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As has become clear in recent years, in a number of problems of functional
analysis and mathematical physics (the study of linear and nonlinear elliptic
and parabolic equations, Fourier series in eigenfunctions of elliptic operators,
justification of the Fourier method, analysis of certain approximate methods,
etc.) an important role is played by the theory of fractional powers A” of linear
operators A (see, for example, (178)). In this theory one of the basic questions
is the question of from which spaces into which the operators A™ act, if it is
known from which spaces into which the operator A acts.

Let €2 be a bounded closed subset of a finite-dimensional Euclidean space. Below,
A(z; h) denotes the measure of the set of those points s €  at which |z(s)| > h.

In the article we use the Lebesgue spaces £,, Lorentz spaces A,, and
Marcinkiewicz spaces M,, 0 < o < 1 (see (%10)). For a = 0 these spaces
coincide with the space of essentially bounded functions:

lz(s)lle, = l2(8)a, = l2(s)llas, = vraisup |a(s)].

The spaces £, and A, for 0 < o < 1 are Banach spaces and consist of functions
for which the corresponding norm is finite,

(o), = § [t d} fe(o)l, = | A ] .

The space M, for 0 < a < 1 is Banach and consists of functions with finite
norm

Jo()lar, = sup (mes D)1 [ [a(s)] ds.
DcQ D
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The space M, is not Banach; it consists of functions with finite quasinorm

lz(s)[hy, = sup hA(z;h).
0<h

<oo

The closure in M, of the set of finite-valued functions will be denoted by M?.

The sets of those points of the square 0 < «,8 < 1 for which the linear
operator A acts from £, into £ and is continuous will be called (see ()
the <£-characteristic of the operator A and denoted by <£(A4;cont.). The
L-characteristic £(A;abs. cont.) is defined analogously.  Obviously, each
L-characteristic, together with the point {ay, 8y}, contains all points {a, 5} for
which 0 < o < o, By < f < 1. Theorems on interpolation of continuity and
complete continuity properties (see (1213)) mean that the £-characteristics are
convex.

The main aim of the present article is the construction of the £-characteristics
of fractional powers A™ from the corresponding £-characteristics of the operator
A. Tt seems to us that the other results of the article are also of independent
interest.

1. A closed linear operator A, acting in a Banach space E, is called positive
if for all A < 0 there exists the operator (A — A)~!, defined on all of E,
and if

INAM —A) <M (A<0).

In ("®) positive and negative fractional powers A7 of positive operators are
defined and studied. We shall consider an operator A which acts in all the
spaces L for 8 € (5, B;) and is a positive operator. Denote by Ag the fractional
power of A as an operator in Lg; it is easy to see that Ag/, is an extension of
the operator A7, if B” > [3’. Therefore one may simply speak of the operator
AT, omitting the index .

We shall consider only fractional powers A7, where 0 < 7 < 1. These fractional
powers may be regarded as defined, for example, by the equality

/ AL + A) L Az d.
0

Theorem 1. Let the operator A be positive in each space L4, B € (By, 81). Let
the curve

a=npB) (B <B<h), 1)

where n(B) is a nondecreasing function, lie in the £-characteristic £(A; discont.)
or the £-characteristic £(A; abs. discont.).
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Then the corresponding £-characteristic £(AT; discont.) or £L(AT; abs. discont.)
of the operator AT, where 0 < 7 < 1, contains all such points {a, f} that

a<(l=7)8+7n(p). (2)
Theorem 2. Let the conditions of Theorem 1 be satisfied and let the curve (1)
be a segment lying under the line § = «.

Then the corresponding £-characteristic £(AT; discont.) or £(AT; abs. discont.)
of the operator AT, where 0 < 7 < 1, contains all points of the segment

a=1-7)8+m(B)  (By<B<pb). (3)

The proofs of Theorems 1 and 2 use the moment inequalities for positive oper-
ators A (see (8)):

|47l 4, < k(B)|Ax]7, =5

Next, the theorems formulated in the following item are applied, along with
various interpolation theorems for properties of discontinuity and complete dis-
continuity (see (%:12716)),

2. Let E' and E; be two arbitrary Banach spaces. By xp we shall denote the
characteristic function of the set D C €.

Theorem 3. Suppose linear operators A, B on each characteristic function x p
satisfy the inequality

IBxple < kI AXpIE, IXolZ" (4)
where 0 < 7 < 1. Suppose A is continuous as an operator acting from the
Lorentz space As into E.

Then the operator B acts from the space Aa< ), where

T,7,6

a(r,7,0) =15+ (1 — 1)y, (5)

into the space EE and is continuous.

A subspace F' C Ej is called determining if, for some a > 0,

sup  |f(x)| > alz| (€ Ey).
JeF, |fl=1

Theorem 4. Suppose that the linear operators A, B, on every finite-valued
function z(s), satisfy the inequality
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|Bzlp < klAz|F, |2l (6)

where 0 < 7 < 1. Suppose that A is completely continuous as an operator acting
from the space As, where 0 < § < 1, into E,. Suppose that the values of the
operator A* adjoint to A, on some determining subspace F' C Ej, lie in M?f 5

Then the operator B acts from the space A
continuous.

a(rqy,0) into E and is completely

Theorem 5. Suppose that inequality (6) is fulfilled on functions of the form

z(s) = (mes D1)_5XD1(5) — (mes D2)_6XD2 (s) (D1, Dy C Q). (7)

Suppose that A is completely continuous as an operator from A into £, where
0<do<y<

Then B is completely continuous as an operator from £, into E for all a €
[0’ a<7—7 77 6))'

3. We shall call an operator B symmetric if (Bx,y) = (z, By) for all finite-
valued functions z(s),y(s).

Theorem 6. Suppose that a symmetric operator B satisfies, on every charac-
teristic function xp(s), the inequality

IBxplar, < klAXDIE, IXDlE T (8)
B ¥

where A is a continuous operator acting from A; into E,. Suppose that the
inequalities 0 < 7,0 <1, 0 < 8 < 1, B < af7,7,9) and a(r,v,0) # 1 — 5 are
fulfilled.

Then B is continuous as an operator acting from each £, (0 < A < 1) into
the corresponding £y, where

T()‘> = (1 - )‘)a(Tv’W 6) + /\<1 - 6>’ Q()‘) = (1 - )‘)6 + )‘[1 - Oé(T, s 6” (9)

It is natural to expect that the complete continuity of the operator A implies
the complete continuity of the operator B. We have been able to establish this
fact only under certain additional assumptions.

4. We give one new theorem on interpolation of the property of complete
continuity.

Theorem 7. Suppose that the operator A is completely continuous as an
operator from A, into My and continuous as an operator from A, into Mg ,
where 0 < 8, <y <1, 0< 8, <ay <1, ag # ay, By + B- Suppose that one
of the conditions is fulﬁlled.
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1) 0§B<18uf1dAAa0 CMOO;

2) 0 < a<1and A*A CM&BO.

1—ay

Then A is completely continuous as an operator from £, into £4,), where
0<A<1and

aA) = (1=XNag + Aoy, BA) = (1=A)B + AB;.

5. Let © be a bounded domain in n-dimensional space with sufficiently
smooth boundary I'. Let C be an elliptic operator defined by the dif-
ferential expression

Cu(x) = Z a, () D u(x) (10)
0<|r|<2k

and boundary conditions of general form

Bou(r)= Y by@)Dul)  (G=1,..k m;<2k—1).

0<|r[<m;

Here, as usual, 7 = (r,...,7,); 7| = r{+--+7r,; D" is a derivative generalized in
the sense of S. L. Sobolev (17). In what follows it is assumed that the operator
C is positive in each space £,, 0 < a < 1. Conditions for the positivity of
elliptic operators are indicated in (1%19). By T? (0 < v < 1) we shall denote
the part of the unit square 0 < «, 8 < 1 consisting of the points lying above
the line 8 = a — v (0 < a < 1); and by T, the union of 79 with the segment
B=a—v(0<a<l).

Let 2k < n. From the embedding theorems of S. L. Sobolev (17) and the coerciv-
ity inequalities (1) it follows that the <£-characteristic £(C~!; discontinuous)
contains the set Ty, ,,, while the £-characteristic £ (C~1; completely discontin-
uous) contains the set TQOk In From the general Theorems 1 and 2 there follows
the validity of an analogous assertion for the operators C~7.

Theorem 8. Let 2k < n. Then the £-characteristics £(C™7; discontinuous)
and L(C~T; completely discontinuous) of the fractional powers C~7 (0 < 17 < 1)
of the positive elliptic operator C' contain, respectively, the sets Ty, and T2Ok—r/n'

Stronger assertions for self-adjoint elliptic operators of second order (k = 1) are
contained in the papers of P. E. Sobolevskii (2%2!), where estimates of Green’ s
functions and their derivatives are obtained for fractional powers C~7 of elliptic
operators C' of second order. These estimates make it possible to study the
operators C~7 also in families of function spaces different from £,.

The assertion of Theorem 8 concerning the £-characteristic £(C~7; completely
discontinuous) was obtained by V. P. Glushko by another method.

sovietrxiv.org/items/ru-196501.07985 Machine Translation


https://sovietrxiv.org/items/ru-196501.07985

Voronezh State University

Received
17 IV 1965

CITED LITERATURE

L' M. A. Krasnosel skii, Topological Methods in the Theory of Nonlinear Integral
Equations, 1956.

2 M. A. Krasnosel' skii, S. G. Krein, DAN, 111, No. 1 (1956).

3 P. E. Sobolevskii, Tr. Moscow Math. Soc., 10, 297 (1961).

4 M. A. Krasnosel’' skii, E. I. Pustyl’ nik, DAN, 122, No. 6 (1958).

5 T. Kato, Fractional Powers of Dissipative Operators, Preprint, 1961.

6 T. Kato, Proc. Japan Acad., 36, 94 (1960).

7 A. V. Balakrishnan, Pacif. J. Math., 10, No. 2 (1960).

8 M. A. Krasnosel' skii, P. E. Sobolevskii, DAN, 129, No. 3 (1959).

9S. G. Krein, E. M. Semenov, DAN, 138, No. 4 (1962).

10 B, M. Semenov, DAN, 148, No. 5 (1963).

11 P, P. Zabreiko, M. A. Krasnosel’ skii, UMN, 19, issue 5 (1964).

12 M. Riesz, Acta Math., 49, 465 (1926).

13 M. A. Krasnosel’ skii, DAN, 131, No. 2 (1960).

14 J. Marcinkiewicz, C. R., 208, 782 (1939).

15 A. Zygmund, J. Math. Pure and Appl., 35, 223 (1956).

16 . M. Stein, G. Weiss, J. Math. and Mech., Indiana, 8, No. 2 (1959).

17°S. L. Sobolev, Some Applications of Functional Analysis in Mathematical
Physics, L., 1963.

185, Agmon, A. Douglis, L. Nirenberg, Estimates of solutions of elliptic equa-
tions near the boundary, IIL, 1962.

19°S. Agmon, Comm. Pure and Appl. Math., 15, No. 2 (1962).

20 P. E. Sobolevskii, DAN, 138, No. 2 (1961).

21 P. E. Sobolevskii, DAN, 142, No. 4 (1961).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196501.07985 Machine Translation


https://sovietrxiv.org/items/ru-196501.07985

	Abstract
	Full Text
	ON FRACTIONAL POWERS OF ELLIPTIC OPERATORS
	CITED LITERATURE


