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CYBERNETICS AND CONTROL THEORY
Academician L. V. KANTOROVICH, I. V. ROMANOVSKII

DEPRECIATION PAYMENTS
UNDER OPTIMAL USE OF EQUIPMENT

The present note is devoted to a mathematical-economic analysis of certain
problems relating to the optimal equipping and use of equipment, as well as to
the construction, for the corresponding optimal regime, of a system of depre-
ciation deductions and other economic indicators. The problem is considered
on comparatively simple models under various simplifying hypotheses, which
makes it possible to carry out a fairly complete investigation. The conclusions
we obtain, in addition to quantitative characteristics, also make it possible to
draw qualitative conclusions about the nature of the optimal solution and the
structure of the economic indicators.

For many branches of production, an unevenness of equipment load is character-
istic; it changes substantially—cyclically or otherwise—in different periods. Here
we consider problems of equipping and using equipment precisely under such
conditions. The problem posed is to ensure the planned load with minimal re-
duced costs for acquiring equipment and to construct indicators that stimulate
the implementation of optimal regimes.

1. Let us consider the following model. Suppose that the prescribed load
in any time interval [t,t 4+ 7] is as follows: during ¢;7 of the time it
is single (requiring one machine, which performs work ¢;7) and during
U457 it is double (requiring two machines, each of which performs work
Vo7), ¥9,95 > 0, ¥, + Y5 < 1*. To perform this load it is necessary at
every moment of time to have at least two machines. A machine may be
purchased at any moment of time at price C. A new machine has initial
working resource R; the resource of a machine is decreased by p when
work p is performed. A machine with zero resource can no longer be used.

Suppose that at the initial moment (¢ = 0) there are two machines with residual
resources R, and Ry, (R > R; > R, > 0). It is required to determine the
moments ts,ty,... (t; =ty =0, 1 > 1, t, = 0o) for the acquisition of new
machines so that there should exist a regime of machine use ensuring fulfillment
of the described load**, and so that the reduced cost

* We specify not a function but a load density, which may be regarded as the
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limit (in the weak topology) of the graph of a cyclic load as the cycle length
tends to zero. We note the connection of such a formulation of the problem
with the time-mixing by point-mixing adopted in dynamic programming (?).

** For this it is necessary and sufficient that there exist measurable functions
91(t),95(t), and g5(t) of the nonnegative argument ¢, such that g,(t) # g5(t),

inf t>t, =123, k=12.
{g,(t)=k}

)

Uy mes{g, (t) = k} + 9y mes({go(t) = k} U {g5(t) = k}) < Ry,
where R, = R for k > 3.

Fulfillment of this conditional load ensures the possibility of fulfilling any real
load schedule that it majorizes integrally.

the expenditures for the acquisition of machines over the entire period [0, 00)

Cy et (1)
k=1

is then minimal. Here v is the rate of efficiency (see (1), p. 292). Denote
this minimum (whose existence is obvious) by f(Ry,R,). Put ¥, +vJ, = O,
U5/0 = B, Ry /(U5 + ©) = R, exp(—vR/V,) = a.

Using the optimality principle (2), one can obtain for f(R;, R,) the following
functional equation:

min e " f(R, —Ot, Ry —yt), 0<t<min (

f(Ry, Ry) = min mine " f(Ry — dpt, Ry — Of), 0<t< min (

C+f(Ra Rl +R2)7

2)
where the minimum is taken over the following strategies: in the first case ¢,—
use of the first machine under any load, and of the second only under double
load for a time ¢; in the second case ¢;—the opposite use; in the third, Q—the
purchase of a new machine. The last strategy will be used only when one of
the machines is worn out, or when the existing machines are simultaneously
fictitiously combined (which means, in fact, their alternate use).

We shall seek optimal behavior in the class of stationary behaviors, and therefore
it is sufficient for us to determine the optimal strategy q(R;, Ry) in any state of
the process (Ry, Ry).
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Fig. 1 and Fig. 2

Figure 1: Fig. 1 and Fig. 2

Theorem 1*. If o > 3, the behavior ¢, defined by the following relations, is
optimal:

Q if R, + Ry < Ror Ry =0,
qé in all other cases,

where

1

t = mln{w[ﬁQ(R — Rl) + 6R2]7

1 ~

The proof of optimality of the behavior ¢ is based on a simple generalization
of the theorems of dynamic programming (2), connected with approximation
in the space of behaviors. When the behavior ¢ is used, the process, after a
sufficiently long time 7' (which can be specified), will be only in states of the
form

(R+x/8, ), (4)

where 0 < z < R. In Fig. 1 are shown the zones in which the strategies g,
q¢’, and @ are used, and the trajectories of the process in these zones. The
dashed line shows the trajectory of the process, starting at the point S with the

purchase of a new machine, up to the entry into the steady state (bold line).

In the case @ < 3, the formulation of the theorem becomes somewhat more
complicated. Here the strategy @ is used when R, + R, < R’ = Rn a/lnp
(and, of course, when R, = 0), the strategy ¢ when OR, < 9,(R; — R), and
the strategy ¢’ in the remaining cases (until entry into another zone). States of
the form (4) will still be stable; however, in addition to them, there appears a
stable cycle (bold lines in Fig. 2), to which the process comes from any un-

* An analogous result was obtained by V. A. Bulavskii.
of a steady state in a finite, but not uniformly bounded over all states, time.

2. Let now the number of machines required to perform a unit load be equal
to n, and for a double load to 2n. It can be shown that in the case o > f3,
for any n and any initial state of the process, the regime established after
a finite interval of time will be composed
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Fig. 1 Fig. 2
of pairs of type (4), i.e., will have the form

(R+x,/B, R+xy/B,..., R+x,/B, x1,..., x,),

where R > 2, > - >z, > 0.

There are grounds to suppose that states of this type will be the only possible
steady optimal states for sufficiently large n and in the case a < 3, although we
do not have a rigorous justification of this fact.

Let us now pose the problem, under the conditions of such a regime, of de-
termining the value of a machine with any residual resource R, as well as the
differential costs of work ¢; and c¢,, respectively under unit and double (peak)

load. Under the described steady regime, a machine with resource from R to R
is used under both types of load, while a machine with resource less than R is
used only under peak load. Denote the value of a machine with resource R by

n(R). Then, from the condition that the purchase of a machine is justified,

R/9, B
/ e Vteyly dt, for R <R,
0
n(R) =

(R-R)/© (R—R)/0+R/V, _
/ e V(e 0y + cpdy) dt +/ e “teydydt, for R > R.
0 (R-R)/©
(5)

Since n(R) = C, we have

1— A2
L9, + ) + %wZ = C. (6)

14

Finally, for a machine with the boundary resource ﬁ, the values given by both
formulas in (5) must coincide together with their derivatives, whence

aC2 == Cl (7)
and, finally,

Cav B Cv .
1-—a)W+a0) 27 1—a)W,+a0)’

C1 =
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C,

1— e VR/Y: f <R
A=), +a0) 1 ¢ ) orR< R,
n(R) = Cab B o9 9)
_ u(R-F)/© 2 -7
1= a)(0, +a0) (1 )+192+oz@’ for Rz R

The provision and use of a machine over some interval of time A7 is associated
with two kinds of costs—the securing of the machine in connection with the re-
duction of its resource during use, and losses associated with the immobilization
of funds, accounted for by discounting costs occurring at different times. Accord-
ingly, depreciation charges should be divided into two components: A (R)AT
—for the time during which the machine is made available, and Ay, (R)AR—for
the use of its resource. Under the optimal regime of use of the machine, these
payments must at every moment be compensated by payment for the work per-
formed, and the discounted value of these payments must coincide with the
value of the machine. Since, obviously,

AL(R) =vn(R),
sy = Ap(R) + 9, Ay (R) for R <R,

91 4 ¢y = AL (R) + OAy(R) for R > R,
it follows finally that

Cv R ~
—vR/z for R <R,
1— )y +a0) € P =
Awm=4" "2 ] (10)
—v(R—R)/© f > N.
(I—a)@, +a0) for iz f

Let us give one more way of writing Ay, (R). Let ¢t(R) be the remaining period
of use of a machine with resource R under the optimal regime,

HR) = R/Y,, for R <R,
"l (R-R)/©+R/9,, forR>TR.

Then

Ay (R) = cpe VM), (11)
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This formula can be given an economic interpretation that makes it possible to
construct its analogues for any types of stationary load and for the case of a
decline in the operating qualities of the machine as its resource decreases. The
case in which the resource also decreases during periods when the machine is
not in use does not introduce any substantial changes into the formulas.
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