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Abstract
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THEORY OF ELASTICITY
T. M. KHATTIASHVILI

TORSION OF COMPOSITE ANISOTROPIC
CYLINDRICAL BODIES WITH A SLIGHTLY
CURVED AXIS

(Presented by Academician N. I. Muskhelishvili, 9 X 1964)

The problem of torsion of cylindrical bodies with a slightly curved axis in the
case of an isotropic material was studied in works (}?), and in the case of a
transversely anisotropic material—in work (?).

1. Let a rectangular system of Cartesian coordinates Ox;z525 be given. Con-
sider an anisotropic cylindrical body possessing one plane of elastic sym-
metry perpendicular to the axis Ox3. Then the generalized Hooke’ s law
may be written in the form

_ 1
;i = 701,711 + 09;Tog + 03,715 — 0;733),

o1
€19 = BT (013711 + 0a3Tag + 033712 — 03733),

€33 = BN (T33 — 01711 — 0aTgy — 037T19), iz = (—1)" A7 (AsTo3 — AgpTis),
(1,1)
Expressing from (1,1) the stress components 7,;; through the strain components
€;;, we obtain
T = Ajieqn + Agieon + Agiess + Agieqo,
Tio = Ajger1 + Aggan + Asgess + Agsera, (1,2)
Tig = Asze13 + Ayseas, Tog = Ayseis + Aggeos (i=1,2,3),

where F, 0;; and A;; are elastic constants (o A=Ay

ij = Ujiv 1]
Suppose it is required to determine a particular solution of the equilibrium
equations of an anisotropic elastic body in the presence of body forces:

3

Z ”+a (x,z)zk =0  (j=1,2,3), (1,3)
=1 Ty
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where a;(z, ;) are prescribed functions, and k is an integer nonnegative num-
ber. It is assumed that the corresponding strain components e, ., determined by
(1,1), satisfy the Saint-Venant compatibility conditions.

R

For k = 0, as a particular solution of equations (1,3) we may take the quantities:

R R
0 0
7’{1> = Wgo — /al(xl,xz)dxl, 72<2) = W%O — /a2<$1,x2>d$,
0
7Y = —92W, 0z, 01, (1,4)

0 0 0 0 0
7353) = ‘717{8 + ‘7272(2) + 037£2)7 Tis) = A5509/0z) + Ay50®, /07,

7Y = A,,08,/02, + A0D, /0,

In expressions (1,4), ®4(x,z5) and ¥y(x,z,) are particular solutions, respec-
tively, of the following equations:

0%a 0%a
AD, =— AU, = —Ld /—%z
19g az(zy, ), 2% 511/ 922 Ty + Bao 022 ZTot+

Oay ~ Oay

e (1)
Gy | 90 ) _z 94 5 902
Tz (8:02 + 89:1> fis O, Fas Oy’

where

Ay = Ass0y/007 + 24,507 )0 Oy + Ayy0° |02,
Ay = Byp0*/0x + (2819 + B33)0* /023023 — 23,30 |02, 03 — 20930* /0230 + ,,0* 03,

_ -1
Bij—E (Uij—0i0j>~

Using expressions (1,4) and the results of work (°), it is easy to construct a

particular solution Tz<]k ) of equations (1,3) for any k.

2. Consider an anisotropic cylindrical body ¢, with cavities, bounded exter-
nally by the planes z; = 0 and x5 =1 (I > 0), by the surface

fm+1<m1 + 1/2€:U§, 1’2) =0, (271)

and also by the surfaces of the cavities

filzy +1qea3, 25) =0 (j=1,2,...,m), (2,2)

where ¢ is a small parameter whose squares and higher powers may be neglected.
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Suppose that the cavities of the anisotropic body t{ are filled with other
anisotropic materials, bonded to the body t; along the surfaces (2,2). The
bodies filling the cavities will be denoted by t; (j = 1,2,...,m). Let all
anisotropic materials have one plane of elastic symmetry, perpendicular to the
axis Oz3. The composite body formed by the bodies ¢} (j = 0,1,...,m) will be

denoted by t’. Make the substitution (V)

£ =y + /yea3, §o = Ty, §3 = 3. (2,3)

Then the body t’ is transformed into the cylindrical body ¢, and equations (2,1)
and (2,2) take, respectively, the form

fm+1(§1?€2> =0, (274)

fj(£1’§2) =0 (.7 =12,.. 7m>' (275)

To within terms of order €2, the relations () may be written as

v; = cos(n,&;), vy =€z co8(n, & ); 9/0x; = 0,, (2,6)

where v; are the direction cosines of the normal to the surfaces (2,1) and (2,2);
n is the normal to the surfaces (2,4) and (2,5).

Let the origin of the coordinate system O&,£,&5 be placed at the generalized
center of inertia of one of the bases of the anisotropic body ¢, for example at
&3 =0, and let the axes O&; and O¢, be directed along the generalized principal

axes of inertia of this base (45,

In Saint-Venant problems, the stress components 7;; and the corresponding
strain components e;; must satisfy the equilibrium equations of the elastic body
and the Saint-Venant compatibility conditions; the external forces on the surface
(2,1) must be equal to zero, while the stress and displacement vectors arising on
the elementary areas of the surfaces (2,2) must remain continuous when passing
through these surfaces from the region ¢j into the regions t; (j = 1,2,...,m).

The end conditions will be discussed below.

3. Suppose that the external forces applied to the base x5 = [ of the compos-
ite anisotropic cylindrical body ¢’ with a weakly curved axis are equivalent
to a twisting couple with moment L. Taking account of the relations (2,3),
we shall seek the solution of the problem in displacements as functions of

&
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U(l) = =785 +eTuy, Ug = 7885 + €Tuy, Ug = T1p(&1, &) +eTug, (3,1)

where u; are unknown functions to be determined; ¢ is the small parameter
indicated above; ¢(&;,&,) and T are, respectively, the torsion function and the
twist per unit length for the composite anisotropic cylindrical body ¢ 4.

The stress components TZ-Oj, corresponding to the displacements (3,1), will have,
to within terms of order €2, the form:

Tij = e7(7;; + A3;§3019), iy = eT(T1o + A36€30, ), (3,2)

T??i =T [57':% + Asy@ﬁo —&) + A4w(82%0 + 51)]

where A;; are elastic constants; 7,; are stress components corresponding to the
sought displacement components u;; the operators 9; are defined by the equali-
ties (2.6).

Substituting the quantities (3.1), (3.2) and the corresponding strain components
egj into the equilibrium equations and the Saint-Venant compatibility conditions,
as well as into the boundary conditions indicated at the end of § 1, we obtain
that the sought 7;; and u; must satisfy the equations

3 .
33— Asg .
Z 3j7'ij+53 [(Asz + Aw)aia1@ +1 T(A% + Ay5)0,010 + A4~/ +ﬁ(z—l)(z—2)81<p =0
j=1

2
(3.3)

in each of the regions ¢; (j=0,1,...,m) and the boundary conditions:

[Tm]j —[Tinlo = %(z —3)&; { [(Ay531%0 + A4wa250 - Awfz + A4'y£1) cos(n, &;)

+ Agg0yp cos(n, &, ) + Az 01 cos(n, 51')]j - [ident]o} (3.4)

on the surfaces (2.1) and (2.2) (j=1,2,....m+1; [],,.1 =0);

on the surfaces (2.2) (j =1,2,...,m), where
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2

Z -cos(n § (3.5)

J=1

i =1,2,3; v =6 —1i; a =3—1i; the symbols []; and [], denote the limiting
values on the indicated surfaces of the expressions enclosed in square brackets,
taken respectively from the regions ¢; (j = 1,2,...,m) and t,. In addition,
the strain components e;; corresponding to the components 7,;; will satisfy the
Saint-Venant compatibility conditions with respect to the variables &;.

Using the results of § 1, it is easy to see that a particular solution Tilj of equations
(3.3) will have the form

T = [03Vg + Assly — Ayséy — (A1 + As5)01 0] &,
Toy = [0 0o — (Ayy + A3y)010) &3,
Ty = — [0102W¢ + (Ags + Ay5)01 0 + Ay &,

11 1 1
T3z = 01 Ty1 + OaTgp + 03710, (3.6)

1
T = A0, % +A4782<I>0—§ {/ (05005 + 01050 + 0,070 — 030,0,9) dE;

1 o 1
+af1fi(U3A44 +01A5) — 7114555251' - T”Zﬁi + (=1)*0,%,

vy
(i=1,2, v=6—14; a=3—1),

where
07 = APy A Ay + Ayy Ags0g — 24545501 — 2455810 A, + 2Bo3 A (Ags — Ayy),

03 = 4811 A Ass — Ays Ass0q + 2445 A, (B33 + B12), (3.7)

*
03 = E — Agy — A550, — Ayy0 — Ay503,
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D,(&1,&,) and ¥y (&;,&,) are particular solutions, respectively, of

APy = —A330,0, AU, = (87,07 — 130,05 + B1203)0; 0,

equations:

2 . 1
AP, = Z(—l)lf)ﬁ [(511‘14* - §U§Akk)/sﬂd52—

=1
1 1
- (§Akk0i + ﬁu‘A*> Oy | Wod§; — (Agpos + 61‘3)\1]0] +§<A4402—A5501)8152‘1’07

(k=3+14 a=3—1). (3.8)

Here the operators A, defined by the equalities (1,6), are taken with respect to
the variables ¢;; A, and o7 are defined by the equalities (1,1) and (3,7); by S,
the following quantities are denoted:

Bij = AssBj1 + AgBjp + AysBjs o5 (1=1,2,3). (3,9)

The stress components 7;;, satisfying equations (3,1) and the boundary condi-
tions (3,4), shall be represented in the form of the sum

Tij = Tilj + 7_i*j (Za] =1, 273)7 (3’10)

where Tilj are defined by the equalities (3,6), and 7;; are to be determined.

Substituting the expressions (3,10) and the corresponding strain components
e;; and displacements u; into the Saint-Venant compatibility conditions, into
equations (3,3), and into the boundary conditions (3,4), we obtain that 7
and the strain components e;; in each of the regions ¢; (j =0,1,...,m) of the
compound cylindrical body ¢ must satisfy, in the variables &;, the equilibrium
equations and the Saint-Venant compatibility conditions, as well as the following

boundary conditions:

[T;(n]j — [T = [i(i;g)f?) (A478290 cos(n,&;) — A4781<P cos(n,&y)—

— A& cos(n, &,) — %aa\po) - %(z‘ ~1)(i—2)7d,| —ldentl,  (3.11)
J

(G=1,2,....m+1; i=1,23; v=6—1i; k=3+1,
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a=3—71 []m+1£0)

on the surfaces (2,1) and (2,2),

on the surfaces (2,2), where the operator 7;,, is defined by equality (3,5); 9/0s
is the operation of differentiation with respect to the arc of the corresponding
curve; 7'2»1]» are defined by the equalities (3,6); ¢ is the torsion function of the
compound anisotropic cylindrical body ¢; ¥, are particular solutions of equation
(3,8), and the values w;;, are easy to construct if, from (3,6), one restores the
displacements ul1

Thus, the determination of the unknowns 7;; has been reduced to the Almansi
problem for the compound anisotropic cylindrical body t with a lateral load
varying according to a polynomial law with respect to the axial coordinate ;.
This problem is solved in paper (5), in which explicit expressions are given for
the components 7.

The stress components (3,2), in which 7;; are defined by the equalities (3,10),
on the end x5 = [ of the compound anisotropic bent beam ¢" will generally
not be equivalent to a twisting couple with moment L. Therefore, as in the
case of an isotropic body (1), the components (3,10) must be supplemented
by the corresponding solutions of the Saint-Venant problems for the compound
anisotropic cylindrical body ¢ (%).
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