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PLITUDE FOR SOME BOUNDARY-VALUE
PROBLEMS IN THE PLANE

(Presented by Academician A. A. Dorodnitsyn, 23 XII 1964)

Let us consider the equation

0%u(x,t _
% + P(9/0z)u(x,t) = f(x)e™!, z>0;t>0, (1)
where P(a) = ay,,a*™ +-+-+a;a+a, is a polynomial of degree 2m with constant
real coefficients, signa,,, = (—1)™; f(z) is a finite function for z > 0; w > 0 is
a real number.

Let u(z, t) be a solution of equation (1), bounded in the domain D{x > 0, ¢t > 0},
satisfying on the boundary of this domain the conditions

ul,_y=0, u|_=wlx), 220 (2)
o, 4
~. u
Zbij@ =0, 2m—1>0; > >0, >0, (3)
=0 =0
where ¢(x) is a finite function; b;j, 7 =0,...,0; i =1,...,m, are real constants,
b;,. #0,i=1,...,m. We are interested in the behavior of the solution u(z,t)

of problem (1), (2), (3) as t — cc.

Consider the ordinary differential equation

P(d/dz)w(z,\) + Nw(z,\) = F(x), x>0, (4)

with complex parameter A and with a finite function F'(x).

Denote by a;(\), ..., q,,,(\) the a-roots of the polynomial P(a) + A2. Then,
for sufficiently large ReA > 0, one half of these roots have positive real
part: Rea;(A) > 0, j = 1,...,m, and the other half have negative real part:
Rea,,,;(A) <0, j=1,...,m. Denote by A = \;, j = 1,..., N, all finite branch
points of the roots a;(A), ..., @g,, (A). The order s; of the branch point A = A,
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J=1,...; N, will mean the greatest number of roots which at the point A = A,
take one and the same value.

Lemma 1. For sufficiently large Re A > 0 there exists a unique solution w(x, \),
bounded for 0 < x < oo, of problem (4)—(3).

There exists a constant A; = A;(b) such that for |A| >b >0

lw(z, \)| < Ay /|A|@m=D/m for all z € (0,00).

The function w(z, A) is an analytic function in the A-plane and may have critical
points (branch points) only at A = oo, A = A, j =1,...,N. Cut the complex
A-plane along straight lines parallel to the real axis, to the left of the points
A=A, j=1,..,N, to infinity. Everywhere in what follows we shall consider
only that branch of the function w(z, A) which is the analytic continuation of
the function w(z, A) defined by Lemma 1.

Lemma 2. In a neighborhood of the point A = Ajyj=1,...,N, the function
w(z, \) has the representation

TU(SU,)\) = A2($>/<>\ - >‘j)172/sj +’L’Ej(l'7>‘>a j = ]-7 "'7Na

where Ay(z) is uniformly bounded for z € [0, X]; @;(z, \) =

= o(1/|]A = A" 7%%)
uniformly in « for « € [0, X], X > 0 an arbitrary fixed number.
With the aid of Lemmas 1 and 2, Theorems 1 and 2 are proved.

Theorem 1. Let the function f(z) be continuously differentiable, and let the
function ¢(z) have m + 1 continuous derivatives. Let f(0) = 0, ¢(0) = 0,
©'(0)=0,...,0™(0) = 0.

Then there exists a unique solution u(z, t) of problem (1), (2), (3) in the domain
{z > 0, t > 0}, bounded in z, x € (0,00), for any t > 0, together with all
derivatives with respect to « up to order (2m — 1).

Theorem 2. If ReX;=0,j=1,...,N, w + Aj, j=1,..., N, then there exists
a function v(x) such that, as t — oo,

fu(, et — o(a)| < Ay(x) 2", (5)

where Ag(z) is uniformly bounded in z € [0, X]; X > 0 is an arbitrary fixed
number; s is the largest of the numbers sq, ..., sy

If the order of equation (1) m > 1, then the exponent —2/s in inequality (5) is
exact; if m = 1, then inequality (5) may be replaced by the inequality

u(z, t)e ™ —v(z)| < Ag(z)e ™,
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where § is an arbitrary positive number.

The function v(x) in Theorem 2 is called the limiting amplitude. It is the limit,
as A — iw, of the function w(x, A) defined in Lemma 1, if in equation (4) one
sets F'(z) = f(x). For some special cases of equation (1), the function v(x) can
be determined without using analytic continuation of the function w(z, \).

Theorem 3. If the polynomial P(«) is even, then the function v(z) is the
unique solution of the equation

P(d/dz)v(z) — w?v(z) = f(z), = >0,
which for z = 0 satisfies conditions (3), and as x — oo satisfies the conditions

|v(z)] < C, C >0 isa constant,

dP;(d/dz)v(z)/dx +i0;pj(d/dr)v(z) = o(1), j=1,..,n, (6)
where
Pj(a) = (P(a) —w?)/(a® + 9?), ji=1,...,n;
P(a) = (a® + 03) - (a® + 02) P(c);
9? are real, j =1, ..., n, and the polynomial ’ﬁ(a) has no imaginary roots.

Conditions (6) are radiation conditions of the Sommerfeld-Vekua type (1). We
note that Theorem 3 remains valid also under less stringent restrictions on the
polynomial P(«).

The problem of the limiting amplitude was first posed in work (2) for the
Cauchy problem for the wave equation in three-dimensional space. For exterior
boundary-value problems for the wave equation, the limiting-amplitude problem
was considered in works (3-5).

The results obtained above remain valid also in the case where, instead of prob-
lem (1), (2), (3), one considers problem (17), (2"), (3), where (1’) is an equation
of Schrédinger type (it is obtained from (1) by replacing 8%/9t? by i9/dt), and
(27) is u(z, t)|,—o = 0.
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