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(Presented by Academician S. L. Sobolev on 22 July 1965)

Consider the system of equations describing small oscillations of a rotating fluid:

du_, b o op ow_ op ou v ow_
o " e o “Ta) o o axtaytan O W

S. L. Sobolev proved the existence and uniqueness of the solution of (1) satisfying
the initial conditions

u| = uy(x,y,2); v| vo(x, Y, 2); w| = wy(z,y, 2) (2)

t=0 t=0 =0

(Ul = Uol3,2))

and one of the boundary conditions:
pl. =0 (3)

wcos(n, z) + veos(n, y) +wcos(n, z)| =0, (4)

r
where I' is the boundary of the domain €2 in the space x,y, z. In the case of the
boundary condition (4), the vector U = (u,v,w) is determined uniquely, and p
up to an addend depending only on t. The behavior of the solutions of problem
(1), (2), (3) in the plane case (when € is an infinite cylinder with generator
parallel to the y-axis; dp/dy = 0) was investigated in (>%7). In this case, in (%),
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examples were constructed of domains arbitrarily close to a circle in which there
exist solutions that are not almost periodic, although in the case of the circle
all solutions are almost periodic. If U, p satisfy (1)—(3), then p is a solution of
the problem

62 82p
.o .
ptzozpo(xvyvz)7 atzozpl(‘mﬂlﬁz)v (6)
ol =0, ")

where pg, p; are determined uniquely by Uj,. In the case of condition (4), (7) is
replaced by the following boundary condition:

0% dp O [Op op Op
52 dn + i Loy cos(n,x) — e cos(n,y)] + e cos(n, z) ) =0. (8)
In the plane case, condition (8) has the form
0% dp Op
22 dn + 5 cos(n,z)| =0, (9)

~

where 7 is the boundary of the projection D of the cylinder €2 onto the plane y =
0. In ("®) an infinite-dimensional subspace of the space W, (D) was constructed,
a basis in which is formed by functions of the form

f(ac—i—uﬁﬁx,z)z) —|—g(x—|—,u£{2(m7,z)z) (k=0,..,N—1; N=2,3,...),

and the solutions of the mixed problem (1)—(3) in the planar case, for initial
data from this subspace, are linear combinations of functions of the form

bR 2(,2) ‘
/ f(a)eMt do (10)
/"ﬁl(mvz>
and of almost periodic functions of ¢.

The functions ullx ; depend continuously on the domain. S. L. Sobolev [2] estab-
lished continuous dependence on the domain, on a finite time interval, of the
solutions of problem (1)—(3), by estimating the norm of the difference between
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the solution (U, p) in the domain € and the solution constructed in the domain
Q,, containing 2, which satisfies the initial condition

AR Ul,_, if(z.y,2) €9,
0 0, if (xvya Z) € Ql — 0.

It follows from this estimate that the indicated difference in € is small, pro-
vided only that the boundaries of the domains €2 and 2, are sufficiently close;
moreover, the order of convergence of this difference to zero as the boundaries
approach one another depends on Uj,.

Consider the planar case of problem (1)—(3). Let D, be a one-parameter family
of simply connected domains in the x, z-plane with boundaries .. For simplicity,
consider the case where 7, is a circle, 7, — 7,. Suppose 7, is given by the
equations ¢ = z_(t), y = y.(t). Require that

|z — erC;Ha j 0, lyo — yeHCkJroc 0 0,

where k is some natural number. Map the domains D, conformally onto D, by
means of the function

fe(Q) = Cexp{u, +iv.},
where ( =2 + iz, Au, =0,

(2,2)
u8|%=—lnv/x2+y2’%, ve:/ (_8U5 dz+8us df)

0,0) ox 0z

By virtue of our assumptions, using the estimates from [6], we obtain

lucle,,,p.) < K);  vele,, . p.) < Kd(e). (11)
In (11), K can be chosen independent of ¢, if

<K7 HyEHCkH SK7

lzcle,,, <

where K does not depend on e.

In the coordinates

ngefe(C):QDe(xaz); n:Imfs(C):wg(x7z) (12>

equation (5) has the form

1

3

P (0% o
o2 \oez " a2
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where

= (0. /0x)* + (0p./02)?, (14)

and L5p is the expression for 9?p/dz? in the new coordinates.

Introduce the operator A~*: A=Y(9%p/0&% + 8%p/on?) = p, if ply, = 0. Then
(13), under condition (7), can be written in the form

%p (1
oz = A (z

€

L§p> = A.p. (15)

For any e, the operator A, is a self-adjoint bounded operator in the space

VOVQQ(DO) with scalar product

[u,v] = //Do (Z—Z%z + %g—z) dé dn.

It is also obvious that —[p, p] < [A.p,p] < 0.
Theorem 1. Suppose

lzo®)—z.(Olc,,, — 0 lzcle, < K lvo®—v-Ole,,. — 0 lvcle, < K-
e—0 e—0
Then
1A = A — 0,
e—0

if p. and p, are solutions of equation (15), respectively for arbitrary € and € = 0,
constructed from the same initial data; then for any finite T, =T <t < T, the
estimate holds
.
Do)

lpe — POHW 2(Dy) <CET {”po‘t 0 H Ot li_o

where C'(e,T) — 0.
e—0

The proof is obvious if one uses the equality

e amol= [ | (5 - (e + 5o 5e) 1o

and represents the solutions in the form of a power series in t.

Theorem 2. Suppose
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lzllo, < Ko lyelle, < Ko

lze(®) =20, 570 ly-(t) = 4o(?) 0.

—
0 ”CZ“" e—0
Suppose p(t) is a solution of equation (13) for e = 0, satisfying the boundary
condition (9). Then there exists a solution p_(t) of equation (13), satisfying the

conditions
Ope|  _ 9o
ot 1,— ot

and the boundary condition obtained from (9) by replacing (12) by

Pe(0) = po(0);

t=0

2

0
@Mlsps—’_M;peLyo =0 (16)

and such that

dp
Ipe(®) = po(B)le,,.py) = CileT) {”p0(0)||cz+a<Do> B Hato

0 02+a (DO) }

A solution of equation (13) satisfying the conditions specified in the theorem
can be represented in the form of the series

for =T <t < T, where C,(e,T) — 0.
e

o0

pe = pE(E 0,

0

where the functions p; for ¢ > 2 are orthogonal functions, identically equal to
one. It is not difficult to see that in this case p; are determined uniquely from
the equation and boundary conditions, and for them an estimate is valid which
guarantees uniform convergence of this series in Cy, ,(Dy) on every finite time
interval. Thus, to prove the theorem it suffices to compare the partial sum of the
series for py(t) with the corresponding partial sum for p,_(¢), and the inequality
appearing in the statement of Theorem 2 is obtained after applying the a priori
estimates from (6).

Let now €2, be a one-parameter family of domains in the space xz,y, 2z, star-
shaped with respect to one and the same point z, ¥y, zo. Let I', be given by the
equations ¢ = ( (g, 0), where (¢, 0, () are the spherical coordinates of the point
z,y, 2. If|(]lc, < Kg, Kg is a constant independent of &, and (. — (ol ¢, — 0
(e — 0), then ©Q_ is mapped onto €, by the mapping

€:€8<m7y7z)7 ’r}:/r]E(m?y’Z)? nga(x’y’z)7
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where
& —zle,... Ine—vle,.., & —=le,,.

are small together with e. The equation

(1) is then written in the form

2

0
@Nape + Eaps = 07

and condition (4) in the form

82 1) 8 g g

@@1]76 + a‘p2p5 + ©3p6 |F0: O

Analogously to the two-dimensional case, it is proved that, under the restrictions
imposed,

”ps (57 1, Cv t) - pO(fa m, Cv t)‘|02+a(90) <

0 C?+o¢ (QO> }

where p_|,_o = Poli—g> OP-/Ot|i—g = OPo/Ot|;—p; —T < t < T, and p, is a solution
of problem (1), (2), (3), or the correspondingly chosen solution of problem (1),
(2), (4).

Thus it has been established that (U,p), the solution of problem (1)—(3),
changes little on each finite time interval under small changes of the boundary.
In the case of problem (1), (2), (4), the vector U changes little. Since the
solution depends continuously on the initial data (), the problem is well
posed in the classical sense. However, as S. L. Sobolev observed, the existence
of solutions (10) in the case 8/1{;{ ,/0z # 0 shows that the problem is not
suitable for describing the physical process for large ¢ (?). Indeed, in this
case U is expressed through gradp, and for sufficiently large ¢ the difference
|U(xg, z9,t) — U(z, 2,t)| is not an infinitely small quantity as (z, z,t) tends to
(g, 29, 00).

Ip
<K(T.e) {npou_oncm(%) |5
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