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Abstract
Full Text

MATHEMATICAL PHYSICS
V. N. ZHIGULEV

ON THE THEORY OF ORDERED STATISTI-
CAL SYSTEMS
(Presented by Academician N. N. Bogolyubov, 25 VII 1964)

A method is proposed for solving the Bogolyubov equations for correlation dis-
tribution functions in the case of a small van der Waals number for an inhomo-
geneous gas, which makes it possible not to assume molecular chaos. A chain
of equations is obtained for an ideal gas, a particular solution of which is the
solution under the assumption of molecular chaos, leading to the Boltzmann
equation for the one-particle distribution function; a solution of the chain of
equations for an ideal gas is also obtained in the weakly ordered case, reducing
to a system of two integro-differential equations; a general investigation of this
system is carried out, including the derivation of hydrodynamic equations in the
case of small Knudsen number; it is shown that these flows possess, in a certain
sense, the property of conservation of correlations, leading to the appearance of
15 new conservative quantities analogous to density, temperature, and mean ve-
locity; the one-particle distribution function in the equilibrium weakly ordered
case is no longer a Maxwell function.

1. The Bogolyubov equations for 𝑠-particle correlation functions have the
form (see (1), the notation is the same)

𝜕𝐹 (𝑠)

𝜕𝑡 = [𝐻𝑠𝐹 (𝑠)] + 1
𝑣 ∫ ∑

1≤𝑖≤𝑠
[Φ𝑖,𝑠+1𝐹 (𝑠+1)] 𝑑𝑥𝑠+1 (𝑠 = 1, 2, …). (1)

We shall consider a monatomic gas with short-range forces of intermolecular
interaction (acting over lengths of order 𝑟0); the Knudsen number 𝐾 = 𝑙/𝐿 (the
mean free path 𝑙 = 𝑣/𝑟2

0, 𝐿 is the characteristic linear scale of the flow) is of
order unity or smaller; the characteristic time scale 𝑡0 ∼ 𝐿/𝑢0, where 𝑢0 is the
characteristic magnitude of the molecular velocity; the Mach number is of order
unity; the van der Waals number 𝜀 = 𝑟3

0/𝑣 is assumed small.

In accordance with the assumptions made concerning the metric case under
consideration, the function 𝐹 (𝑠) has two characteristic lengths of variation: if
the relative configuration of 𝑠 particles does not change, then 𝐹 (𝑠) changes on
the scale 𝑙; otherwise the scale of variation of 𝐹 (𝑠) will be 𝑟0.
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For the metric case under consideration, an estimate of the orders of magnitude
of the terms entering the system of equations (1) gives: a) in the equation for
𝐹 (1), all terms have the same order of magnitude; b) in the equations for 𝐹 (𝑠),
if |q𝑖 − q𝑗| ∼ 𝑟0 (𝑖, 𝑗 are any two points among 𝑠), there are large terms of
order 1/𝜀 in comparison with the others; but if all |q𝑖 − q𝑗| ∼ 𝑙, then some of
these terms become small in comparison with the others. Therefore the system
(1) may be solved by the method of successive approximations, where the 𝑛-th
approximation has the form:

1) |q𝑖 − q𝑗| ∼ 𝑙;

𝑑𝑠𝐹 (𝑠)
𝑛

𝑑𝑡 = 1
𝑣 ∫ ∑

1≤𝑖≤𝑠
[Φ𝑖,𝑠+1𝐹 (𝑠+1)

𝑛 ] 𝑑𝑥𝑠+1; (2)

2) |q𝑖 − q𝑗| ∼ 𝑟0:

∑
1⩽𝑖⩽𝑠

(𝑐𝑠+1 − 𝑐𝑖)
𝜕𝐹 𝑠+1

𝑛
𝜕 ⃗𝜉𝑖

=

= ∑
1⩽𝑖<𝑗⩽𝑠+1

[Φ𝑖𝑗𝐹 (𝑠+1)
𝑛 ] − 𝑑𝐹 (𝑠+1)

𝑛−1
𝑑𝑡 + 1

𝑣 ∫ ∑
1⩽𝑖⩽𝑠+1

[Φ𝑖,𝑠+2𝐹 (𝑠+2)
𝑛−1 ] 𝑑𝑥𝑠+2, (3)

⃗𝜉𝑖 = q𝑠+1 − q𝑖,
𝑑
𝑑𝑡 = 𝜕

𝜕𝑡 + 𝑐1
𝜕
𝜕r , r = q𝑖,

𝑑𝑠
𝑑𝑡 = 𝜕

𝜕𝑡 + ∑
1⩽𝑖⩽𝑠

𝑐𝑖
𝜕

𝜕q𝑖
.

The 𝑛-th approximation is meaningful for sufficiently short-range forces of inter-
molecular interaction; thus, if Φ𝑖𝑗 = 𝑚𝑛2

0(𝑟0/|q𝑖 −q𝑗|)𝛼, then 𝛼 must be greater
than 𝑛.

Characteristic for the case under consideration is the splitting of system (1)
into the system of equations (2) in macrospace (∼ 𝑙) and the system (3) in
microspace (∼ 𝑟0).

2. In the first approximation the system of equations (3) is greatly simplified,
and we can exclude the microspace (∼ 𝑟0) from further consideration.
From the point of view of macrospace, 𝑠 points are separated on the scale
𝑟0 to infinity and, consequently, the integral in system (2) is the sum of
all possible binary interactions; one integration can be carried out; as a
result, substituting (3) into (2), we obtain a single approximate (in the
sense of the leading term in 𝜀) system of equations for determining the
correlation functions “before collision”in macrospace for an ideal gas:

𝑑(𝑠)
𝑠𝐹
𝑑𝑡 = 1

𝑣 ∑
1⩽𝑖⩽𝑠

∫{𝐹 (𝑠+1)}𝑖 𝑑𝑃𝑖,𝑠+1 (𝑠 = 1, 2, …),
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{𝐹 (𝑠+1)}𝑖 = 𝐹 (𝑠+1)(𝑡, 𝑥1, … , 𝑥𝑖−1, 𝑥′
𝑖, 𝑥𝑖+1, … , 𝑥𝑠, 𝑥′

𝑠+1) − 𝐹 (𝑠+1)(𝑡, 𝑥1, … , 𝑥𝑠+1),
(4)

𝑑𝑃𝑖,𝑠+1 = 𝑏 𝑑𝑏 𝑑𝜀′ |𝑐𝑖 − 𝑐𝑠+1| 𝑑𝑝𝑠+1;

𝑏 is the impact parameter; 𝜀′ is the azimuthal angle; 𝑥𝑖 is the aggregate 𝑐𝑖q𝑖;
the quantities 𝑥′

𝑖, 𝑥′
𝑠+1, 𝑥𝑖, 𝑥𝑠+1 have the same coordinate values in physical

space, equal to q𝑖; 𝑐′
𝑖, 𝑐′

𝑠+1 are related to 𝑐𝑖, 𝑐𝑠+1 by the law of binary collision
(2).

The functions 𝐹 (𝑠) (𝑠 > 1) in macrospace (∼ 𝑙) are not single-valued; there-
fore, for definiteness, we consider the branch corresponding to the value of the
function 𝐹 (𝑠) before all possible binary interactions (“before collision”).

3. Let us turn to the analysis of the chain of equations (4) for an ideal gas.
In deriving the usual Boltzmann kinetic equation one uses the hypothesis
of molecular chaos, which consists in assuming approximately everywhere
in macrospace that

𝐹 (2)(𝑡, r, 𝑐1, 𝑐2) = 𝐹 (1)(𝑡, r, 𝑐1)𝐹 (1)(𝑡, r, 𝑐2).

Theorem 1. The chain of equations (4) for an ideal gas has the particular
solution

𝐹 (𝑠)(𝑡𝑥1, 𝑥2 … , 𝑥𝑠) = ∏
1⩽𝑖⩽𝑠

𝐹 (1)(𝑡, 𝑥𝑖); (5)

the function 𝐹 (1)(𝑡, r, 𝑐1) then satisfies the Boltzmann equation

𝑑𝐹 (1)

𝑑𝑡 = 1
𝑣 ∫{𝐹 (1)(𝑡, r, 𝑐1)𝐹 (1)(𝑡, r, 𝑐2)}1 𝑑𝑃12. (6)

The theorem is established by substituting the solution (5) into system (4). The
theorem is directly generalized to the next approximation (real gas).

Thus, if at some instant 𝑡0 the system satisfies the property of molecular chaos
(5), then, in the presence of stability of the solution and of boundary conditions
compatible with property (5), the correlation functions 𝐹 (𝑠) will always be ex-
pressed by the solution (5); in other words, the property of molecular chaos
(disorder) is a conserved property of the gas. (Cf. the works (3,4 ), where an
analogous result was obtained in the hydrodynamic case (𝐾 ≪ 1).)
The natural question arises of the formation of the property of molecular chaos:
will not all solutions for 𝐹 (𝑠) tend to the solution (5)? In the subsequent sections
a negative answer is given to this question.
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4. Consider the case when 𝜔 = 𝑔(𝑡, 𝑥1, 𝑥2)/𝐹 (1)(𝑡, 𝑥1)𝐹 (1)(𝑡, 𝑥2) is a small
quantity (𝑔(𝑡, 𝑥1, 𝑥2) = 𝐹 (2)(𝑡, 𝑥1, 𝑥2) − 𝐹 (1)(𝑡, 𝑥1)𝐹 (1)(𝑡, 𝑥2)).

Theorem 2. In the case |𝜔| ≪ 1, the system of equations (4) has the following
solution for the functions 𝐹 (𝑠) (𝑠 ⩾ 2):

𝐹 (𝑠) = ∏
1⩽𝑖⩽𝑠

𝐹 (1)(𝑡, 𝑥𝑖) + ∑
1⩽𝑖<𝑗⩽𝑠

𝑔(𝑡, 𝑥𝑖, 𝑥𝑗) ∏
1⩽𝑘⩽𝑠
𝑘≠𝑖,𝑗

𝐹 (1)(𝑡, 𝑥𝑘); (7)

the functions 𝐹 (1) and 𝑔 satisfy the system of integro-differential equations

𝑑1𝐹 (1)

𝑑𝑡 = 1
𝑣 ∫{𝐹 (1)(𝑥1)𝐹 (1)(𝑥2)}1 𝑑𝑃12 + 1

𝑣 ∫{𝑔(𝑥1, 𝑥2)}1 𝑑𝑃12,

𝑑2𝑔
𝑑𝑡 = 1

𝑣 ∫{𝐹 (1)(𝑥𝑖)𝑔(𝑥3, 𝑥2) + 𝐹 (1)(𝑥3)𝑔(𝑥1, 𝑥2)}1 𝑑𝑃13+

+1
𝑣 ∫{𝐹 (1)(𝑥2)𝑔(𝑥1, 𝑥3) + 𝐹 (1)(𝑥3)𝑔(𝑥1, 𝑥2)}2 𝑑𝑃23. (8)

The theorem is proved by substituting expression (7) into the system of equa-
tions (4) and neglecting quantities of order 𝜔2.

It follows from Theorem 2 that if the initial and boundary conditions for 𝐹 (𝑠)

do not contradict expressions (7) and the solution is stable, then the solution
(7) holds everywhere—the weakly ordered case of the flow of an ideal gas, which
is considered below.

5. In the homogeneous case (𝜕/𝜕𝑞𝑖 = 0, 𝑖 = 1, 2) of a weakly ordered ideal
gas, the following holds.

Theorem 3. If 𝜕/𝜕𝑞𝑖 = 0 (𝑖 = 1, 2) and {𝐹 (1)(𝑐1)𝐹 (1)(𝑐2)} ∼ 𝜔, then the
quantity 𝐻∗ = 2 ∫ 𝑔𝜔 𝑑𝑐1𝑑𝑐2 always decreases, tending to a stationary (𝑑/𝑑𝑡 = 0)
value.

Indeed, for the derivative 𝑑𝐻∗(𝑡)/𝑑𝑡 the following expression can be obtained
(if one uses the integral theorem (5,28), Chap. III (2), as well as the condition
of Theorem 3 that |𝐹 (1)(𝑐′

1)𝐹 (1)(𝑐′
2) − 𝐹 (1)(𝑐1)𝐹 (2)(𝑐2)| ∼ 𝜔):

𝑑𝐻∗

𝑑𝑡 = − 1
2𝑣 ∫ 𝐹 (1)(𝑐1)𝐹 (1)(𝑐2)𝐹 (1)(𝑐3)[(𝜔(𝑐′

1, 𝑐2) + 𝜔(𝑐′
3, 𝑐2)

−𝜔(𝑐1, 𝑐2) − 𝜔(𝑐3, 𝑐2))2 𝑑𝑃13 + (𝜔(𝑐1, 𝑐′
2) + 𝜔(𝑐1, 𝑐3)

−𝜔(𝑐1, 𝑐2) − 𝜔(𝑐1, 𝑐3))2 𝑑𝑃23] 𝑑𝑐1𝑑𝑐2 + 𝑂(𝜔3). (9)
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It follows from Theorem 3 that a homogeneous system tends to statistical equi-
librium, since for the principal part 𝐹 (1)(𝑡, 𝑐2), differing from its exact value by
a quantity of order 𝜔, Boltzmann’s 𝐻-theorem is valid and, consequently, the
system arrives at a state where the basic condition of Theorem 3 is valid.

In statistical equilibrium the equations are satisfied:

𝜔(c′
1, c2) + 𝜔(c′

3, c2) = 𝜔(c1, c2) + 𝜔(c3, c2),

𝜔(c1, c′
2) + 𝜔(c1, c′

3) = 𝜔(c1, c2) + 𝜔(c1, c3), (10)

which indicates that the function 𝜔(c1, c2) in the equilibrium case is the follow-
ing combination of invariants of binary collision:

𝜔(c1, c2) = 𝑎1 + ⃗𝑎2(𝑚c1 + 𝑚c2) + ̃𝑎3(𝑚c1𝑚c2 + 𝑚c2𝑚c1)+

+ 𝑎4(𝑚𝑐2
1/2 + 𝑚𝑐2

2/2)+
+ ⃗𝑎5(𝑚c1𝑚𝑐2

2/2 + 𝑚c2𝑚𝑐2
1/2) + 𝑎6(𝑚𝑐2

1/2)(𝑚𝑐2
2/2). (11)

The quantities 𝑎𝑖 are constants, of which 𝑎1, 𝑎4, 𝑎6 are scalars, ⃗𝑎2 and ⃗𝑎5 are
vectors, ̃𝑎3 is a symmetric tensor of rank two—a total of 15 scalar quantities.

6. Theorem 4. A consequence of the equation for the function 𝑔 is 15 transport
equations.

Theorem 5. In the case of a small Knudsen number (𝐾 ≪ 1)

𝐹 (1) = 𝐹 (1)
0 + 𝐾𝐹 (1)

1 + 𝐾𝐹 (1)
2 + … , 𝑔 = 𝑔0 + 𝐾𝑔1 + 𝐾2𝑔2 + … . (12)

The necessary solvability conditions for the system of recurrence equations for
the functions 𝐹 (1)

𝑗 and 𝑔𝑗 yield a successively refined hydrodynamic system of
equations, which is a closed system of 20 equations with respect to 20 scalar
functions (of 𝑡 and r)—𝑛, 𝑇 , V, 𝑎𝑖.

The 15 transport equations for the quantities 𝑎𝑖 are obtained from the equation
for the function 𝑔 by multiplying it by 1, 𝑚c1+𝑚c2, 𝑚𝑐2

1/2+𝑚𝑐2
2/2, 𝑚c1𝑚c2, …,

and then integrating over the spaces c1 and c2. The integrals of the collision
terms then vanish by virtue of the fundamental property of the invariants.

Theorem 4 indicates the existence, for the weakly ordered case under consider-
ation of the flow of an ideal gas, of 15 new conservative quantities, for which
there are 15 additional transport equations. This indicates that the correlations
possess, in a certain sense, a conservation property.

It is of great interest to consider the indicated hydrodynamic equations, since
equations (8) are an apparatus of the theory of turbulence formulated in terms
of the aerodynamics of a rarefied gas.

I express my gratitude to N. N. Bogoliubov and A. A. Dorodnitsyn for their
interest in this work.
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