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Abstract
Full Text

Physics
A. B. MIKHAILOVSKII, E. A. PASHITSKII

KINETIC CURRENT INSTABILITY OF
ALFVÉN WAVES IN A PLASMA WITH A
FINITE ION LARMOR RADIUS
(Presented by Academician M. A. Leontovich, October 7, 1964)

1. Studies in recent years have shown the important role of taking into account
the finiteness of the ion Larmor radius 𝜌 in comparison with the wavelength 𝜆 of
perturbations for the problem of plasma stability in a magnetic field (1,2). How-
ever, up to now the main attention has been devoted to the investigation of the
stability of an inhomogeneous plasma, in which, for a finite ratio 𝜌/𝜆, oscillations
are built up at the expense of the Larmor drift of particles (drift instability).
Nevertheless, effects of a finite ion Larmor radius may also appear in a homoge-
neous but nonequilibrium plasma (in particular, in the presence of particle flows).
An example of this is the kinetic current instability of Alfvén waves considered
below, which arises in a plasma with a finite Larmor radius at relative electron
and ion velocities 𝑢0 exceeding the Alfvén velocity 𝑐𝐴 = 𝐻0/(4𝜋𝑛0𝑚𝑖)1/2 (𝐻0 is
the magnetic-field strength, 𝑛0 is the particle concentration in the plasma, and
𝑚𝑖 is the ion mass).

2. Let an electric current with density 𝑗0 = 𝑒𝑛0𝑢0 (−𝑒 is the electron charge)
flow through a homogeneous low-pressure plasma (𝛽 = 8𝜋𝑝/𝐻2

0 ≪ 1) along the
magnetic field H0. We shall assume that the condition (𝜔0𝑖𝑎/𝑐)(𝑢0/𝑐𝐴) < 1
is satisfied (𝜔0𝑖 = (4𝜋𝑒2𝑛0/𝑚𝑖)1/2 is the ion plasma frequency, 𝑎 is the radius
of the plasma column, and 𝑐 is the speed of light). This means that the self-
magnetic field of the current is small in comparison with the external field. For
𝑢0 ∼ 𝑐𝐴 this condition may be written in the form

√𝛽 < 𝜌𝑖/𝑎 (𝜌𝑖 is the ion
Larmor radius). On the other hand, let us suppose that

√𝛽 ≫ (𝑚𝑒/𝑚𝑖)1/2 (𝑚𝑒
is the electron mass), i.e., that 𝑐𝐴 ≪ 𝑣𝑒 (𝑣𝑒 = (2𝑇𝑒/𝑚𝑒)1/2 is the mean thermal
velocity and 𝑇𝑒 is the electron temperature). Obviously, both conditions can be
compatible only for sufficiently large ion Larmor radii.

Let us consider plasma oscillations with frequencies 𝜔 ≪ 𝜔𝐻𝑖 (𝜔𝐻𝑖 = 𝑒𝐻0/𝑚𝑖𝑐
is the ion cyclotron frequency), propagating almost perpendicular to the mag-
netic field H0, so that 𝑘⟂ ≫ 𝑘∥, where 𝑘⟂ is the transverse and 𝑘∥ the lon-
gitudinal (with respect to H0) component of the wave vector k. Let us note
here that for a cylindrically symmetric plasma column, according to (2), 𝑘∥ =
𝑚𝐻𝜑/𝑟𝐻0 + 𝑘𝑧𝐻𝑧/𝐻0, where 𝐻𝜑 is the magnetic field of the current, 𝐻𝑧 the
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external longitudinal field, 𝐻0 = √𝐻2𝜑 + 𝐻2𝑧 , and 𝑚 = 0, 1, 2, 3, … However, for
𝑗0 = const (𝐻𝜑 ∼ 𝑟) and 𝐻2

𝜑 ≪ 𝐻2
𝑧 one may take 𝑘∥ = const. In this case the

dispersion equation of the oscillations has the form (cf. with (2))

𝜀∥ (1 − 𝜔2

𝑘2
∥𝑐2 𝜀⟂) + 𝑘2

⟂
𝑘2

∥
𝜀⟂ = 0, (1)

where

𝜀⟂ = 𝜔2
0𝑖

𝜔2
𝐻𝑖

1 − 𝐼0(𝑧𝑖)𝑒−𝑧𝑖

𝑧𝑖
; (2)

𝜀∥ = 2𝜔2
0𝑒

𝑘2
∥𝑣2𝑒

[1 − 𝑥𝑒𝑌 (𝑥𝑒)] + 2𝜔2
0𝑖

𝑘2
∥𝑣2

𝑖
[1 − 𝑥𝑖𝑌 (𝑥𝑖)] 𝐼0(𝑧𝑖)𝑒−𝑧𝑖 . (3)

Here 𝜔0𝑒 = (4𝜋𝑒2𝑛0/𝑚𝑒)1/2 is the electron Langmuir frequency; 𝑥𝑒 = (𝜔 −
𝑘∥𝑢0)/𝑘∥𝑣𝑒; 𝑥𝑖 = 𝜔/𝑘∥𝑣𝑖; 𝑧𝑖 = 𝑘2

⟂𝜌2
𝑖 = 𝑘2

⟂𝑇𝑖/𝑚𝑖𝜔2
𝐻𝑖; 𝑣𝑖 is the mean thermal

velocity; 𝑇𝑖 is the ion temperature; 𝐼0 is the modified Bessel function of zero
order; 𝑌 (𝑥) = 𝑖√𝜋𝑊(𝑥); 𝑊(𝑥) is the Kramp function (2).
In an isothermal plasma (𝑇𝑒 ∼ 𝑇𝑖), for oscillations with longitudinal phase
velocity lying in the interval 𝑣𝑖 ≪ 𝜔/𝑘∥ ≪ 𝑣𝑒, and under the condition that the
electron-stream velocity 𝑢0 ≪ 𝑣𝑒, dispersion equation (1) takes the form:

(1 + 𝑖√𝜋
𝜔 − 𝑘∥𝑢0

𝑘∥𝑣𝑒
) [1 − 𝜔2

𝑘2
∥𝑐2

𝐴

1 − 𝐼0(𝑧𝑖)𝑒−𝑧𝑖

𝑧𝑖
] + 𝑇𝑒

𝑇𝑖
[1 − 𝐼0(𝑧𝑖)𝑒−𝑧𝑖 ] = 0. (4)

From (4) it follows that

Re 𝜔 = 𝜔𝐴(𝑘) = 𝑘∥𝑐𝐴 [ 𝑧𝑖
1 − 𝐼0(𝑧𝑖)𝑒−𝑧𝑖

+ 𝑇𝑒
𝑇𝑖

𝑧𝑖]
1/2

; (5)

Im 𝜔 = 𝛾𝐴(𝑘) = −
√𝜋
2

𝑇𝑒
𝑇𝑖

𝑧𝑖
𝑘2

∥𝑐2
𝐴

𝜔𝐴(𝑘)
𝜔𝐴(𝑘) − 𝑘∥𝑢0

𝑘∥𝑣𝑒
, (6)

where 𝛾𝐴 ≪ 𝜔𝐴. For 𝑧𝑖 = 𝑘2
⟂𝜌2

𝑖 → 0, formula (5) goes over into the well-known
expression for the frequency of Alfvén waves, 𝜔𝐴 = 𝑘∥𝑐𝐴, and the decrement
(increment) 𝛾𝐴 → 0. At finite ion Larmor radii (𝑧𝑖 ∼ 1), and for sufficiently
large velocities of relative motion of electrons and ions (𝑢0 > 𝑐𝐴), the Alfvén
oscillations become unstable (𝛾𝐴 > 0).
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3. Let us briefly discuss the physical nature of this instability. In the usual
hydrodynamic treatment of Alfvén oscillations, when 𝜌/𝜆 → 0, it turns
out that their electric field is directed across the constant magnetic field
(E ⟂ H0). As a result, there is no interaction of the wave with the
particles (𝐸∥𝑗∥ = 0), so that in this approximation Alfvén oscillations are
undamped, in contrast to other types of oscillations (for example, ion or
magnetic sound (3)).

The situation, however, changes substantially if the finiteness of the ion
Larmor radius is taken into account. In this case, the Alfvén oscil-
lations acquire a nonzero longitudinal component of the electric field,
𝐸∥ = −(𝑘⟂/𝑘∥)(𝜀⟂/𝜀∥)𝐸⟂ ≈ −(𝑘∥/𝑘⟂)(𝑇𝑒/𝑇𝑖)𝑧𝑖𝐸⟂

≠ 0. As a result, Alfvén
waves, interacting with resonant particles (electrons), can either be damped
(Landau damping in an equilibrium plasma or at 𝑢0 < 𝑐𝐴) or be amplified
(current instability, 𝛾𝐴 > 0 at 𝑢0 > 𝑐𝐴). It is interesting to note that in the
present case, owing to an instability of kinetic type, magnetohydrodynamic
(macroscopic) oscillations are amplified, which may affect the confinement of
the plasma by the magnetic field.

4. Let us note that for 𝑧𝑖 = 𝑘2
⟂𝜌2

𝑖 ≳ 1, and for sufficiently large 𝑘∥, the fre-
quency of Alfvén oscillations can become of the order of the ion cyclotron
frequency (𝜔𝐴 ∼ 𝜔𝐻𝑖). In this case, in equation (1) one must substitute,
instead of (2), the following expression for 𝜀⟂:

𝜀⟂ = 𝑐2

𝑐2
𝐴

1
𝑧𝑖

{1 − 𝐼0(𝑧𝑖)𝑒−𝑧𝑖 −
∞

∑
𝑛=−∞

∫
𝜔𝐼𝑛(𝑧𝑖)𝑒−𝑧𝑖𝑓 𝑖

∥ (𝑣∥) 𝑑𝑣∥
𝜔 − 𝑛𝜔𝐻𝑖 − 𝑘∥𝑣∥

} , (7)

where 𝑓 𝑖
∥ is the “longitudinal”ion distribution function. (The ion distribution

is assumed to be isotropic and Maxwellian.)

Then the dispersion equation (1), under the condition that 𝑘‖𝑣𝑖 ≪ |𝜔 − 𝑛𝜔𝐻𝑖|,
near the 𝑛-th cyclotron harmonic takes the form:

1−𝐼0(𝑧𝑖)𝑒−𝑧𝑖+ 𝑇𝑖
𝑇𝑒

[1 + 𝑖√𝜋
𝜔 − 𝑘‖𝑢0

𝑘‖𝑣𝑒
] / [1 − 𝜔2

(𝑇𝑒/𝑇𝑖)𝑧𝑖𝑘2
‖ 𝑐2

𝐴
(1 + 𝑖√𝜋

𝜔 − 𝑘‖𝑢0
𝑘‖𝑣𝑒

)] = 𝜔𝐼𝑛(𝑧𝑖)𝑒−𝑧𝑖

𝜔 − 𝑛𝜔𝐻𝑖
;

(8)

𝐼𝑛 is the modified Bessel function of index 𝑛 (𝑛 = 1, 2, 3, …).
If it is assumed that 𝜔2 ∼ (𝑛𝜔𝐻𝑖)2 ≪ (𝑇𝑒/𝑇𝑖)𝑧𝑖𝑘2

‖ 𝑐2
𝐴, then equation (8) becomes

the dispersion equation of work (4), where the current instability of potential
cyclotron oscillations was considered. For 𝑘‖𝑢0 ∼ 𝑛𝜔𝐻𝑖, 𝑇𝑒 ∼ 𝑇𝑖, and 𝑧𝑖 ∼ 1,
it follows from this that 𝑢2

0 ≪ 𝑐2
𝐴. But, on the other hand, from the condition

of small ion damping there follows the inequality (4) 𝑢2
0/𝑐2

𝐴 > 102𝛽. Thus, the
assumption of the potential character of the oscillations made in (4) is valid only
in the case of a sufficiently rarefied plasma, when 𝛽 ≪ 10−2.
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The growth rate of nonpotential (𝛽 ≫ 𝑚𝑒/𝑚𝑖) cyclotron oscillations (𝜔 ≈ 𝑛𝜔𝐻𝑖),
according to (8), is equal to:

𝛾𝑛 ≃ √𝜋 𝑛𝜔𝐻𝑖 (𝑢0
𝑣𝑒

− 𝑛𝜔𝐻𝑖
𝑘‖𝑣𝑒

) 𝑇𝑒
𝑇𝑖

𝐼𝑛(𝑧𝑖)𝑒−𝑧𝑖×{1 + 𝑇𝑒
𝑇𝑖

[1 − 𝐼0(𝑧𝑖)𝑒−𝑧𝑖 ] (1 − 𝑛2𝜔2
𝐻𝑖

(𝑇𝑒/𝑇𝑖)𝑧𝑖𝑘2
‖ 𝑐2

𝐴
)}

−2

.

(9)

It tends to a maximum, formally infinite, precisely under the condition that
the ion cyclotron frequency 𝜔𝐻𝑖 (or one of its harmonics, 𝑛𝜔𝐻𝑖) is equal to the
frequency of the Alfvén oscillations 𝜔𝐴(k). A joint consideration of the cyclotron
and Alfvén branches of the oscillations near their point of intersection gives a
finite maximum value of the growth rate for the cyclotron oscillations:

𝛾(1,2)
𝑛 max ≃

√𝜋
2 𝑛𝜔𝐻𝑖 (𝑢0

𝑣𝑒
− 𝑛𝜔𝐻𝑖

𝑘‖𝑣𝑒
) {1

2
1 − 𝐼0(𝑧𝑖)𝑒−𝑧𝑖

2 − 𝐼0(𝑧𝑖)𝑒−𝑧𝑖
+ [1

2
𝐼𝑛(𝑧𝑖)𝑒−𝑧𝑖

1 − 𝐼0(𝑧𝑖)𝑒−𝑧𝑖
]

1/2
[2 − 𝐼0(𝑧𝑖)𝑒−𝑧𝑖 ]−1/2}

(10)

(for simplicity we take 𝑇𝑒 = 𝑇𝑖). Hence, in particular, it follows that, as a result
of the interaction of Alfvén oscillations with cyclotron harmonics, the growth
rate of the current instability of oscillations with 𝜔 ≈ 𝑛𝜔𝐻𝑖 can be substantially
greater than the growth rate of potential cyclotron oscillations (4).

In conclusion the author expresses his gratitude to B. B. Kadomtsev for dis-
cussing the results and for useful advice.

Institute of Atomic Energy
named after I. V. Kurchatov

Received
15 IX 1964
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