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MECHANICS

V. V. LARICHEVA

EFFECTIVE TRANSFORMATION AND
ASYMPTOTICS OF ONE CLASS OF NON-
LINEAR DIFFERENTIAL EQUATIONS
(Presented by Academician A. A. Dorodnitsyn on 2 IV 1965)

Consider the autonomous system*

𝑑𝑥/𝑑𝑡 = −𝑦 + 𝜀Π1(𝑝, 𝑥, 𝑦), 𝑑𝑦/𝑑𝑡 = 𝑥 + 𝜀Π2(𝑝, 𝑥, 𝑦),

𝑑𝑝/𝑑𝑡 = 𝜀Π3(𝑝, 𝑥, 𝑦), (1)

where 𝑥, 𝑦, Π1, Π2 are scalars; 𝑝, Π3 are 𝑛-dimensional vectors; 𝜀 is a small pa-
rameter; Π1, Π2, Π3 are functions of 𝑝, 𝑥, 𝑦 that are three times continuously
differentiable in a domain 𝐷, in which it is possible to specify such positive
constants 𝑀, 𝜆 that the inequalities

|Π𝑖| ≤ 𝑀, |𝜕Π𝑖/𝜕𝑥𝑖| ≤ 𝜆 (𝑖 = 1, 2, 3; 𝑥𝑖 = 𝑝, 𝑥, 𝑦) (2)

are satisfied.

Let 𝑥 = 𝛼(𝑝), 𝑦 = 𝛽(𝑝) satisfy equations (1). Introduce in (1) the change of
variables

𝑥 = 𝛼 + 𝐴 cos(𝑡 − 𝜑), 𝑦 = 𝛽 + 𝐴 sin(𝑡 − 𝜑), 𝑝 = 𝑝, (3)

where 𝐴, 𝜑 are new variables, 𝐴 ≥ 0; then (1) is transformed to the form

𝑑𝐴/𝑑𝑡 = 𝜀𝐴𝐹(𝑝, 𝑥, 𝑦), 𝑑𝜑/𝑑𝑡 = 𝜀Φ(𝑝, 𝑥, 𝑦),

𝑑𝑝/𝑑𝑡 = 𝜀Π3(𝑝, 𝑥, 𝑦), (4)

where
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𝐹 = 1
𝐴{[Π1(𝑝, 𝑥, 𝑦) − Π1(𝑝, 𝛼, 𝛽)] cos(𝑡 − 𝜑)+

+[Π2(𝑝, 𝑥, 𝑦) − Π2(𝑝, 𝛼, 𝛽)] sin(𝑡 − 𝜑)}, (5)

Φ = 1
𝐴{[Π1(𝑝, 𝑥, 𝑦) − Π1(𝑝, 𝛼, 𝛽)] sin(𝑡 − 𝜑)−

−[Π2(𝑝, 𝑥, 𝑦) − Π2(𝑝, 𝛼, 𝛽)] cos(𝑡 − 𝜑)}.

Thanks to the terms Π1(𝑝, 𝛼, 𝛽), Π2(𝑝, 𝛼, 𝛽), the Taylor expansions of (5) in
powers of 𝐴 in a neighborhood of 𝐴 = 0 (𝑥 = 𝛼, 𝑦 = 𝛽) will begin with terms
bounded by the constant 3𝜆, as a result of which, both for small 𝐴 and for
𝐴 ∼ 1 in the domain 𝐷, there exist constants 𝑀1, 𝜆1 bounding, respectively,
𝐹, Φ, Π3 and their derivatives with respect to 𝑝, 𝑥, 𝑦. We shall use this property
in averaging system (4).

Consider a system in the standard form for the averaging method (2)

𝑑𝑥/𝑑𝑡 = 𝜀𝑋(𝑡, 𝑥), (6)

where 𝑥, 𝑋 are 𝑛-dimensional vectors, 𝜀 is a small parameter. Here the function
𝑋(𝑡, 𝑥): a) is periodic in 𝑡 with period 𝑇 of order unity; b) is continuously
differentiable with respect to 𝑡 in the domain 𝐷, in which inequalities analogous
to (2) are satisfied for 𝑋(𝑡, 𝑥).

* A particular case of (1) is the equations of celestial mechanics in the form (1).
Let us write the system of averaged equations

𝑑𝜉/𝑑𝑡 = 𝜀𝑋0(𝜉) (𝑋0(𝜉) = 1
𝑇 ∫

𝑇

0
𝑋(𝑡, 𝜉) 𝑑𝑡) , (7)

where 𝜉(𝑡) is defined and lies in the domain 𝐷 together with its neighborhood
of radius 𝜌.
We represent the solution of (6) in the form

𝑥 = 𝜉 + 𝜀𝑋(𝑡, 𝜉) + 𝜀𝑟(𝑡), (8)

where 𝑟(𝑡) is a new variable, 𝑥(0) = 𝜉(0), 𝑟(0) = 0,
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𝑋(𝑡, 𝜉) = ∫
𝑡

0
[𝑋(𝑡, 𝜉) − 𝑋0(𝜉)] 𝑑𝑡. (9)

Obviously, in the domain 𝐷 we have

|𝑋|, |𝑋0| ≤ 𝑀, |𝜕𝑋/𝜕𝑥| ≤ 𝜆, |𝜕𝑋/𝜕𝜉| ≤ 𝜆𝑇 . (10)

Substituting (8) into (6) and taking account of (7), (9), we obtain the equation

𝑑𝑟/𝑑𝑡 = −𝜀𝑋0(𝜉)𝜕𝑋(𝑡, 𝜉)/𝜕𝜉 + 𝑋{𝑡, 𝜉 + 𝜀𝑋(𝑡, 𝜉) + 𝜀𝑟} − 𝑋(𝑡, 𝜉). (11)

Introducing the slow time 𝜏 = 𝜀𝑡 and rewriting (11) in the form of an integral
equation, we define 𝑟 by means of Picard successive approximations

𝑟 = 𝑟0 + (𝑟1 − 𝑟0) + … + (𝑟𝑛 − 𝑟𝑛−1) + … , (12)

where

𝑟0 = 0, … , 𝑟𝑛 = ∫
𝜏

0
[− 𝑋0(𝜉)𝜕𝑋

𝜕𝜉 + 𝑋(𝑡, 𝜉 + 𝜀𝑋 + 𝜀𝑟𝑛−1) − 𝑋(𝑡, 𝜉)
𝜀 ] 𝑑𝜏.

(13)

With the aid of (10) we obtain the estimates

|𝑟1| ≤ 2𝑇 𝑀𝜆𝜏, … , |𝑟𝑛 − 𝑟𝑛−1| ≤ 2𝑇 𝑀𝜆𝑛𝜏𝑛/𝑛!, … (14)

Substituting (12) into (8), it is easy to see that the successive approximations
for (8) will not leave the domain 𝐷 if the averaging error 𝜂 = 𝑥 − 𝜉 does not
exceed 𝜌:

|𝜂| = 𝜀|𝑋 + 𝑟| ≤ 𝑇 𝜀𝑀(2 exp𝜆𝜏 − 1) ≤ 𝜌. (15)

Inequality (15) is satisfied by 𝜏 ∈ [0, 𝐿], where

𝐿 ≤ 1
𝜆 ln 1

2 (1 + 𝜌
𝑇 𝜀𝑀 ) . (16)

By analogy with the theorem on the existence of solutions, one can show that
for 0 ≤ 𝜏 < 𝐿 the series (12) converges uniformly to the solution of (11), which
is unique.
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Thus, on the interval 0 < 𝑡 < 𝐿/𝜀 the averaging error* does not exceed 𝜌 and
consists of two parts: an oscillatory part 𝜀𝑋 ∼ 𝜀𝑇 𝑀 and an accumulating part
𝜀𝑟 ∼ 2𝜀𝑇 𝑀(exp𝜆𝜏 − 1).
We apply the result obtained to system (4). Introduce the notation: the (𝑛+2)-
dimensional vector 𝑋 = {𝐴𝐹, Φ, Π𝑧}; the vector 𝜉(𝑡) is the solution of the
averaged equations (4); 𝑋0(𝜉) is the vector 𝑋 averaged over a period; the vector
𝑋(𝑡, 𝜉) is the operator (9). Obviously, the first components of the vectors 𝑋, 𝑋0

* Here, in contrast to (2), the estimates for the averaging error are obtained in
explicit form.

are bounded by the quantity 𝐴𝑀1, and the remaining ones by the quantity 𝑀1.
Taking this into account, and for 𝐴 ⩽ 𝜀, from the Taylor expansions of 𝐹 , Φ,
Π3, one can show that

|𝑋| ⩽ 2𝜋𝐴𝑀1, |𝑋0𝜕𝑋/𝜕𝜉| ⩽ 2𝜋𝜆𝐴𝑀1. (17)

The error of averaging will be 𝜂 = 𝜀(𝑋 + 𝑟), where 𝑟 satisfies an equation of the
form (11).

From the first equation (4) it follows easily that

𝐴 ⩽ 𝐴0 exp 𝜀𝑀1𝑡, (18)

or

𝑡 ⩾ 1
𝜀𝑀1

ln 𝐴
𝐴0

, (19)

i.e. the transition from values 𝐴 ∼ 𝜀 to 𝐴 ∼ 1 lasts on the interval

𝑡 ∼ 1
𝜀 ln 1

𝜀 .

Using (17), (18), let us estimate the terms of the series (12) on the interval (19):

|𝑟1| ⩽ 4𝜋𝜆𝑀1𝐴0 exp𝑀1𝜏, … , |𝑟𝑛 − 𝑟𝑛−1| ⩽ 4𝜋𝐴0(exp𝑀1)𝜏𝑛𝜆𝑛+1
1 /𝑀𝑛

1 , (20)

whence, for 𝜆1/𝑀1 < 1, we have

𝜀|𝑟| ⩽ 4𝜋𝜀𝜆𝑀1𝐴/(1 − 𝜆1/𝑀1). (21)
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Thus, depending on the initial conditions, the interval of validity of solutions
of the averaged equations (4) can be significantly extended in comparison with
theorem (2) on the averaging of system (7).

In addition, in the case of decreasing 𝐴, the range of the values of 𝜀 under
consideration can be extended. Indeed, the right-hand side of (21) contains 𝜀𝐴.
The smaller 𝐴 is, the larger the 𝜀 that may be prescribed.

Let us describe a method of approximately finding 𝛼, 𝛽, which is a generalization
of the corresponding result of (1). Let Π1, Π2, Π3 be analytic functions of 𝑝, 𝑥, 𝑦.
We shall seek 𝛼, 𝛽 in the form of series

𝛼 = 𝛼0 + … + (𝛼𝑛 − 𝛼𝑛−1) + … ,

𝛽 = 𝛽0 + … + (𝛽𝑛 − 𝛽𝑛−1) + … . (22)

Here 𝛼𝑛, 𝛽𝑛 are partial sums; the general terms (𝛼𝑛 − 𝛼𝑛−1), (𝛽𝑛 − 𝛽𝑛−1) will
be denoted respectively by 𝜀𝑛+1𝑄𝑛, 𝜀𝑛+1𝑅𝑛.

We expand the functions Π1, Π2 in Taylor series in powers of 𝑥, 𝑦 in a neighbor-
hood of 𝑥 = 𝑦 = 0 and determine 𝛼0, 𝛽0 from the equations

−𝛽0 + 𝜀Π1(𝑝, 0, 0) = 0, 𝛼0 + 𝜀Π2(𝑝, 0, 0) = 0. (23)

It follows from this that 𝛼0 = 𝜀𝑄0, 𝛽0 = 𝜀𝑅0, where |𝑄0|, |𝑅0| ⩽ 𝑀 .

Introduce the change of variables

𝑥1 = 𝑥 − 𝛼0, 𝑦1 = 𝑦 − 𝛽0, (24)

whence

𝑑𝑥1
𝑑𝑡 = 𝑑𝑥

𝑑𝑡 − 𝑑𝛼0
𝑑𝑝

𝑑𝑝
𝑑𝑡 , 𝑑𝑦1

𝑑𝑡 = 𝑑𝑦
𝑑𝑡 − 𝑑𝛽0

𝑑𝑝
𝑑𝑝
𝑑𝑡 . (25)

Substitute the right-hand sides of (1) into (25), take (24) into account, expand
Π1, Π2, Π3 in Taylor series in powers of 𝑥1, 𝑦1 in a neighborhood of 𝑥1 = 𝑦1 = 0,
and determine 𝛼1, 𝛽1 from the equations

−𝛽1 + 𝜀Π1(𝑝, 𝛼0, 𝛽0) = 𝜀Π3(𝑝, 𝛼0, 𝛽0) 𝑑𝛼0/𝑑𝑝,

𝛼1 + 𝜀Π2(𝑝, 𝛼0, 𝛽0) = 𝜀Π3(𝑝, 𝛼0, 𝛽0) 𝑑𝛽0/𝑑𝑝, (26)
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whence, taking (2), (23) into account, it is seen that 𝛼1 − 𝛼0 = 𝜀2𝑄1, 𝛽1 − 𝛽0 =
𝜀2𝑅1, where |𝑄1|, |𝑅1| ⩽ 3𝑀 .

Let 𝑥𝑛 = 𝑥 − 𝛼𝑛−1, 𝑦𝑛 = 𝑦 − 𝛽𝑛−1. By induction it is easy to show that 𝛼𝑛, 𝛽𝑛
must be determined by the equations

−𝛽𝑛 + 𝜀Π1(𝑝, 𝛼𝑛−1, 𝛽𝑛−1) = 𝜀Π3(𝑝, 𝛼𝑛−1, 𝛽𝑛−1) 𝑑𝛼𝑛−1/𝑑𝑝,

𝛼𝑛 + 𝜀Π2(𝑝, 𝛼𝑛−1, 𝛽𝑛−1) = 𝜀Π3(𝑝, 𝛼𝑛−1, 𝛽𝑛−1) 𝑑𝛽𝑛−1/𝑑𝑝 (27)

and that

𝛼𝑛 − 𝛼𝑛−1 = 𝜀𝑛+1𝑄𝑛, 𝛽𝑛 − 𝛽𝑛−1 = 𝜀𝑛+1𝑅𝑛, (28)

where 𝑄𝑛, 𝑅𝑛 are bounded by constants depending only on 𝑀, 𝜆.
It is easy to show that, if the series (22) converge, then to 𝑥 = 𝛼(𝑝), 𝑦 = 𝛽(𝑝),
satisfying (1). We shall show that in the general case the series (22) represent
𝛼, 𝛽 asymptotically, i.e.

𝛼 − 𝛼𝑛−1 ∼ 𝜀𝑛, 𝛽 − 𝛽𝑛−1 ∼ 𝜀𝑛 for 𝑡 ∼ 1/𝜀. (29)

Introduce the variables 𝑟(1), 𝑟(2) by the formulas 𝛼 = 𝛼𝑛−1 + 𝑟(1), 𝛽 = 𝛽𝑛−1 +
𝑟(2). Substituting these expressions into (1) in place of 𝑥, 𝑦 and subtracting the
corresponding equations (27), taking (28) into account in the latter, we obtain

𝑑𝑟(1)/𝑑𝑡 + 𝑟(2) = 𝜀𝑃1, 𝑑𝑟(2)/𝑑𝑡 − 𝑟(1) = 𝜀𝑃2, (30)

where

𝑃1 = Π1(𝑝, 𝛼𝑛−1 + 𝑟(1), 𝛽𝑛−1 + 𝑟(2)) − Π1(𝑝, 𝛼𝑛−1, 𝛽𝑛−1) + 𝜀𝑛𝑅𝑛, (31)

𝑃2 = Π2(𝑝, 𝛼𝑛−1 + 𝑟(1), 𝛽𝑛−1 + 𝑟(2)) − Π2(𝑝, 𝛼𝑛−1, 𝛽𝑛−1) − 𝜀𝑛𝑄𝑛.

Equations (30) are equivalent to the integral system

𝑟(1) = 𝐶 cos(𝑡 − 𝛾) + 𝜀 cos 𝑡 ∫
𝑡

0
(𝑃1 cos 𝑡 + 𝑃2 sin 𝑡) 𝑑𝑡

+ 𝜀 sin 𝑡 ∫
𝑡

0
(𝑃1 sin 𝑡 − 𝑃2 cos 𝑡) 𝑑𝑡,
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(32)

𝑟(2) = 𝐶 sin(𝑡 − 𝛾) + 𝜀 sin 𝑡 ∫
𝑡

0
(𝑃1 cos 𝑡 + 𝑃2 sin 𝑡) 𝑑𝑡

− 𝜀 cos 𝑡 ∫
𝑡

0
(𝑃1 sin 𝑡 − 𝑃2 cos 𝑡) 𝑑𝑡,

where 𝐶, 𝛾 are constants expressed in terms of 𝑟(1)(0), 𝑟(2)(0). We take the latter
to be ≲ 𝜀𝑛, which is consistent with what follows. In (32) we pass from 𝑡 to
𝜏 = 𝜀𝑡. We write out the successive Picard approximations, in estimating which
we use (2). As a result we obtain that 𝑟(1), 𝑟(2) ∼ 𝜀𝑛 for 𝑡 ∼ 1/𝜀, which, with
(28) taken into account, gives (29).
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