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Abstract

Full Text
MATHEMATICS
0. V. LOKUTSIEVSKII

ON THE TOPOLOGY OF CONTINUA

(Presented by Academician P. S. Aleksandrov, 23 III 1965)

The relative distance py(xy,x4) between points z; and z, of a continuum X,
introduced by C. Mazurkiewicz (*), is the lower bound of the diameters of
those of its connected subsets which contain both these points. The relative
distance turns X into a new metric space—the space of the relative metric
of the continuum X. This space (denoted below by X) was investigated by
P. S. Urysohn (°). To him also belongs the formulation of the following three
problems:

Problem 7. Does there exist a continuum X such that the space X is zero-
dimensional?

Problem §. Does there exist a continuum X such that the space X , while
not being zero-dimensional, contains no connected subsets other than one-point
sets?

Problem e. Does there exist a continuum X such that the space X is cohesive,
while not being connected?

The first of these problems received a positive solution in the author’ s paper
(?), and the third—in a paper of M. A. Shtan’ ko (°).

Below a one-dimensional continuum A is constructed, realizing a positive solu-
tion of problem J.

1. Let us call a continuum X degenerate if wX = Ny *, dim X = 0. The
basis of the induction process leading to the continuum A is the existence,
established in (?), of degenerate continua. The degenerate continuum C
constructed in (?) is snakelike and, consequently, homeomorphic to a part
of the plane (see (1)). Therefore:

In any triangle [z, x4, 23] there can be found a degenerate continuum containing
its vertices x, and x,.

2. Consider the regular tetrahedron

AO = [0’7 ba C7p]a
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the length of each of whose edges is equal to unity. At the first step of the
induction there will be constructed a continuum A; lying in this tetrahedron.
For its construction, choose first of all on the segment [a, p] a sequence of points
A1, gy ..y Ay, .., determined by the equalities p(a,,,a) = 27™. In an analogous
way the points b,, and ¢,, (m = 1,2,...), lying respectively on the segments [b, p]
and [c, p], are chosen.

The continuum A, will be defined as the sum of two sets: a degenerate contin-
uum I' and a compactum 3.

For the construction of the first of these, consider the triangle 7. = [a, b, p]. The
point of intersection of the segment [a,,. ,b,,] with the perpendicular dropped
from the point a,, to the segment [a,, . ;,b,,, ] will be denoted by g,,,. According
to point 1, there exists a degenerate continuum A, , lying in

* By wX is denoted the weight of the space X.

triangle [a,,, 4,11, ¢,,] and containing the points a,, and a,, ;. We set

A—(a)U(G Am>.
m=1

By B we denote the continuum symmetric to the continuum A with respect to
the line joining the point p to the midpoint of the segment [a,b]. It can be
shown that A and B are expressible continua and that

%g}noo pA(awwa) = Oa 7351100 pB(bmv b) =0. (1)
Let ® be any expressible continuum lying in the triangle 7, = [a,b,c] and

containing its vertices a and b. By definition,

I'=AudUB.

It is easy to show that I' is an expressible continuum.

We proceed to the construction of the compactum ¥,. To this end, having
fixed a positive integer m, we project the continuum & from the point p onto
the triangle [a,,,b,,, ¢,,]. The resulting continuum &, ,, obviously, contains the

points a,, and b,,. And since the described projection is a 2-™"1-shift, we have

o, CO(®,27mH), (2)
There exists a finite system T)}, T2, ... ,Trlfl(m) of regular triangles lying in the
triangle [a,,,,b,,,¢,], TX = [aF,, bk ck ], of diameter less than 2-(™*+3)  such

that:
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(a1> a’71’n = Qs bf?’gm) = bm

: M=tk itk =k+1
(az) T’r]:;lmTﬁz _ {im m> 1 + )

if |k — k| > 1.
k(m)
(a3) The set Z,, = | Tk lies in O(®,,,27™*%).
k=1
Each triangle T% = [ak  b%  cF ] is the base of two regular tetrahedra lying in

Ay. Let (Ag)F, be the one of them whose fourth vertex (denote it by pk,) is
separated from the point p by the plane of the triangle [a,,,b,,, ¢,,]:

m?» U mr -m

(AO)fn [ m7bvl§"w m’pm]

From (a,) it follows that the set

is a continuum, and moreover, in accordance with (2) and (ay), the inclusion
(30),, C O(®,27™%2) holds. Thus,

5o = ®U (G @o)m)

m=1

turns out to be a compactum. The components of this compactum are, first, all
the sets (2,),,, and second, the set ®. We set

A, =TUY,.

It follows from («;) that A is a continuum. The first step in the construction
of the continuum A is complete.

3. To continue the induction process it is convenient to use the system of
mappings

R Ay = (AE, (k=1,2,...,k(m); m=1,2,...),
each of which is a linear homeomorphism taking the Vertices a,b,c,p of the
tetrahedron A, respectively, to the vertices a¥,, b of the tetrahedron

(D)5

m*

k
m m?pm
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Let E be an arbitrary subset of the tetrahedron A,. We put

0o k(m)
@E:FU(U Uf,’;E)
1 k=1

m=

(thus, in particular, A; = pA,). If F is a continuum containing the points a
and b, then pF is also a continuum containing the points a and b. Moreover, it
is clear that from the inclusion E’ C E there follows the inclusion ¢E’ C pFE.
Therefore, putting

AnJrl :QpAn (77,20,1,2,...),

we obtain a decreasing sequence of continua, each of which contains the points
a and b. By definition,

o0
A= OOA"'

It can be shown that ¢ A = A, and, consequently, A is representable in the form
of the sum

oo k(m)
A:FU(U UA,’;),

m=1 k=1

in which A = fk A are continua homeomorphic to A.

We describe a plan by following which one can establish that the continuum A
indeed realizes a positive solution of problem 4.

4. Let G and H be open subsets of the space A such that a € G,be H, and
GUH =A. Using relations (1), one can establish the existence of such
indices m and k (k < k(m)) that f¥a € G, f%b € H. Hence, by induction,
it follows that the points a and b cannot be separated in the space A by

the empty set, and, thus,

The small inductive dimension of the space A is positive.

5. Definition (see (3)). A continuum Y is called correctly situated in
the continuum X containing it if the identity mapping £ : ¥ — X is a
homeomorphism.

It turns out that both I' and all the A¥ are correctly situated in A. In other
words, the following (topologically understood) equality holds:
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oo k(m)
Z:fu(u UZ;;). (3)
k=1

m=1

Notation. The component of a metric space X containing a point € X will
be denoted by »,X.

Since ind[' = 0, relation (3) makes it possible to establish that %QZ = a,
A = b. These equalities, together with the same relation (3), lead, in turn, to
the following assertion:

Let x be an arbitrary point of A. If there exist indices m and k (k < k(m))
such that z € AX | then »,A = %, Ak ; otherwise », A = .

It follows from this assertion that:

The space A contains no connected subsets except one-point ones.

6. Let
kyko.. .k, k k k,
Dotydisin, = (fody « fody = fot ) T,

kiky...k k k k
A = (k- foty - bt ) A

Denote by P the sum of all sets of the form I‘f,%fﬁbk% (including T'), and put

Q = A\ P. 1t is easy to see that a point 2° of A belongs to Q if and only if, for
every integer n, there exists a set containing it of the form Aﬁ%fﬁ%kﬂnn What
has been said allows us to establish that:

(a) The continuum A is locally connected at each of its points belonging to
Q.

(b) The set @, considered in the metric of the continuum A, is zero-
dimensional.

From (a) it follows that
(¢) The identity mapping & : A= Aisa homeomorphism on the set Q.

Let the sets P and @, considered in the metric of the space A, be denoted
respectively by Px and Q. From (b) and (c) it follows that

(d) w(@Qz) =Re; ind(Qz)=0.
ks .k,

Now observe that the weight of each of the spaces Iy 7. %, is countable and
that they are all closed in A.* Therefore

(e) w(Pg) =1Ry; ind(Px) = 0.
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From (d) and (e) we conclude that wA = R, and that ind A < 1. And since,
according to item 4, ind A > 0, it follows that

The space A is one-dimensional and has countable weight.
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* The latter follows from the compactness of Ffﬁfﬁlzkmn and from the continuity

of the identity mapping & : A= A,
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