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MATHEMATICS
R. N. ABDULAEV

THE HOMOGENEOUS RIEMANN PROBLEM
ON CLOSED RIEMANN SURFACES

(Presented by Academician I. N. Vekua, August 3, 1964)

Let, on a closed Riemann surface R of genus p, there be given a contour T,
consisting of a finite number of mutually nonintersecting smooth closed oriented
curves, and a function G € H(I'), G # 0. In [1] it was established that, for
X = indp G > 0, the solvability of the homogeneous Riemann problem for
analytic functions, defined by the boundary condition on the contour I'

o+ = GO, (1)

is equivalent to the solvability of the congruence

X
ZUV(DJ») =), (mod periods) (v=1,2,...,p), (2)
J=1

where Aj, Ay,..., A, are numbers depending on the coeflicient G and on the

surface R (for all notation see [1, 2]), and, in terms of the Riemann 9¥-function,
necessary and sufficient conditions for the solvability of this congruence were
given. In the present work we obtain explicit expressions for the number K of
linearly independent solutions of problem (1) for 0 < x < p — 1 (Theorem 1)
and for p < x < 2p — 2 (Theorem 2).

Define, on the p-dimensional complex space, the function x(zy, 2, ...,zp) =

x(z,) as follows: x(z)) = —1if 9(2)) = V(27 29,...,2)) # 0, and x(2)) = n
if the function 9(z,), together with all its partial derivatives up to order n
inclusive, vanishes at the point (29,29, ..., zg), but at least one derivative of the
function ¥(z,) of order n+ 1 at this point does not vanish. From the properties

of the Riemann ¢-function it follows that, if (e,) = (g,) (mod periods), then
x(e,) = x(9,) [3]-

The subsequent arguments are based on the following assertion [3]: if x(e, +
k,) =mn >0, then
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y u,(D;) (mod periods) (v =1,2,...,p), (3)

@

I
W' hS)
=

and, in modern terms, dim Dy D, ... D, ; =n+1, and conversely, (ki kg, ...y k
are fixed numbers depending only on the surface; [2], Ch. IX, equality (16)).

p

Lemma 1. Any integral divisor of order x, 0 < x < p—1, D;D,...D_, can be

X7
extended to a divisor of order p—1, DD, ... D, _y, in such a way that
dim Dy D,...D, =dim DD, ...D, D, ., ...D, ;.
Theorem 1. If0 < x < p—1, then
p—x—1
K= Ir%lé%x ( ; uu(Pj) + A, + ku> + 1. (4)

Proof. Consider first the case K = 0. By virtue of Theorem 2 of [1], there
exists a divisor P{P; ... P/, ;| such that

9 ( _Z_ u, (P)+ A, +k,> £0, (5)

J

and therefore
p—x—1
gé%x ( 2. u, (P;) + A, + ky> =—1 (6)

Conversely, from (6), by definition, (5) follows; whence, on the basis of Theorem
2 of [1], we have K = 0.

If K > 1, then comparison (2) is solvable and K = dim D;D, ... D, . Using
Lemma 1, we obtain

K =dim DD, ... Dx = Ilgnir}%dim D, D, .. DXP1P2 prxfl =
€
J
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The theorem is proved.

Lemma 2. If dim P, P, ... P, > 1, then, in order to satisfy the comparison

Zuu(Qj) = Zuu(Pj) (HlOd periods) (V = 1a2a 7p)a

j=1 j=1
at least one of the points Qq,Qy, ..., Q, may be prescribed arbitrarily, and con-

versely.

Let now x > p. In this case comparison (2) is always solvable, and, moreover,
X — p points D, q,..., D, may be prescribed arbitrarily.

Theorem 2. If p < x <2p—2, then

x—p+1
K:;)?é%x()\y— ; ul,(Pj)-i-k,,)-l-X—p-l-Q. (7)

Proof. From the Riemann-Roch theorem it follows that K > x—p+1. Consider
first the case K = x — p + 1. It is known ((2), lemma on p. 154) that, in the
equivalence class of divisors satisfying comparison (2), one can find such a divisor
DiD;...D, D, ... D) that dim D} D ... D), = 1. Then the function

P ptl
9 (u(P) — (Zp: u, (D) + kl,> )

is not identically equal to zero, and its zeros are the points D}, Ds, ..., D [2].
Taking a point D" different from D1, ..., D/, we shall have

v <>\l/ - i uz/<D;> - ul/(D/) + ku) =1 (UV(D/)i

— ()\U — ‘zx; u, (D}) + ku>> =C9 (uU(D’) - (i u, (D) + kl,>) +0

(C is a nonzero constant), whence it follows that

X—p+1
min ()\l, — Z u, (P;) + k:l,> =-1. (8)

P;eR ~

Conversely, suppose that (8) holds, or, what is the same thing, there exists a
divisor Q1Q5 Q) _,;1 such that
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’ (Ay > uy(Q;-HkV) +0. o)

=1

Inequality (9) means that the congruence

p—1 x—p+1
Z“u<Dj> =\, — Z u,(Q}) (mod periods) (v=1,2,...,p) (10)
=1 =1

is unsolvable; hence, on the basis of Lemma 2, we conclude that if the divisor
DD, D, is a solution of the congruence

) X—p
Zuu(Dj) =)\, — Z u,(Q}) (mod periods) (v=1,2,...,p), (11)
=1 =1

then dim Dy D, - D, = 1; consequently,

dim D, Dy D, Q1 Q%+ Q) <X —p+1.

On the other hand, by the Riemann-Roch theorem,

dim D, Dy D,Q1Q5 Q) = x—p+1.

pP—X

Finally we have

K =dimD, D, D,QiQ5 Q) = x—p+1.

Let now K > x —p + 1. From Lemma 2 it follows that congruence (10)
is solvable with respect to the points Dy, D,,...,D, ;, whatever the points
Q1,Q%, ..., Q;(_pﬂ may be. Denote by A the equivalence class of divisors satis-
fying congruence (2), and by § the set of all divisors of order p — 1 which are
sub-divisors of divisors of the class A. From the above-mentioned lemma ((2),
p. 154) it follows that

IgirgldimD:dimA—X-Fﬂ-FlZK—X—I-,O—l.
€

As is easily seen, the divisors Dy Dy~ D, ; = D which are solutions of congru-
ence (10) exhaust the whole set 6, when the points @1, @5, ..., Q,_,.; indepen-
dently describe the entire surface R. Thus,
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K=x— 1 in dim D
X—p+ +%1é%1 im
p—1
= min x (Z%(Diju) +Xx—p+2
J

xX—p+1
= minx()\u Z uy(Pj)Jrky) +x—p+2.

=1

The theorem is proved. Formula (7) can be obtained from the relation

K=K+x—-p+1,

where K’ is the number of linearly independent solutions of the problem con-
jugate to the original one. The conjugate problem is equivalent to a certain
congruence with 2p — 2 — xy unknown points, and, therefore, Theorem 1 may be
used to calculate the number K’. Finally, we note that for x > 2p — 2,

K=x—p+1.

The theorems stated above are applicable to the study of the Hilbert problem
determined by prescribing on the boundary of a finite surface (in particular, of
a multiply connected domain) the condition

Re[(a —ib)F] =0,

since this problem, in a known way (4), is reduced to problem (1) on the double
of the given Riemann surface.
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