Soviet-era science, translated into English

Reports of the Academy of
Sciences of the USSR

1965

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196501.07259

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196501.07259

Abstract

Full Text

Reports of the Academy of Sciences of the USSR,
1965. Volume 163, No. 2

MATHEMATICS
V. Yu. KRYLOV
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ALS WITH RESPECT TO SIGN-ALTERNATING
DISTRIBUTIONS

(Presented by Academician A. N. Kolmogorov, 28 XII 196/)

The purpose of this note is to prove the integrability of a certain class of analytic
functionals with respect to the sign-alternating distribution P, corresponding
to the equation

Ou/ot = (—1)1719%9y /x4, (1)

The distribution P, is defined in the space of continuous functions z(t), 2(0) =
0, and is a generalization of Wiener measure (!) associated with the heat equa-
tion.

Let C;y]0, 1] denote the space of functions z(t) continuous on [0, 1], with 2(0) = 0.
On all quasi-intervals K, (t;,a,b;) of the space Cy[0,1] we define a consis-
tent system of distributions, defining the weight P, [K, ] of the quasi-interval
K, (ty,ay,bs) by the formula (?)

by b, n 1
Py [K / / qu thpr = by Tpp1 — Tp) ATy,
7l

where

+o0
Gyt ) = %/ exp[—tfzq + iz€] d€

is the Green function of equation (1).

Suppose that on the space C,[0,1] a functional F[z(t)] is given. Denote by

F[zy,...,z,] the value of the functional F[z(t)] on the stepwise curve z°(¢t) = x,
fort,, <t <t,,, (k=0,...,n—1), corresponding to the partition 0 < ¢; < --- <
t, <1
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We shall say that there exists a continual integral

= /C Fle(t)] dPy, a(t)

0

of the functional F'[x(t)] with respect to the distribution P,, over the whole
space Cy[0, 1], if there exists a limit I = lim,_,, I,,, where A = max, (¢, — tz),
of the n-fold integral

+oo n—1
In = / "'/F[‘Tla vzn] H G2q(tk+1 —ty, Lry1 — xk) d‘rk+13
—oo k=0

independent of the partition of the interval [0, 1] by the points ¢, (k=1,...,n).

A functional F[z(t)], defined on Cy[0,1], will be called analytic if it is repre-
sentable in the form

> 1
Fla()] =) an[x(t)]v (2)
p=0
where
1 1
Fle(t)] = / / Bt t)) da(ty) - dat,),
0 0
the functions h,(ty,...,,) being assumed to depend symmetrically on their ar-
guments.

Moreover, in order that the integral in the definition of F,[z(¢)] have meaning
for an arbitrary continuous function z(¢) € C,[0, 1], and also for a step curve

z°(t), we require that the function h,(t,...,t,) and all its derivatives up to
order p, taken with respect to each argument no more than once, be continuous
and equal to zero if at least one variable ¢; = 1 (j = 1,...,p) identically with

respect to the remaining variables. In this case, by definition, we set

! Lorn (4, ...,
Fp[x@)]:(—l)p/o /O Wm(tl)~--m(tp)dtlmdtp.

Theorem*. The continual integral I of the analytic functional F[xz(t)] with
respect to the distribution P, on the space Cy[0,1] exists if, for p = 2¢l (I =

1,2,...), the functions h,(t, ..., t,) satisfy the inequalities

‘thl(sl, o3 815 8oy eees Sy ey I ...,sl)| <, (3)

sovietrxiv.org/items/ru-196501.07259 Machine Translation


https://sovietrxiv.org/items/ru-196501.07259

where the constant ¢ > 0 does not depend on [/, and in the arguments of the
function hgg (1., 81,82, 895+, 5, .., ;) there are groups of 2¢ identical
terms, 0 <s; <1 (¢ =1,...,1). Moreover, the equality holds

o] q+1) 1
:Z / / Pogi (815 e s 815 e s 81y woe 5 87) dSy - ds). (4)
=0 0 0

Proof. The integral of the functional F,[z(¢)], by definition, is equal to the
limit, as max;, At ; — 0 (At =t, 1 — 1), of the 2n-fold integral

+oo

S‘U

X

xla axn}

X exp [ Z€k+1Atk+1 ‘HZ Tpy1 — §k+1‘| day - dr, d§ - dg,,.

Here F)[xy, ..., z,] is the value of the functional F,[z°(t)] on the step curve z°(t).
By the definition of the functional F,[z(t)] it is equal to

Fyloy,ag] = (1P S0 APty ety ) ag, 1y =

p
0<ky,....k,<n
= Z hp(tkla'-',tkp)<xkl+1 _xkl)"'(xkp+1 —Ikp)-

Let us note that F[z;,...,x,] is a homogeneous polynomial of degree p in
Zq,...,2,. Making in I? the triangular change of variables x ; = 2 At; + -+
21 Aty §i1 Aty = My (K =0,...,n — 1), and introducing the notation

Hylzy, .y 2,] = F,[21 Aty o0, 20 Aty + -+ + 2, At |, we obtain

* E. V. Maikov in [3] gave another definition of integrals with respect to general-
ized measures for functionals of a more general type, which he called T-analytic,
without carrying out the computation of the integrals for concrete measures.

+o0
IP =
n "7
n—1 77 n—1
k+1
xexp[ Z; Atki Atk+1+@;ozk+177k+11 dzy ...dz, diy ... dn,.
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Since H,[zy,...,%,] is a homogeneous polynomial of degree p in zy,...,2,, we

have I? = 0 if p is not divisible by 2q. If p = 2ql, then for I24" we obtain the
expression

—1)lg+1)
oqt _ (=1)
124 = — X

I 0% Hyy [z, . 2, (A (At,)n
L+t —ll l ! 822ql1 . 'aziql"(Atl)qul "~(Atn)2qln

2y ==z, =0

X

By definition,

qul [Zl’ ceey Zn] = E h2ql (tkl7 cee ,tk,qu)Zkl Atkl e ZkquAtkqu7
ngl,...,kqugnfl

where hp(tl, ,tp) is a symmetric function of its arguments, so that

0?1 Hzy, ..., 2,

’ " n

2ql 2ql
azlq 1 _“aznq n

2y ==2,=0
where in the arguments of the function hyy(ty,...,t, ... t,,...,t,) there are
groups of 2qly, ..., 2ql, identical t,,...,t,, respectively. Consequently, for 124
we obtain
I I
2ql _
2 g~ > l !mln!hqu(th...,tl,...,tn,...,tn)x

ly+etl, =l 1

X (At (At )l =

(=" D (2q1)!
= 0 D haglty ety ety b AL AL (5)

0<jirmfi<n

The approximate value I,, of the analytic functional (2) for any fixed partition
of the interval [0, 1] is defined as the limit

M

M—)ooZ

)
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This limit exists under the assumptions made in (3), since for any € > 0 and
any partition of the interval [0,1] there exists a number M such that for all
M’ > M, in view of formula (5),

IR ED SE
=M’ (2¢ v 2
On the other hand, since the functions h,,(t;,...,,) are continuous by assump-
tion, one can choose & = d(e) such that for all partitions for which A =
max;, At < 6, the inequality
Mo M gl 1 .
Z Iqu—Zf/ / Pogi(81y cee s 815 eer s Spyeeey S1) dSy - dsy| < =
1°n | 2ql\°1» 191 » 20 » 21 1 l
1=0 (2ql) 1=0 I! 0 0 2
holds, since expression (5) is an integral sum for the integral of the continuous
function hg, (81, .- ;81,5 51+, 8;) over the [-dimensional cube. The theorem
is proved.

We note that for the integral I,, (6) the formula holds

(—1)Ha+D)

Inzz%x

a2qu2ql [217 R n](At1> : (Atn)ln

Z il Oz 2ql1, az2ql (At )2ql1 --'(Atn)qun

1ol |
11+---+ln:zll' !

X

2y ==z, =0

which is conveniently written in the form

I, =exp { 1)t Z

Atkﬂ} Hlzy, ...y 2,)

azk+1(Atk+1)

zy==2,=0
For the analytic functional F[x(¢)], by what has been proved, there exists the

limit of I,, as max; At; — 0. We make this formal passage to the limit in the
last expression for I,,. We obtain the formula

I =exp {(—1)q+1/0 [5;;]”1 dt} F
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which reduces continual integration of a functional to the application to it, at
z(s) = 0, of an operator in variational derivatives. We note that expression
(4) can also be obtained formally from (7), using the fact that for an analytic

functional
/0 (5) ds} /6z<t1>-~-6z<tp>}

{w

As an example of the application of the theorem and formula (7), let us compute
the characteristic functional ®[y(¢)] of the distribution P,,.

= hy(ty, . sty).
2(8)=0

The characteristic functional ®[y(t)] of the distribution P, is the continual
integral over the entire space Cy[0, 1] of the functional

Elx(t)] = exp |f/0 x(t)y(t) dt‘| .

Since the functional E[x(t)] satisfies the conditions of the theorem for every
continuous function y(¢), y(1) = 0, the characteristic functional ®[y(t)] exists.
Formula (7) in fact makes it possible to compute ®[y(¢)]. Indeed, by formula
(7) we have

Dly(t)] = exp{(—l)q“/o [(Sj(t(;]zth}exp {Z/O y(t) [/O z(s) ds} dt}

Changing the order of integration in the last exponent and noting that

» 1 1
w;zt)]p exp {1/0 z(t) l[ y(s) ds] dt}

we finally obtain for ®[y(t)] the expression

Dly(t)] = exp {—/01 Utl y(s) ds] 2th} :

z(s)=0

p

z(s)=0 |fl y(S) ds] 7
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