,%zF)>,
6

is valid, where A, B, ... ,.27 are matrix linear differential expressions of order not
exceeding m — 1 in C*°(T"). Let D be the closure in Hp of the set of functions
o(z) € C=(Q) for which Ap|p = 0; let D be the closure in Hp of the set of
functions (z) € C>(Q) for which Aw\F — 0; P and P are the restrictions of
the operator P to the subspaces [ D and D respectively. We shall also assume
that the operator P* adjoint to P with respect to the scalar product (, ), can
be defined as the closure in Ly() of the differential expression P (D), given on

functions v(z) € C*°(Q) for which A v|p = 0.

Let the boundary values of all elements of /ﬁ, ﬁ, and D(ﬁ*) belong to H(T),
and let the differential expressions A, A, B, A’ be extendable to operators
A, A, B, A’, respectively, acting in H(T"), so that

Aglp =0, Vo e D; AYlp =0, v € D;  A'v|p =0, Yo e D(P*);

(PSO’U) - (Qpan) = <A()0|I"§U|F>7 VQO € 57 Vv € D(fﬁ*)

We require, in addition, that the following conditions be fulfilled:
1) (A¢lr, Aplr) <ny|¢?, Vi €D (1 > 0 is a constant);

2) [(A¢lr, Bulp)| < mollellvl, Ve €D, Yo € D(P*) (1, > 0 is a constant;
[0]2 = [vl]? + [Po]?);

3) Hu”2 < a(Au|F, Aulp), Vu € U, representable in the form u = ¢p—¢, ¢ €
D, ¢ €D (a>0is a constant).

Theorem 4. Suppose that all the conditions listed above are fulfilled and that
P is an r.r. operator Py. Ifan, < 1/2 and n, < 1, then P is also an r.r. operator
P,.

According to the indicated scheme one can resolve the question of the stability
of correct problems, both elliptic and non-elliptic (for example, those considered
in (7). Here P is Q-stable if and only if |Qu|? < C|¢|2, Y € D (C >01is a
constant).

The author expresses gratitude to the participants of the seminar of Acad. V.
I. Smirnov for critical remarks that contributed to the improvement of some
formulations.
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