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1. Notation. C is the set of complex numbers; m,n, N, u,v (also with sub-
scripts) are positive integers; M, ... is the set of matrices of size m x n with

elements from C; M,, v M U M (i.e., M is the set of all

nxn: m,n=1 mxn
finite matrices). If A € M,,,,,, then |A| denotes the matrix whose elements are
the moduli of the corresponding elements of A. If A € M,,, then A" denotes
the matrix whose diagonal (off-diagonal) elements are the real parts (moduli)
of the corresponding elements of A. If A € M, , then p(A4) (c(A)) denotes the
maximum modulus (maximum real part) of the eigenvalues of the matrix A. E,,
is the identity matrix of order n; O, ,, is the zero matrix of size m x n; C™ is
the set of all n-dimensional vectors with complex components. The elements of
the matrix A are denoted by a,, or {4,,}. An inequality between matrices is

understood elementwise.
2. If A,BeM,, B isreal and |A| < B, then p(A) < p(B).

Proof. If B > 9,
(the result is known).

3. Theorem 1. If A e M,,, then

see (1), p. 327; for arbitrary B, by passage to the limit

p(E, +hA)—1

o(A) = lim . (1)

h—0+
Proof. Among the eigenvalues of the matrix A whose real part is equal to o(A),
take the one for which the absolute value of the imaginary part is the greatest.

Let 0(A) + i1 be this eigenvalue. Then, for all sufficiently small A > 0, we have
p(E, + hA) = |1+ ho(A) + ihr|, whence (1) follows.

4. Theorem 2. If A,B€ M, B is real and At < B, then o(A) < o(B).

Proof. Choose d > 0 and hy > 0 so that [Ima,,|<d and 1 +hRea,, > 1/2
for 0 <h < hyand pp=1,...,n. Then

n’

|E, + hA| < E, + hB + h*dE,,
for 0 < h < hy, and, consequently (see p. 2),
p(En + h’A) < p(En + hB + h2dEn> < p(En + h’B) + th
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for 0 < h < hy. We apply Theorem 1.

5. A nonnegative function defined on M (on Uzo: C™) is called a matrix
(vector) norm if on each M, ,,, (on each C™) it satisfies the three axioms of
the norm of a linear complex normed space. If ¢ is a vector norm, then the
function @ defined on M by the formula

D(A) Lef sup p(Az) for Ae M, ., (2)
0, +zeCn p()

is a matrix norm (the proof is as in the case of square matrices; cf. (2), p. 124);
we call the function ®, defined by formula (2), the matrix norm induced by
the vector norm .

6. Let 1 < p < +o00. Setting

" 1/p
o(x) %ef (Z ;Uk”) for x=(xy,...,2,)€C™,

k=1

we obtain a vector norm. Let ® be the matrix norm induced by the vector norm
®.
7. Ifpisasinitem 6; v+ + vy =0, T = (Ty1, s Tpy s oo s Ty oo s Ty )
& = (T, - ,x,wk) for k=1,..., N, then

o(x) = e(@(&), .., p(En))-

8. Let pand ® beasinitem 6. If A, B € M,, .., |A| < B, then ®(A) < &(B).
In particular, if ©,,,, < A < B, then ®(4) < ®(B).

The proof is clear.

9. Let g ++puy =m; vy +--+vy =n; A€ M,,,,. Partition A into
rectangular blocks A, of sizes p; x v (j,k =1,...,N). Let ¢ and ® be
as in item 6. Define the matrix B € My by the formula

(B} & ®(A,) for jk=1,.,N.

10. Theorem 3. With the notation of item 9 we have ®(A) < &(B).

By item 7 this is a special case of a theorem of A. Ostrowski ((), p. 177, formula
(IIL. 9)).

11. Let piqy.ee s by, V15 s Uy, @, @ be as in item 9; A € M,

mxn- Let B, denote
the matrix formed from the first Y, _ 11, rows and the first Y7 v,
columns of the matrix A (p =1,...,N). We shall regard the matrix B,

(p=1,..., N —1) as consisting of four blocks: two diagonal ones (B, and
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the block A, , ., of size p,, .y X v, 1) and two off-diagonal ones (of sizes
Hpiq X 22:1 v, and (ZZZI fix) X V1 1). Denote the off-diagonal blocks by

the symbols C, ., , and C,, ;. Put also B, &f By and recursively define
B,, ..., By € M, by the formulas

o(B,)  (Cp )

p
(I)(Cerl,p) <I)<Ap+1,p+1)

12. Theorem 4. With the notation of item 11 we have ®(A) < ¢(By).

By = for p=1,...,N—1.

Proof. By Theorem 3 and item 8 we successively obtain ®(B, ;) < ®(B,,;)
for p=1,..., N — 1, whence (since By = A) the result follows.

13. If ® is a matrix norm satisfying the condition ®(E,,) = 1 for n = 1,2, ...,
then for any A € M,, we put

def ..
Yo(4) = i

®(E, +hA)—1
ST 3)

(the limit exists; see (*), p. 57). The function 4, defined by formula (3) on the
set of all square matrices, will be called the logarithmic norm corresponding to
the matrix norm ®. For properties of logarithmic norms and their applications
see (1); let us note here only that

e (A)] < @(A)

((*), p. 58).

14. Let v; +--+vy =n, A€ M,, and let ¢ and ® be as in item 6. Partition
A into blocks A of sizes v; x vy, (4,k =1,... ,N) and define the matrix
C € My by the formula

o Ay), forj=k
C ) d:f 7@( gk /> )
{ }jk {(I)(Ajk)a for ] :/é k.

15. Theorem 5. With the notation of item 14 we have v4(A) < v5(C).

Proof. Partition E, + hA into blocks of sizes v; X v;. In this case the j-th
diagonal block is E, + hA.., and, by virtue of (3),

Ji

(I)(EVJ‘ + hAjj) =1+ h'7<I>(Ajj> +o(h) ash—0+.

The off-diagonal blocks have the form hA,,. Using this and Theorem 3, we
obtain

®(E, + hA) < ®(Ey + hC) +o(h) as h — 0+,
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whence the result follows.

16. Theorem 6. Let A, B € M,, AT < B; let p and ® be as in item 6. Then

Yo(A) < 7g(B).
Proof is analogous to the proof of Theorem 2, but instead of item 2, item 8 is
used.

17. Theorem 7. Suppose that, under the conditions of item 11, we have

p, = vy for k= 1,..,N. Put ¢, &' B, and define @,,...,¢y € M,
recursively by the formulas

Y8 (€,) (C, +1)
< = p p.p forp=1,...,N —1.
Pl @(Cerl,p) ’V<I>(Ap+1,p+1) P

Then

Yo (A) <7 (Ey).
Proof is obtained from Theorem 5 and item 16 by the same reasoning by which
Theorem 4 was obtained from Theorem 3 and item 8.

18. Theorem 8. Suppose that, in the notation of item 9, we have p;, = v,
for k=1,...,N. Then p(A) < p(B).

Proof. Using block multiplication of matrices, we show that ®(A*) < ®(BF)
for k=1,2,.... We apply Theorem 6 from (5) (cf. (3), p. 185).

19. Theorem 9. In the notation of item 14, we have o(A) < o(C).

Proof. Arguing as in the proof of Theorem 5 and applying Theorem 8, we
obtain

p(E, +hA) < p(Ey + hC + D(h)),

where D(h) is a diagonal matrix of order N whose elements are of order o(h).
Since the off-diagonal elements of the matrix C' are nonnegative, it follows easily
(see item 2) that

p(Ex +hC + D(h)) < p(Ey + hC) + o(h).
Comparing the last two inequalities and using Theorem 1, we obtain the required
result.

20. Theorem 10. Suppose that, in the notation of item 11, we have p;, = v,
for k=1,...,N. Then p(A) < p(By).
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Proof. By virtue of Theorem 8, we successively obtain

p(Bp+1) < p(%p+1) (p = 17 7N_ 1)

But BN == A.
21. Theorem 11. Under the conditions of Theorem 7 we have o(A) < o(€y).

Proof. By virtue of Theorem 9, we successively obtain

U(Bp+1) < J(Q:erl) (p = ]-7 aN - 1)

22. The estimates given by Theorems 3 and 4, with fixed v, ..., vy, are in-
comparable. An analogous assertion is true for the pairs of Theorems 5
and 7; 8 and 10; 9 and 11.

23. Theorems 5, 8, and 9 could have been generalized (with the preservation of
the proofs) to norms as general as those considered in the aforementioned
(item 10) theorem of A. Ostrowski. In Theorem 3 the condition that B be
a square matrix could have been dropped.
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