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Consider the autonomous system*

de/dt = —y + €Il (p, x,y), dy/dt = x + eIl (p, x,y),

dp/dt :€H3(paxay)a (1)

where z,y,II;,1I, are scalars; p,II; are n-dimensional vectors; ¢ is a small pa-
rameter; II;,II,,II; are functions of p,x,y that are three times continuously
differentiable in a domain D, in which it is possible to specify such positive
constants M, A that the inequalities

|Hi| <M, ‘aHi/axﬂ <A (’ =1,2,3; z; :P»%y) (2)

are satisfied.

Let z = a(p), y = B(p) satisfy equations (1). Introduce in (1) the change of
variables

r=oa+Acos(t—¢), y=pB+Asint—yp), p=p, (3)

where A, ¢ are new variables, A > 0; then (1) is transformed to the form

dA/dt = cAF(p,z,y), do/dt = e®(p,z,y),

dp/dt = EHS(paxay)7 (4)

where
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F = %{[Hﬂp, z,y) — I (p, o, B)] cos(t — )+

Jr[ﬂg(p,a?,y)fﬂz(p,a,ﬂ)] Sin<t7@)}v (5)

o = %{[Hﬂp, x,y) — Iy (p, e, B)] sin(t — p)—

7[H2(pa Z, y) - H2<p> «, B)] COS(t - 90>}

Thanks to the terms II; (p, o, 8), Hy(p, e, (), the Taylor expansions of (5) in
powers of A in a neighborhood of A =0 (x = «, y = ) will begin with terms
bounded by the constant 3\, as a result of which, both for small A and for
A ~ 1 in the domain D, there exist constants M, A; bounding, respectively,
F, ®,1I1; and their derivatives with respect to p, z,y. We shall use this property
in averaging system (4).

Consider a system in the standard form for the averaging method (?)

dz/dt =eX(t,x), (6)

where x, X are n-dimensional vectors, ¢ is a small parameter. Here the function
X(t,x): a) is periodic in t with period T of order unity; b) is continuously
differentiable with respect to ¢ in the domain D, in which inequalities analogous
to (2) are satisfied for X (¢, x).

* A particular case of (1) is the equations of celestial mechanics in the form (1).

Let us write the system of averaged equations

1 T
€t = =X, (€) (Xo@):T / X(t,odt), (7

where £(t) is defined and lies in the domain D together with its neighborhood
of radius p.

We represent the solution of (6) in the form

z=E4eX(t,E) +er(t), (8)

where 7(t) is a new variable, 2(0) = £(0), 7(0) = 0,
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t

(69 = [ X6~ Xo(©)) . )
0
Obviously, in the domain D we have

X], |Xol <M,  |0X/9z| <X, |0X/0¢] < AT. (10)

Substituting (8) into (6) and taking account of (7), (9), we obtain the equation

dr/dt = —eX,(€)0X(t,€)/0¢ + X{t,E+eX(t,€) +er} — X(t,€).  (11)

Introducing the slow time 7 = et and rewriting (11) in the form of an integral
equation, we define r by means of Picard successive approximations

7":7’04—(7'1—TO)—‘,—,,,—|—(’rn—rn_1>+”_7 (12)
where
’ 0X  X(t,¢é+eX4er, ) —X(t,
7'0:0,..., Tn:/ l_XO(£>6§+ ( é‘ - 1) ( 5) dT.
0
(13)

With the aid of (10) we obtain the estimates

|r) 2T MAT, ..., |r, =7, 1| <2TMA*7T"/nl, ... (14)

n

Substituting (12) into (8), it is easy to see that the successive approximations
for (8) will not leave the domain D if the averaging error n = x — £ does not
exceed p:

In| =e|X +r| < TeM(2expAr —1) < p. (15)

Inequality (15) is satisfied by 7 € [0, L], where

1.1 P
Ly (1 ). 16
=32 U T men (16)
By analogy with the theorem on the existence of solutions, one can show that
for 0 < 7 < L the series (12) converges uniformly to the solution of (11), which
is unique.
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Thus, on the interval 0 < t < L/e the averaging error* does not exceed p and

consists of two parts: an oscillatory part eX ~ ¢T'M and an accumulating part
er ~ 2eTM(exp AT — 1).

We apply the result obtained to system (4). Introduce the notation: the (n+2)-
dimensional vector X = {AF,®,11,}; the vector £(t) is the solution of the
averaged equations (4); X, (&) is the vector X averaged over a period; the vector
Y(t, £) is the operator (9). Obviously, the first components of the vectors X, X,

* Here, in contrast to (2), the estimates for the averaging error are obtained in
explicit form.

are bounded by the quantity AM,, and the remaining ones by the quantity M.
Taking this into account, and for A < €, from the Taylor expansions of F', ®,
II;, one can show that

IX| <2mAM,,  |X,0X/0¢| < 2mAAM,. (17)

The error of averaging will be n = s(y + 1), where r satisfies an equation of the
form (11).

From the first equation (4) it follows easily that

A < AyexpeMit, (18)
or
1 A
eM, " A (19)

i.e. the transition from values A ~ € to A ~ 1 lasts on the interval

1.1
t~—In-—.
e €

Using (17), (18), let us estimate the terms of the series (12) on the interval (19):
Iry| < ATAM, Agexp My, ..., |r, — 7, | < AmAg(exp My) T APH /M, (20)
whence, for A, /M, < 1, we have

elr| < dmeAM,A/(1— A /M). (21)
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Thus, depending on the initial conditions, the interval of validity of solutions
of the averaged equations (4) can be significantly extended in comparison with
theorem (2) on the averaging of system (7).

In addition, in the case of decreasing A, the range of the values of € under
consideration can be extended. Indeed, the right-hand side of (21) contains €A.
The smaller A is, the larger the ¢ that may be prescribed.

Let us describe a method of approximately finding «, 8, which is a generalization
of the corresponding result of (1). Let Iy, II,, II; be analytic functions of p, z, y.
We shall seek «, 5 in the form of series

a=ay+ ...+ (a, —a, 1)+ ...,

B=By+ ...+ (B, —Bp1)+ - (22)

Here «,,, 8,, are partial sums; the general terms (o, — o,_1), (8, — B,_1) Will
be denoted respectively by e"*1Q,,, "' R,,.

We expand the functions II;, II, in Taylor series in powers of z,y in a neighbor-
hood of x = y = 0 and determine «, 5, from the equations

_/80+EH1<p7070) :07 040+EH2(p,0,0) =0. (23)

It follows from this that oy = €Qy, B, = Ry, where |Qy|, |Ry| < M.

Introduce the change of variables

Ty =T — &, y1:y—ﬁov (24)

whence

dny _dw _dogdp  dy _dy _dbydp 5)
dt  dt dp dt’ dt  dt dp dt’

Substitute the right-hand sides of (1) into (25), take (24) into account, expand
I1,,11,,II; in Taylor series in powers of 2, y; in a neighborhood of z; = y; =0,
and determine o, 5; from the equations

=B + elly(p, ag, By) = ell3(p, g, By) day /dp,

al +€H2(p7a0560> = EH3<p7 aOvﬁO)dﬁo/dpa (26)
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whence, taking (2), (23) into account, it is seen that a; — oy = £2Q;, By — By =
e?R,, where |Q,|, |R;| < 3M.

Let z, =2 —a,_4, ¥y, =Y — B,_1- By induction it is easy to show that «,,, 5,
must be determined by the equations

_ﬁn + EHl(p’ Qp1) ﬁnfl) = EHS(p7 A1) anl) danfl/dp’

a, + EHQ <p> A1, ﬂnfl) = 51—‘[3(17; Op—1) 6n71) dﬂnfl/dp (27)

and that

an - an—l = €n+1Qn? ﬂn - Bn—l = 6n+1Rna (28)

where @,,, R,, are bounded by constants depending only on M, A.

Tt is easy to show that, if the series (22) converge, then to x = a(p), y = B(p),
satisfying (1). We shall show that in the general case the series (22) represent
«, B asymptotically, i.e.

a—oy,_ g ~e", B—PB,_1~e" fort~1e. (29)

Introduce the variables (), #?) by the formulas o = a,,_; + 7V, 3 = B, +
7(2). Substituting these expressions into (1) in place of z,y and subtracting the
corresponding equations (27), taking (28) into account in the latter, we obtain

drV/dt 4+ r? = eP,, dr® /dt —rV) = Py, (30)

where

Pl = H1<p’ Qp1 + r(l)’ anl + T<2)) - Hl(p7 A1) /Bn71> + Eanﬂ (31)

P2 = HQ (pa Op1 + T<1)a Bn—l + T<2)) - H2 (pa Op—1) Bn—l) - enQn‘

Equations (30) are equivalent to the integral system

¢
r) = Ccos(t—) +¢ cost/ (P cost + Pysint)dt
0

¢
+ ssint/ (P, sint — P, cost) dt,
0
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(32)

¢
r?) = Csin(t —v) 4+ ¢ sint/ (Py cost + P,sint) dt
0
¢
. 5cost/ (P, sint — P, cost) dt,
0

where C, v are constants expressed in terms of 1) (0), 72/ (0). We take the latter
to be < &", which is consistent with what follows. In (32) we pass from t to
T = et. We write out the successive Picard approximations, in estimating which
we use (2). As a result we obtain that 1) r2 ~ " for ¢ ~ 1/, which, with
(28) taken into account, gives (29).
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