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1. In (}) generalized solutions of differential equations in Hilbert space were
studied. The coercivity inequalities established in (?) for equations in a Banach
space made it possible to obtain, for such equations, analogous and, in a certain
sense, stronger results. Namely, for solutions of homogeneous equations with a
variable operator, under minimal restrictions on the smoothness of this operator,
it is possible to obtain the same estimates (point singularities) as in the case
of a constant operator (Theorems 4 and 5). Such estimates are important in
applications to nonlinear equations (see, for example, (1, 3)).

2. Let A be a strongly positive operator in a Banach space E. This means that A
generates an analytic semigroup exp{—tA}, whose norm decreases exponentially.
From the operator A we construct the spaces E,(A) (0 < a < 1) with norms
lo|2. If A, is strongly positive and D(A;) = D(A), then E, (A;) = E,(A) and
the norms [v]4* and |v|4 are equivalent (see (2, 4)). Therefore, in what follows,
in the notation of spaces and norms constructed from operators with the same

domain of definition, the designation of the operator is omitted.

Consider in E the problem

vV4+Av=f(t) (0<t<T), v(0) = v,. (1)

By a generalized solution of problem (1) in B,([0,T], E)* (1 < p < o0) we
shall mean an absolutely continuous function v(¢) on [0,7] which satisfies the
equation and the initial condition (1) almost everywhere and has the property:

(a) the functions v', Av € B, and the function v(t) is continuous in E,,
(1/p+1/qg=1).

If for every function f(t) € B, and for every element v, € E, ,, there exists a
unique generalized solution in B, of problem (1) and the inequality
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[v'll5, + 1Avlp, + max [v(t)]1/q < Kp(A) (115, + [voly/p), (2)

holds, then we shall say that coercivity in B, holds for problem (1). If this fact
holds in some one B,, , then it holds in every B, (*).

Theorem 1. Let coercivity in B, hold for problem (1). Then, for the analo-
gous problem with an operator A, having the same domain of definition as A,
coercivity in B, also holds.

T 1/p
* B,([0,T], E) is the Bochner space with norm ||11||Bp = (/ v(®)|P dt)
0

(see (%)),

This theorem makes it possible to establish coercivity for equations with a com-
plex operator Ay, if it holds for equations with a simple operator A.

3. Let us consider a problem more general than (1),

v+ Ao+ F(to = f(t) (0<t<T),  v(0)=wvy (3)

Suppose that A(t), for each t € [0,T], is strongly positive, D[A(t)] = D[A(0)] =
D, and the operator-function A(t)A~1(0) has only discontinuities of the first
kind. Suppose that F(t) is closed, D[F(t)] D D, and the operator-function
F(t)A71(0) is strongly measurable.

By a generalized solution of problem (3) in B, we shall mean an absolutely
continuous function v(¢) on [0, 7] which, for almost all ¢, satisfies the equation
and the initial condition (4), and possesses property (a) with the operator A =

A(0).

Theorem 2. Suppose that for each fived t € [0,T], for problem (1) with the
operator A = A(t), coercivity holds in B,. Suppose that for all t € [0,T] and
v € D the inequality |F(t)v]| < 0(t)[|A(t)v] + Clv| holds, with §(t)K,[A(t)] <
§ < 1, where K,[A(t)] is the constant occurring in inequality (2). Then, for any
f(t) € B, and vy € Ey,, problem (3) has a unique generalized solution in B,
and inequality (2) holds with A = A(0).

This theorem generalizes Theorem 1 of (1).

4. Consider the homogeneous problem

v+ At)v=0 (r<t<T), v(T) = vy.
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We shall denote its solution by U(t, 7)v,. By Theorem 2, U(t, ) is an operator-
function, strongly continuous jointly in ¢ and 7, for 0 < 7 <t < T, in any space
E,, satisfying the condition U(t,7) = U(t,s)U(s,7) (1 < s < t). The following
holds (cf. (1), Theorem 2).

Theorem 3. For any 0 < a<f<1,0<7<t<T, the inequalities hold

[U(t,7) = I]vl, < Cla, )t — 7|7 vlg (v E Ep),

t f—o
V |U<sm>v|}!<ﬁ‘“>ds] <C,Pll,  (veE,).

If a < B3, then in the left-hand sides of these inequalities the norms |w|., may be
replaced by the norms | AY(0)w].

In proving this theorem, inequalities of the form (2), moment inequalities from
(4), and the inequality

ol < Cla— By = B)lold V| )0 (02

(v € Es, § =max{a,7}),

valid for any o € (0,1), v € [0,1], & # , and B € (a,7y), are used.

The second of the inequalities of Theorem 3 means that the operator U(t,7)
acts not only in E,,, but, for almost all ¢ > 7, from E, into Ej.

This assertion can be sharpened.

Theorem 4. For any 0 < a < <1 and 0 <7<t <T, the inequality

Ut m)vlg < Cla, Bt —7|* Pl (vEE,). (4)

holds. If e < 3, the norm |w| 5 on the left may be replaced by the norm | AP (0)w).

Theorem 5. Suppose that for any t € [0,T] and o € (0,1), the operator
A(t) admits closure to a bounded operator from E, to Ej_,, and suppose that
this closure is an operator-function having only discontinuities of the first kind.
Then, for any 0 < a <1 and 0 <7 <t <T, the inequality

Ut Tl < Cla)ft —7[o]  (ve E). ()

holds.
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If, on the left, the norm |w],, is replaced by the norm |A%(0)w|, then (5) is valid
for a > 0.

We note that the conditions of Theorem 5 are satisfied when A(t) is an elliptic
operator in the space L,,(€2) with normal boundary conditions (for the definition
of a normal elliptic operator see, for example, (6)).

We outline the proofs of Theorems 4 and 5. From the identity

v'(t) + A(m)u(t) = [A(r) = A@D)e() (T <t<T),

which is satisfied by the function v(t) = U (¢, 7)v, it follows that
U(t,7)v = exp{—(t — 1) A(T) }v+

+/ exp{—(t — s)A(T)}A(T) — A(s)|U (s, T)vds = exp{—(t — 7)A(T) }v+

t

T LTW exp{~(t — ) AMYAW) — A0 (5,57 ) asv (“57 ) ot

+9Xp{—t;TA(T)}/T(t+T)/2 exp{— (t—;T — s) A(T)} X

x[A(T) — A(s)]U (s, T)vds. (6)

For simplicity, suppose that A(t)A~1(0) is continuous. Then it follows from (6)

that
t
U( +T,T>v

where ¢ — 0 as t —7 — 0. Here, to estimate the integral

/(t+7')/2

the coercivity inequality (2) was used with p = 5/(1 — ), and to estimate the
integral

Ut 7)vls < Clt = 7*Plol, + &

+ C|t - 7—|O¢—/3|,U|a7
B
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t

A+‘r)/2

inequality (2) was used with p = a/(1 — «). Hence (4) follows at once. If now
one uses the condition of Theorem 5 to estimate

/(t+r)/2

then, for a > 0, one can obtain the inequality

Ut m)v]y < Clt—7["ov] +¢

U(t—;T,T>v

(t+7)/2
+€|t—7’|71/ |U(s, )|, ds.

[e3

From this (5) follows for a« > 0. To estimate |U(t,7)v|, one must use the
estimates already obtained and the identity (6).

5. From (5) it follows that, under the conditions of Theorem 5, the operator-
function U (¢, 7) is strongly continuous jointly in the variables in E. Hence
it follows (cf. (1), Theorem 3).

Theorem 6. The generalized solution in B, of problem (3) for F'(t) = 0 has
the form

t
o) = U0 + QI where QF(®) = [ Ult,s)f(s)ds:
0
The smoothness properties of the operator @ f(¢) are described by the analogue

of Theorem 4 from (1):
Theorem 7. Let 0 < o, <1, 0<t<t+At<T, f(t) € B, 5. Then

N B
|Qf(t+ At) — Qf(t)|, < At PC(a, B) l/ I (s)|M/7 dS} (a+p < 1),
0

p B+ra—1 + B
{ / Qf (s PreY dsl < C(a, B) [ / TOIRE ds} (a+8>1).
0 0
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If a4+ 8 # 1, then on the left the norm |w|, may be replaced by the norm
|A%(0)w].
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