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Abstract

Full Text
V. V. ZHUK

ON SOME MODIFICATIONS OF THE CON-
CEPT OF THE MODULUS OF SMOOTHNESS
AND THEIR APPLICATIONS

(Presented by Academician L. V. Kantorovich on 23 XI 1964)

1°. We shall use the following notation. A function f(x) € Lq,; wy (0, f)» is its
modulus of smoothness of order k in the metric L? (L>° = C,,.); E, (f)» denotes
best approximations by trigonometric polynomials of degree not exceeding n;
o(f) is the Fourier series; ¢ > 0 is a finite constant depending only on those
arguments which will be written out. Put

r

A7 f() =Y (=D)FC flz + (r = 2k)t),

k=0
o(f) = % + Z(ak coskx + by, sinkx),
k=1

o0

F(z) = Z <f%cos kx + a—}: sinkx) .

k=1

In a number of questions it is possible to characterize the structural properties
of a function by the moduli of smoothness of the primitive (and not of the
function itself!), and also by the quantities introduced below (the L-modulus of
smoothness). This makes it possible to refine some well-known results.

2°. Absolute convergence of Fourier series. Numerous works are devoted
to the question of absolute convergence. The fundamental theorems are those of
S. N. Bernstein (1), pp. 217-223, 166-169. A detailed exposition of the results
pertaining to this subject is given in the book of N. K. Bari (?).

Theorem 1. Let the sequence n;, 1 co be such that

= (a2 +b2) < (a2 +b2)
D DU e (1)
z= n=ny

Then
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> 2,/2C
S, |+ 1o, 1) < =Y 12\@%1
k=

1

Corollary 1. Let f(x) € Ly,. Then

Z'ak‘+|bk| <7ZfEk 1(F) 2

k=1

Corollary 2. If E,(f);, = O(1/n), then

00 1/2
ag| + 1bg]) < Cy( k12 |w .
> lag] + (b)) < Cy( Z k .

k=1

There exist absolutely continuous functions satisfying the condition of Corollary
2 and not satisfying Zygmund’ s condition.

([2], p. 614)

Zk w (1/k, f)o < +00

and the stronger condition

o0
> Wy (1/k, flo < 4o
k=1
Theorem 2. Let the sequence n, T oo satisfy condition (1), and let ®(u) be
such that ®(0) = 0, ®(u) is increasing, ®(u) is convex upward, and
Dy X uy) < P(ug)P(uy).

Then

® (a2 +b2) <O4) @ (%E2 (F)Lz> +

Nk

M]3

>
Il

1

+2Z<I> 8k)® ( ng“(F)LQ).

Definition 1. The quantity
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~. 1
Lp(haf> = E Suf_)h

/Ou SATf(z) dt

Lr

will be called the L-modulus of smoothness of order 7 of the function f (z) in
the metric LP.

Let us note a number of properties of the T-modulus of smoothness:
1. If, as h = 0, f(f)(hj) = o(h?), then f(x) ~ const.

2. In order that f(x) € LP, where 1 < p < 0o, have an (r — 1)-st derivative
belonging to Lip(1,p), it is necessary and sufficient that

Ly (h, f) = O(h?).

3. Let f(x) € L?. In order that

wr(1/n, f)pz ~ L5 (1, ), (2)
it is necessary and sufficient that

E,|flp2 < Cs(MIY (1/n, f).

Remark. Equality (2) is not always fulfilled.
Theorem 3. Let f(z) € L (r odd) and f(x) € L? (r even). If 0 < m < 2, then

S (al™ + ™) < Calr,m) {f} e (10 (1)) + 20 (5 0)] nlm/z} .

k=n

Theorem 4. Let f(z) € L.
1. Ifa, > 0 (k=1,2,...), then* for r odd

n””Zakk’"’l < C’5(7‘)Z(g> (—,F) .

k=1
2. If b, >0 (k=1,2,...), then for r even

S bkt < Cy(r) LY (7F> .
k=1

3. Ifa, >0 (k=1,2,...), then
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oo oo 1
<c TGI).
;nak< 7;w 2 ;

4. It b, >0 (k=1,2,...), then
i%g%iwcf>.
k=n k=n k C

* No restrictions are imposed on by,

3°. Multipliers of uniform convergence. (A survey of known results is
given in the work of F. I. Kharshiladze ().) Let

AL (t)=X/24 Z Ay, cos kt.
=1

Theorem 5. If the conditions

2m
/0

are satisfied, then for a continuous f(x) the numbers A\, are multipliers of
uniform convergence.

n

> AL

v=0

2m
1
0

Remark. Already for A\, = 1 (k = 0,1,2,...) there exist functions satisfying
the conditions of Theorem 5, whereas the conditions of the theorems of Bojanic
(%) and Kharshiladze (®) are not fulfilled. An example may be

flz) = Z C(:lizx 0<a<1) ((?), pp. 294-296).
n=1

4°. The concept of the L-modulus of smoothness has applications in the theory
of singular integrals. Relying on the properties of the L-modulus, one can prove
the following theorems.

Theorem 6. The following relations are equivalent:

f(z) € Lip(1, p),

m /: e+ 1) = (@) (s;ln?//;) 4 d
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t
H 2n—|—1”2 / |f(z +t) — f(x)| cos®™ 2dt

Theorem 7. In order that the relation

o)

H(Q(ﬁ)'l')”/o [f(z+1t) —2f(x) + f(z — t)] cos*" % dt

. =om)

hold, where 0 < o < 2, it is necessary and sufficient that, ast — 0,

W2(73, f) = O(ta)

Theorem 8. In order that, as v — 1 — 0,

1 (" 1—1r2
|5 [ 0= 2500+ s 0l

1—2rcost+ 12 = 0@ =n)%),

Lr

where 0 < a < 1, it is necessary and sufficient that f(x) € Lip(a, p).

5°. Generalized methods of summation of Fourier series in a Hilbert
space. Let H = {z} be a Hilbert space, {z,} (n = 1,2, ...) a complete orthonor-
mal system in H,

- 1/2
E,(x)y = l Z (%%)2] ;

k=n+1

to each element x € H there is assigned the series

E Ve (&) (T, )2,

where the functions v, (§) are given on some set with a limit point w. We assume
that v, (§) =1 and

&S}
Zv (w,2),)% < +o00,
k=1

at least for values -
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functions ¢ close to w. In what follows, the summability method is considered
only for such &. M. F. Timan ((°), p. 351; (°)) proved that

1/2
1 1=
Wr <E7f)L2 ~or LZ; k? 1Eﬁ(f)L21 :

Definition 2. The quantity
) | [ 1/2
~, - — k2r—1 E2
Wy <n7$>H nr |J;_1 k(m)H

will be called the &-modulus of smoothness of order r of the element z in the
space H.

Definition 3. Let ¢(§) be such that lim, 5 ¢(§) = 0, and for all z € H
(‘T € {C$1}>,

|z = U2, )l = Cy(x)p(£)

and there exists © € H (z € {Cz,}) for which

|z = U2, )l < Crp(2)p(8)- ()

Then we shall say that the summability method is saturated in H with order
p(€), and call the class of saturation the set of x € H for which (3) is fulfilled.

Theorem 9. Let x € H, r > 0. Then the series

(oo} o0 1
SR YR YRR ()
k=1 k=1 H

converge or diverge simultaneously.

Remark 1. Let f(z) € L3_. Then the series Z;‘;l(ai +b2)k* (r>1) and the

integral
2 27 | Ar+1f ’
/ / f2r+1 dt dx

converge or diverge simultaneously.

Remark 2. For » = 0, the theorem and Remark 1 do not hold
((*), pp. 347,399).
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Theorem 10. If z € H, then

- 1/2
le = Uz, )l = | D B} @) [(1 = 70 () — (1 — %(6))2]1 :
k=1

Corollary. Let vy, (n) =1— ((k—1)/n)?, if k = 1,...,n, and ~,(n) = 0 for
k > n, where p > 0 is any real number. Then

1
nP

. 1/2
Ef(x)g +2p Z(k - 1)2p_1E13($)H1 <
=2

1/2
V20 (S 20
§||$—U<p>($,")||H§W > KB @)y |
k=1

The summability method is saturated with order 1/nP. The class of saturation
is the set of elements for which

oo
Z kP E% () < +o0.
k=1

Relying on Theorem 10, it is not difficult to obtain analogous results for other
summability methods as well.
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