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Abstract
Full Text
MATHEMATICS

Academician S. L. SOBOLEV

CUBATURE FORMULAS WITH A REGULAR
BOUNDARY LAYER
In one of the preceding notes (1), error functionals of cubature formulas of the
form

𝑙(𝑥) = ℰΩ(𝑥) −
𝑁

∑
𝑗=1

𝐶𝑗𝛿(𝑥 − 𝑥(𝑗)) = ∑
𝛾

𝑙𝛾 (𝑥
ℎ − 𝛾) , (1)

were considered, where 𝑙𝛾(𝑥) are functionals with bounded support and bounded
norm in 𝐿(𝑚)

2 , orthogonal to all polynomials of degree 𝑚. Such 𝑙𝛾(𝑥), satisfying
conditions (10), (11), and (12) of (1), will be called functionals from 𝔎(𝐴, 𝐿, 𝑚).
Let 𝐻 be the matrix of periods of some lattice with determinant equal to one,
|𝐻| = 1. Representation (1) is, obviously, equivalent to another one, namely:

𝑙(𝑥) = ∑
𝛾

𝑙𝛾 (𝑥
ℎ − 𝐻𝛾) . (2)

We shall consider formulas for which:

a) The nodes of all 𝑙𝛾(𝑥) are situated at the points ℎ𝐻𝛾′

𝑙𝛾(𝑥) = ℰ𝛾(𝑥) − ∑
𝛾′

𝐶𝛾′𝛿(𝑥 − ℎ𝐻𝛾′), ∑ ℰ𝛾 (𝑥
ℎ − 𝛾) = ℰΩ(𝑥) (3)

b) All 𝑙𝛾(𝑥) ∈ 𝔎(𝐿, 𝐴, 𝑠).

(4)

c) All 𝑙𝛾(𝑥) corresponding to interior points coincide: for 𝑑(ℎ𝐻𝛾, Γ) > 2𝐿ℎ
we have

𝑙𝛾(𝑥) = 𝑙0(𝑥). (5)

Such functionals 𝑙(𝑥) will be called functionals with a regular boundary layer of
order 𝑚. The aim of our note is to establish the following main theorem:
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Theorem. As ℎ → 0, for all functionals 𝑙(𝑥) with a regular boundary layer of
order 𝑠, the equality

‖𝑙(𝑥)‖𝐿(𝑚)
2

= ( ℎ
2𝜋 )

𝑚
√𝜁(𝐻−1, 2𝑚)√|Ω| + 𝑂(ℎ𝑚+1) (6)

holds.

The proof is based on a number of auxiliary lemmas, which we give here.

Lemma 1. In every functional 𝑙(𝑥) with a regular boundary layer, all coefficients
𝐶𝛾 at points whose distance from the boundary is more than 2𝐿ℎ are equal to
ℎ𝑛.

Indeed:

𝐶𝛾 = ℎ𝑛 ∑
|𝛾′|<𝐿

𝐶(0)
𝛾−𝛾′ . (7)

Since the volume Ω0 is equal to unity, (𝑙0(𝑥), 1) = 0, we have

𝐶𝛾 = ℎ𝑛, (8)

which was required to be proved.

By a boundary layer we shall mean the set of nodes ℎ𝐻𝛾 in which 𝐶𝛾 ≠ ℎ𝑛.
If, in integration, only points interior with respect to Ω are used, then the
boundary layer will be internal. If, for approximating the functional ℰΩ(𝑥) in
𝐿(𝑚)

2 , exterior points are also used, then we can obtain a two-sided boundary
layer, in which only points lying at a distance from the boundary not greater
than 𝐿ℎ participate, or else an external boundary layer, in which points lying
outside Ω and at a distance from the boundary not greater than 2𝐿ℎ participate.
Of course, if the function 𝜑(𝑥) ∈ 𝐿(𝑚)

2 (Ω), then only formulas with an internal
boundary layer make sense. The number 2𝐿 will be called the thickness of
the boundary layer.

Let 𝑚𝛾(𝑥) = ∑ 𝐶𝛾′𝛿(𝑥 − ℎ𝐻𝛾′). We shall call such functionals point function-
als. Let, further, 𝑚𝛾(𝑥) ∈ ℜ(𝐴, 𝐿, 𝑠). Then functionals of the form

𝑚(𝑥) = ∑
ℎ𝐻𝛾∈𝐵𝑗

𝑚𝛾(𝑥 − ℎ𝐻𝛾), (9)

where 𝛾 runs through some set 𝐵𝑗, which is a boundary layer of thickness 𝐿,
will be called a zero point functional of the boundary layer of order 𝑠.
A zero point functional of the boundary layer will be external, internal, or two-
sided depending on the location of its support. The thickness of this functional,
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introduced by analogy with the thickness of the boundary layer, is, generally
speaking, equal to 3𝐿, but it may be smaller. In all that follows it may be
regarded as equal to 2𝐿.

Lemma 2. The difference of two error functionals 𝑙(1)(𝑥) and 𝑙(2)(𝑥) with regular
boundary layers of orders 𝑠(1) and 𝑠(2) is a zero point functional of the boundary
layer of order

min (𝑠(1), 𝑠(2)) − 1. (10)

The proof of Lemma 2 is based on an auxiliary lemma.

Lemma 3. Let 𝑚(𝑥) be a finite functional of the form

𝑚(𝑥) = ∑
|𝐻𝛾|<𝐿

𝐶[𝛾]𝛿(𝑥 − ℎ𝐻𝛾), (11)

orthogonal to all polynomials of degree 𝑠, (𝑚(𝑥), 𝑥𝛼) = ∑ 𝐶[𝛾](ℎ𝐻𝛾)𝛼 = 0 for
|𝛼| ≤ 𝑠. The functional 𝑚(𝑥) admits the identical representation:

𝑚(𝑥) =
𝑛

∑
𝑗=1

(𝑀𝑗(𝑥 + ℎ𝐻𝑖𝑗) − 𝑀𝑗(𝑥)) , (12)

where (𝑀𝑗(𝑥), 𝑥𝛼) = 0 for |𝛼| ≤ 𝑠 − 1 and 𝑆{𝑀𝑗(𝑥)} is concentrated in the
smallest parallelepiped with edges parallel to the periods 𝐻, containing 𝑆{𝑚(𝑥)}.

The proof of this lemma is carried out by the method of complete induction.
We need to establish that the coefficients 𝐶[𝛾] admit the representation

𝐶[𝛾] =
𝑛

∑
𝑗=1

Δ̂𝑗𝐶𝑗[𝛾], (13)

where ∑ 𝐶𝑗[𝛾]𝛾𝛼 = 0, |𝛼| ≤ 𝑠 − 1; Δ̂𝑗𝜑[𝛾] = 𝜑[𝛾 + 𝑖𝑗] − 𝜑[𝛾].
Let us show that

𝐶[𝛾1, 𝛾2, … , 𝛾𝑛] = 𝐶[𝛾1, 𝛾2, … , 𝛾𝑛−1, 𝛾𝑛+1]−𝐶[𝛾1, 𝛾2, … , 𝛾𝑛]+𝐶∗[𝛾1, 𝛾2, … , 𝛾𝑛−1],
(14)

where 𝐶∗[𝛾1, 𝛾2, … , 𝛾𝑛−1] is again orthogonal to all polynomials of degree 𝑠, while
𝐶[𝛾1, 𝛾2, … , 𝛾𝑛] is orthogonal to polynomials of degree 𝑠 − 1, and its support is
contained in the smallest parallelepiped containing the support of 𝐶𝑛. Hence
Lemma 3 will follow. As 𝐶[𝛾1, 𝛾2, … , 𝛾𝑛] and 𝐶∗[𝛾1, 𝛾2, … , 𝛾𝑛−1] it suffices to
take the expression
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𝐶∗[𝛾1, 𝛾2, … , 𝛾𝑛−1] =
𝐿

∑
𝛾′𝑛=−𝐿

𝐶[𝛾1, 𝛾2, … , 𝛾𝑛−1, 𝛾′
𝑛]; (15)

𝐶𝑛[𝛾1, 𝛾2, … , 𝛾𝑛] =
⎧{{
⎨{{⎩

0, |𝛾𝑛| ≥ 𝐿,
𝛾𝑛−1
∑

𝛾′𝑛=−𝐿
𝐶[𝛾1, 𝛾2, … , 𝛾𝑛−1, 𝛾′

𝑛] − (𝛾𝑛 + 𝐿) 𝐶∗(𝛾1, 𝛾2, … , 𝛾𝑛−1).

(16)

Verification of formula (14) and the orthogonality of 𝐶∗[𝛾1, 𝛾2, … , 𝛾𝑛−1] to poly-
nomials of degree 𝑠 are obvious. The orthogonality of 𝐶𝑛[𝛾1, 𝛾2, … , 𝛾𝑛] to all
polynomials of degree 𝑠 − 1 follows from the well-known summation-by-parts
formula:

∑
𝛾

[𝜑(𝛾 + 1) − 𝜑(𝛾)]𝜓(𝛾) = ∑
𝛾

𝜑(𝛾)(𝜓(𝛾) − 𝜓(𝛾 − 1)). (17)

It is enough to note that 𝑥𝛼𝑛𝑛 can be represented in the form

𝑥𝛼𝑛𝑛 = 1
𝛼𝑛

Δ̂𝑛𝐵𝛼𝑛
(𝑥),

where 𝐵𝛼𝑛
is a Bernoulli polynomial, and to use (16).

Lemma 3 could also be proved in another way—by passing to the Fourier image.
Its dual formulation is as follows:

Lemma 3a. Let 𝑍 be the class of rational functions of the form Ψ(𝑧) = 𝑃(𝑧)/𝑧𝑘,
where 𝑃(𝑧) is a polynomial in the variable 𝑧(𝑧1, … , 𝑧𝑛), and 𝑧𝑘 = 𝑧𝑘1

1 … 𝑧𝑘𝑛𝑛 .
Every function 𝜑(𝑧) having at the point 𝐼(1, 1, … , 1) a zero of multiplicity 𝑚 is
representable in the form

𝜑(𝑧) =
𝑛

∑
𝑗=1

(𝑧𝑗 − 1)𝜑𝑗(𝑧), (18)

where 𝜑𝑗(𝑧) are of the same class 𝑍 and have at the point 𝐼 zeros of multiplicity
(𝑚 − 1), and, moreover, the degree of the polynomial 𝑃𝑗(𝑧) in each variable 𝑧𝑗
is no higher than the degree of 𝑃(𝑧) and 𝑘′

𝑗 ≤ 𝑘.

Apparently, the proof in the text is no longer than a possible proof of this
dual theorem, especially if one takes into account the establishment of their
equivalence.
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Lemma 3a and Lemma 3 are a particular example of lemmas on the representa-
tion of analytic functions having, at a given point 𝑧(0), a zero of multiplicity 𝑚,
in the form

𝜑(𝑧) = ∑(𝑧𝑗 − 𝑧(0))𝜑𝑗(𝑧) (19)

and of dual lemmas on the corresponding representation of generalized functions
𝜓 ∈ 𝐾(𝑠), where (𝜓(𝑥) ∗ 𝑥𝛼) = 0, |𝛼| ≤ 𝑠.

For example, L. Schwartz’s theorem on the representation of any generalized
function in the form of a differential operator applied to a continuous function
is, in essence, also a lemma of the type of Lemma 3.

Corollary. The sum

∑
ℎ𝐻𝛾∈Ω

𝑚0(𝑥 − ℎ𝐻𝛾) = 𝑀0(𝑥), (20)

where 𝑚0(𝑥) are zero point functionals from 𝔎(𝐴, 𝐿, 𝑠 + 1), constitute a func-
tional of a zero boundary layer of order 𝑠.

This corollary is obtained immediately if in the left-hand side of (18) one replaces
𝑚0 by its expression on the basis of Lemma 3 and interchanges the order of
summation. Lemma 2 follows immediately from Lemma 3.

Corollary of Lemma 2. Every functional 𝑙(𝑥) with a boundary layer of order
𝑠 ⩾ 𝑚 can be represented in the form

𝑙(𝑥) = ∑
ℎ𝐻𝛾∈Ω

𝑙∗ (𝑥
ℎ − 𝐻𝛾) + ∑

𝛾∈𝐵
𝑙∗∗
𝛾 (𝑥

ℎ − 𝐻𝛾) , (21)

where 𝐵 is a boundary layer of thickness 𝐿, and moreover in such a way that

𝑙∗ (𝑥
ℎ − 𝐻𝛾) ∈ 𝔎(𝐴, 𝐿, 𝑠), (22)

where 𝑠1 is any number greater than 𝑠.

It suffices to represent, in the form (9), the difference between our functional
and an arbitrary error functional with a regular boundary layer of order 𝑠1.
Consider a linear functional 𝑙(𝑥) with a regular boundary layer of order 𝑠 ⩾ 𝑚.
The representation

𝑙(𝑥) = 1 − Φ0(ℎ−1𝐻−1𝑥) − 𝑙(1)(𝑥), (23)
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is valid, where 𝑙(1)(𝑥) is a functional with a regular exterior boundary layer for
the domain Ω = 𝐸𝑛 ∖ Ω. The extremal function for the functional 𝑙(𝑥) has the
form

𝑢(𝑥) = 𝑙(𝑥) ∗ 𝐺(𝑥) (24)

(see (1)). Using (23), we obtain:

𝑢(𝑥) = 𝑢0(𝑥) + 𝐶 − (𝑙(1)(𝑥) ∗ 𝐺(𝑥)), (25)

where 𝑢0(𝑥) is an elementary solution of the periodic extremal problem. Let us
write explicitly the expression for the norm of the functional 𝑙(𝑥):

‖𝑙(𝑥)‖2 = (𝑙(𝑥), 𝑢(𝑥)) = (𝑙(𝑥), 𝑢0(𝑥)) − (𝑙(𝑥) ∗ 𝐺(𝑥) ∗ 𝑙(1)(−𝑥))∣𝑥=0 (26)

and replace 𝑙(𝑥) and 𝑙(1)(𝑥) by their representation (21). We obtain, repeating
the estimates given in (1):

𝑙(𝑥) ∗ 𝐺(𝑥) ∗ 𝑙(1)(−𝑥)∣𝑥=0 = 𝑂(ℎ2𝑚+1). (27)

By direct calculation one can also show that

(𝑙(𝑥), 𝑢0(𝑥)) = ℎ2𝑚

(2𝜋)2𝑚 𝜁(𝐻−1, 2𝑚)|Ω| + 𝑂(ℎ2𝑚+1). (28)

Comparing (25), (26), and (27), we obtain the proof of the main theorem.
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