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1. As in (%), we assign a nondecreasing function M(z) (—oo < & < b <
+00; M(z —0) = M(z)) to the class M if M(x) € L'(—o0,c), where
—00 < ¢ < b. With the function M(x) (—oo < x < b) we associate a
string S, extending along the z-axis from the point x = —oo to the point
2 = b, the mass of each interval [« 8) of which is equal to M(5) — M ().
When the function M(x) (—oo < x < b) belongs to the class M, we shall
say that the string S associated with it belongs to the class Mg. The
left end x = —oo of the string S is called regular if the set of values of
the function M (x) and the set of its points of increase are bounded below.
Otherwise the end © = —oo is called singular. Analogous definitions are
adopted for the right end z = b.

As in (?), we consider the differential system (boundary-value problem)

—de@ y (@) = M@) =0 (—co<z<b);  lmyl)=1 (1)

where y~ () denotes the left derivative of the function y(z). Already in (1) (a
special case of Theorem 3) we established that, for any complex A, the system (1)
has a unique solution ®(z, \) in the class of absolutely continuous functions hav-
ing at every point x € (—o0,b) a left derivative which, in turn, is M-absolutely
continuous. The function ®(x, \), for any fixed z, is an entire function of A and,
as we have recently established, its growth is no greater than that of minimal
type of order one.

Let L2,(—00,b) be the Hilbert space of all complex-valued M-measurable func-
tions f(x) (—oo < x < b) whose square is M-summable on (—o0,b). By
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L3,(—00,b) we denote its subspace consisting of functions equal to zero in neigh-
borhoods of the singular ends of the interval (—oo, b), the neighborhoods being
individual for each function. A nondecreasing function 7(\) (—oo < A < +00)
is called a spectral function of the string S (of the boundary-value problem

(1)) if the mapping U : f — F, where f € IO/?V[(—oo,b)7 and

b
F(\) = / F(2)®(x, ) dM ()

isometrically maps L3,(—o0,b) into L2(—o0, +00). The spectral function 7(\)
is called orthogonal if the mapping U maps L3,(—o00,b) into a dense part of
L2(—00,+0o0). The spectral function 7()\) is called positive if the T-measure of
the negative half-axis (—o0o, 0) is equal to zero.

As we have already indicated in (?), our Theorem 3 from (!) contains, as a
special case (Q(z) = 0), the assertion that the string S

(the boundary-value problem (1)) under the condition that S € 9 (and, conse-
quently, independently of the behavior of the function M (x) in a neighborhood
of the point & = b) has at least one orthogonal spectral function even in the case
when the left endpoint z = —oo is singular and the limit-point case holds there.
Among the orthogonal spectral functions of the string S there are positive ones.

2. In (2) the set T of all functions 7(\) that are spectral functions of strings
S belonging to the class 9, was studied. In (2) a number of sufficient
conditions for membership in the set T were given; here, in Theorems 2
and 3, two more such conditions will be given.

The inverse problem referred to in the title of the article consists in seeking,
from a given function 7(\) € T, a string S for which 7()) is a spectral function.
This problem has a “natural” nonuniqueness.

We shall call two strings S; and S, from 91, equivalent if, for the functions
M (z) (—oo <z < by) and My(x) (—oo < x < by) associated with them, there
exists a real constant h such that a point z is a point of increase of the function
M, (z) if and only if it is a point of increase of the function

My (2) = My(e + 1)
and at these points the equality
M, (z) = My(z +h)

holds. We shall call a string S; € 9, the left part of a string S, € M, if the
first of them is obtained from the second by discarding, from the latter, a piece
on the right-hand side, i.e., the functions M;(z) (—oo < = < by) and My(x)
(=00 < x < by) associated with them are such that b; < by, and for every
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x < by the equality M, (z) = M,(x) holds. In this case we shall call the string
S, a proper left part of the string S, if the M,-measure of the interval [b,b,)
is different from zero. It is clear that equivalent strings belonging to the class
M, have the same sets of spectral functions, and if a string S; is the left part
of a string S, € M., then every spectral function of the string S, is a spectral
function of the string S;. This is the “natural” nonuniqueness of the inverse
problem.

In this connection we shall say that, for some function 7(A) € T, the inverse
problem is uniquely solvable if, of any two strings S; and S, from 9, whose
spectral function is 7(\), one is equivalent to a left part of the other. In this case,
obviously, there is a string S such that any string S for which the function 7(\)
is spectral is equivalent to a left part of the string S. We shall call the string S
the maximal solution of the inverse problem for the function 7(\). The maximal
solution is determined uniquely up to equivalence. If, for a function 7(\) € T,
the inverse problem is uniquely solvable and S is its maximal solution, then, as
is easy to see, 7(A) cannot be an orthogonal spectral function of a string from
MM, not equivalent to the string S ; at the same time it may happen that 7(\)
is not an orthogonal spectral function of any string. Nevertheless, in the case
when the function 7(\) € T has no points of increase on the interval (—oo,0),
it is always an orthogonal spectral function of at least one string from 91,.

Theorem 1. If a nondecreasing function 7(\) (—oo < A < 4+00) has no points
of increase on the half-line —oo < A < 0 and is majorized on the half-line
0 < A < 400 by some polynomial in X, then the inverse problem * for the
function 7(\) is uniquely solvable.

Theorem 2. Let 7(A\) (—oo < A < 400) be a nondecreasing function whose
points of increase (jump points) are only positive numbers

)\1<)\2<A3<"'

such that
Z )\;1 < 00,

and the jumps

*In (2) we indicated that a function 7(\) possessing these properties belongs
to T.

T()\j +0)— T()\j —0) = v; (j=1,2,3,..)

of the function 7()) at these points are such that, for some k > 1,

s 1
—_— < 0

E: k+1 )
)‘j+ ‘D/()‘j)|2yi

Jj=1
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where D(z) is the entire function defined by the equality

o0

D(z) = [J(1—z/7)).

j=1
Then the function 7(A) belongs to T', and for it the inverse problem is uniquely
solvable.

Theorem 3. Let 7()\) (=00 < A < +00) be a nondecreasing function whose
points of increase (points of jumps) are only the numbers

/,L0:0</141</142<

such that

o0
>yt <oe,
j=1

and suppose the jumps
T(p;+0) = 7(u; —0) =0, (j=0,1,2,..)
of the function 7(A) at these points are such that, for some k > 1,

oo}

’ -2,
> (B () 05 < o0,
=1

where F(z) is the entire function defined by the equality

E(z)=—=z 10_0[(1 —z/A;).

Then the function 7(A) belongs to T', and for it the inverse problem is uniquely
solvable.

The following theorems give sufficient conditions for the function 7(\) to satisfy
the conditions of one of the theorems stated above (and, consequently, for the
inverse problem for 7(\) to be uniquely solvable), in terms of a string S for which
it is known in advance that 7(\) is its orthogonal spectral function. At the same
time, these same theorems (in the part asserting necessity) give information
about the maximal solution S of the inverse problem for the function T(A), if
it is known that it satisfies the condition of one of Theorems 1, 2, and 3; for
in this case the string S, for which 7()) is an orthogonal spectral function, is
equivalent, as we clarified above, to the string S.
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Theorem 4*. In order that the function 7()\) satisfy the conditions of Theorem
1, it is necessary and sufficient that it be a positive orthogonal spectral function
of a string S such that, for some ¢ > 0, as x | —oo the asymptotic equality

M(z) = O(|z[7179)
holds.

Theorem 5. In order that the function 7()\) satisfy, for & = 1, the condition
of Theorem 2 or Theorem 3, it is necessary and sufficient that it be a positive
orthogonal spectral function of some string S € Mg with a regular right end.

* In Theorems 4, 5, 6, 7, M(x) (—oo < x < b) is the function associated with
the string S.

Theorem 6. In order that the function 7()) satisfy the condition of Theorem
2 for k > 1, and for k£ = 1 not satisfy it, it is necessary and sufficient that it
be the orthogonal spectral function of a string S € M, such that b < oo, the
end x = b is singular (M (b) = c0), and for some € > 0 the following asymptotic
equality holds as x 1 b:

Theorem 7. In order that the function 7()) satisfy the condition of Theorem
3 for k > 1, and for k£ = 1 not satisfy it, it is necessary and sufficient that it
be the orthogonal spectral function of a string S € M, such that b = 400, the
end z = b = +o0 is singular, M(+00) < 00, and for some € > 0 the following
asymptotic equality holds as x 1 4o0:

M(+00) — M(x) = O(z~179).

In the proof of Theorems 1, 2, and 3 we used the remarkable theorem of M. G.
Krein ((3), Theorem 1), which gives conditions necessary and sufficient for a
nondecreasing function 7(\) to be a positive spectral function of a string with a
boundary condition at the regular end, and which asserts the unique solvability
of such a problem. In his recent works L. de Branges, apparently unaware of
M. G. Krein’ s works, generalized this theorem ((4), Theorems XI and XII; (5),
Theorem IIT; (6), Theorem VII). He also generalized ((4), Theorem IV) our
Theorem 3 from (1). In connection with this, all the theorems of the present
article can be transferred to the scheme of L. de Branges.

Let us note, incidentally, that L. de Branges, in the above-mentioned papers
and in a number of his other works, studies Hilbert spaces of entire functions,
without knowing that the theory of such spaces had already been developed in
the works (7, 8) of M. G. Krein.
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