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This note is a continuation of the work (7). We shall adhere to the conventions
adopted in the introductory part of (7). In particular, by a “function” we shall
everywhere (with the exception of Remark 2) mean a constructive function
defined everywhere on the segment 0A1. By § and 7 we shall, as before, denote
certain fixed algorithms that transform every integral sum respectively into its
value and its mesh.

Let us adopt the following further definitions. A sequence S of integral sums of
a function f is called regularly contracting if, for every n, one has 7(S(n)) <
27" A word of the form r,Or O...0Or, ,0r,, where r,, (m = 0,...,n) are
rational numbers such that ry =0, r, =1,and rqy <r; < .. <r,_; <r,, We
call a rational partition.

Let
Sy = &{0OPOu

be an integral sum of the function f, and
P=rosxg*r)*xx k. k7, | *T, 1 *x7,.

Then the rational partition roOr;0...Or,_,Or, we call the rational partition
corresponding to the integral sum S;,. One can construct an algorithm D
that transforms every integral sum into the rational partition corresponding to
it.

1. The definition of Riemann integrability (R-integrability) given in (7) is the
natural analogue of the classical -9 definition. Below we shall refer to this
definition as Definition 1 of R-integrability. At the same time, in classical
analysis a definition of R-integrability in the “language of sequences” is
used. The analogue of such a definition is the following definition.

Definition 2 of R-integrability. A function f is called R-integrable on 0A1
if one can construct an algorithm o such that, for every regularly contracting
sequence S of integral sums of the function f, the algorithm o is applicable
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to €S} and transforms €S} into a record of the convergence regulator of the
sequence of FR-numbers (§ 0 .5).*

Functions R-integrable on 0Al by virtue of Definition 1 will be called R-
integrable in sense 1. Functions R-integrable on 0A1 by virtue of Definition 2
will be called R-integrable in sense 2.

Theorem 1. Every function R-integrable on 0A1 in sense 2 is R-integrable on
0A1 in sense 1.

Since, on the other hand, it is obvious that every function R-integrable on 0A1
in sense 1 is R-integrable on 0A1 in sense 2, it follows, by Theorem 1, that
Definitions 1 and 2 of R-integrability are equivalent.

Remark 1. The known classical proof of the assertion corresponding to Theo-
rem 1 is a pure existence proof (cf. (%), p. 118 and (3), p. 96), whereas Theorem
1 should be understood in the following way: one can construct an algorithm
transforming

* (80 9) denotes the composition of the algorithms S and d (see (1)).

any word of the form & f}[0¢o}, where f and o satisfy Definition 2, into a record
of a regulator of integrability of the function f.

The proof of Theorem 1 has some similarity with the proof of the main theorem
in (*) and rests on the following lemmas.

Lemma 1. In order that a function f be R-integrable on 0A1 in the sense of 1,
it is necessary and sufficient that there exist a sequence of rational partitions T
and an algorithm X\ of type (N — N) such that, for every k and any integral sums
S, and S, of the function f satisfying the condition D(S,) = D(S,) =T (A(k)),
the inequality |§(S;) — 8(Sy)| < 27F holds.

Lemma 2. One can construct an algorithm € such that: 1) for every word
mE fOT0u, where m is a natural number, T} is a rational partition, f
is a function, u is an FR-number, from &€(mO¢f10OT,0u) it follows that
C(mOgfIOT,0u) is an integral sum of the function f, D(€(mOEf 10T 0uw)) =
T, and |6(€(mOEFOT,0u)) — u| > 27™; 2) if there exists an integral sum S;
of the function f satisfying the conditions D(S;) = Ty and |6(Sy) —u| > 27™,
then 1€(mOE F10OT,0u).

In the proof of Theorem 1 the lemma {6}(*) is also used essentially.

Remark 2. Following the pattern given above, it is easy to give definitions,
analogous to 1 and 2, for the case of an arbitrary segment of integration zAy.*

Theorem 1 remains valid for constructive functions R-integrable on an arbitrary
segment zAy, i.e. one can construct an algorithm that transforms every word
of the form xAy¢ f}0&0}, where f and o satisfy the correspondingly modified
Definition 2, into a record of a regulator of integrability of f on xAy.
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2. We shall say that an F-number ¢ is conditionally equal to an FR-
number z if every F R-number with the same basis as ¢ is equal to z.
When these conditions are fulfilled we shall also say that z is conditionally
equal to q.

It is easy to see that for every R-integrable function one can construct an F'-
number conditionally equal to its R-integral.

There is, in a certain sense, a converse assertion.

Theorem 2. One can construct an algorithm transforming every F-number
into a record of a function R-integrable on 0A1 with R-integral conditionally
equal to this F-number.

Denote by @ an exact disjoint 1/2-bounded segment covering of 0A1 (see (%),
Theorem 2.3).

Lemma 3. One can construct an algorithm & such that for everyn: 1) &, is
a function R-integrable on 0A1; 2) & o vanishes on the segments @, ..., @, ; 3)
for every x from 0A1 one has 0 < &, n(z) < &, 4(x) < 1; 4) the R-integral
of the function &, is not less than 1/4.

Let now A be an arbitrary sequence of rational numbers. Denote by ¢, the
R-integral of the function &, and consider the series

2(0) %D Z (k+1) - (k’))%éku(fﬂ)-

Using properties 2) and 4) of the algorithm &, it is easy to show that this
series converges for every x from 0A1 (cf. (%), Theorem 3.1). Suppose that
the sequence 2 is fundamental. Then, using property 3) of the algorithm &
and the inequalities 1/4 < ¢, and ¢, ,; < ¢,, which follow from properties 3)
and 4), with the aid of estimates connected with the Abel transformation (see
(3), p. 308, lemma), one can show that the series under consideration converges
uniformly on 0AL.

* Tt is not excluded that = = y.

From these remarks, and also from the fact that in constructive analysis the
theorem on termwise integration of a uniformly convergent series of R-integrable
functions is valid, Theorem 2 follows easily.

Theorem 2 is a strengthening of Theorem 2 from (7).

3. Let us recall that a function f is called uniformly continuous on 0A1l
if one can construct an algorithm p of type (N — N) such that

vnVay(((z,y € 0A1) & (lv —y| <277")) D (|f(z) = f(y)| < 27)).
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Let z;Azy be a segment contained in 0A1 (i.e. 0 < z; < 2z, < 1)*. We shall
say that the function f is effectively nonuniformly continuous on z; Az, if
there exist a natural number k and sequences of F'R-numbers a; and a, such
that

vn ((aq(n), az(n) € 21A2) & (Jay(n) —ay(n)] <277) &
& (|f(ay(n)) — flag(n))| = 27F)).

We shall say that the function f is everywhere effectively nonuniformly
continuous on 0A1 if it is effectively nonuniformly continuous on every non-
degenerate segment contained in 0A1.

From Lemma 1 it follows in an obvious way that every function uniformly con-
tinuous on 0A1 is R-integrable on 0A1l. As was noted in (7), there also exist
functions effectively nonuniformly continuous on 0A1 that are R-integrable on
0AL.

I. D. Zaslavskii and G. S. Tseitin constructed an example of a function every-
where effectively nonuniformly continuous on 0A1 ((5), Theorem 3.5). It is not
difficult to show that the Zaslavskii-Tseitin function is effectively not Riemann
integrable on 0A1. In this connection there arises the question of the existence
of such R-integrable functions. A positive answer to this question is given by
the following theorem.

Theorem 3. One can construct a function everywhere effectively nonuniformly
continuous on 0A1l and R-integrable on 0AL.

The construction of a function satisfying Theorem 3 is based on certain prop-
erties of the construction of I. D. Zaslavskii ((6), Theorems 4.2 and 5.2). In
contrast to Theorem 3.5 from (5), the apparatus of singular coverings is not
used.

The author expresses gratitude to A. A. Markov and N. M. Nagornyi for their
great attention to this work.
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* 21 < zy is understood as an abbreviation for the assertion “it is false that

Z1 > 297
Note: Figure translations are in progress. See original paper for figures.
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