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PHYSICS

DETERMINATION OF THE CRITICAL TEM-
PERATURE OF A SUPERCONDUCTOR
WITH A PARAMAGNETIC IMPURITY IN A
TWO-BAND MODEL
V. A. MOSKALENKO

(Presented by Academician N. N. Bogolyubov, March 27, 1965)

In paper (1) the influence of a nonmagnetic impurity on the critical temperature
𝑇𝑐 of a superconductor in the two-band model was investigated. It was shown
that, owing to transitions of electrons between overlapping energy bands, under
the influence of a nonmagnetic impurity a substantial change in the value of 𝑇𝑐
occurs: an increase in the impurity concentration is accompanied by a decrease
in the critical temperature.

In the present note we give the main results of an investigation of the influence
of a paramagnetic impurity on the value of 𝑇𝑐. The operator of interaction of
an electron with spin 𝜎⃗ with a paramagnetic impurity atom has the form

𝑉 (r) = 𝑈(r) + 𝑆𝜎⃗ 𝑈 ′(r). (1)

The positions of the impurity atoms and the orientations of their spins 𝑆 are
assumed to be chaotic, and therefore an averaging over them is subsequently
performed (denoted by an overbar).

Using the notation of paper (1) and the results of paper (2), it is not difficult
to see that the electronic one-particle Green function in our case differs from
the case of a nonmagnetic impurity by replacing the quantity |𝑈(q)|2 in the
definition of the relaxation times 𝜏𝑖𝑗 by

|𝑈(q)|2 + 𝑆(𝑆 + 1)
4 |𝑈 ′(q)|2,

i.e., in the present case:

ℏ
2𝜏𝑖𝑗

= 𝑐𝜋
(2𝜋ℏ)3 ∫ 𝑑𝑆𝑗

|∇𝐸𝑗|
[|𝑈(k𝐹

𝑖 − k𝐹
𝑗 )|2 + 𝑆(𝑆 + 1)

4 |𝑈 ′(k𝐹
𝑖 − k𝐹

𝑗 )|2] ×
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×|𝜒(𝑖k𝐹
𝑖 , 𝑗k𝐹

𝑗 )|2. (2)

Along with the averages of the one-particle Green functions, let us consider the
average of their product:

𝐾𝛼𝛽𝛼′𝛽′(𝑥𝑦; 𝑥′𝑦′) = 𝐺𝛼𝛼′(𝑥, 𝑥′)𝐺𝛽𝛽′(𝑦, 𝑦′). (3)

This quantity enters the equation determining the critical temperature 𝑇𝑐:

𝐹(𝑥𝛼, 𝑦𝛽) = ∫ ⋯ ∫ 𝑑𝑥1 … 𝑑𝑥4 ∑
𝜎1…𝜎4

𝐾𝛼𝛽𝜎1𝜎2
(𝑥𝑦, 𝑥1𝑥2)×

×𝜎(𝑥1𝜎1𝑥2𝜎2; 𝑥3𝜎3𝑥4𝜎4)𝐹(𝑥3𝜎3, 𝑥4𝜎4). (4)

The solution of this equation must possess the property

𝐹(𝑥𝛼, 𝑦𝛽) = −𝐹(𝑦𝛽, 𝑥𝛼) ≠ 0 for 𝛽 = −𝛼. (5)

The function 𝐹 can be represented in the form

𝐹(𝑥𝛼, 𝑦𝛽) = 𝑔𝛼𝛽𝐹(𝑥𝑦); 𝐹 (𝑥𝑦) = 𝐹(𝑦𝑥); ̂𝑔 = ( 0 1
−1 0) . (6)

(6) entails the introduction of the function

𝐾𝛼𝛽(𝑥𝑦; 𝑥′𝑦′) = ∑
𝛼′𝛽′

𝐾𝛼𝛽𝛼′𝛽′(𝑥𝑦; 𝑥′𝑦′)𝑔𝛼′𝛽′ . (7)

As is readily seen from (2), the following equation holds:

𝐾𝛼𝛽(𝑥𝑦; 𝑥′𝑦′) = 𝑔𝛼𝛽𝐾(𝑥𝑦; 𝑥′𝑦′); (8)

𝐾(𝑥𝑦; 𝑥′𝑦′) = 𝐺(𝑥𝑥′)𝐺(𝑦𝑦′) + ∫
𝛽

0
∫ 𝑑𝑥1 𝑑𝑥2 𝐺(𝑥𝑥1)𝐺(𝑦𝑥2)×

× 𝑐
𝑉 ∑

𝑞
𝑒−𝑖q(x1−x2) [ |𝑈(q)|2 − 𝑆(𝑆 + 1)

4 |𝑈 ′(q)|2 ] 𝐾(𝑥1𝑥2; 𝑥′𝑦′). (9)

Thus the equation determining the value of 𝑇𝑐 takes the form
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𝐹(𝑥, 𝑦) = ∫
𝛽

0
∫ 𝑑𝑥1 𝑑𝑥2 𝐾(𝑥𝑦, 𝑥1𝑥2) 𝐵(𝑥1 − 𝑥2) 𝐹(𝑥1, 𝑥2), (10)

where, as in (1), the quantity 𝜎 has been replaced by its zero approximation—
the Green’s 𝐵-function of free phonons.

The further solution of the system of equations (3) and (10) can obviously be
carried out in the same way as in paper (1). It should only be noted that in the
definition of the function 𝐾, unlike in paper (1), instead of the quantity |𝑈(q)|2
there appears

|𝑈(q)|2 − 𝑆(𝑆 + 1)
4 |𝑈 ′(q)|2,

which will lead to the appearance of new relaxation times 𝜒𝑖𝑗:

ℏ
2𝜒𝑖𝑗

= 𝑐𝜋
(2𝜋ℏ)3 ∫

𝑆𝑗

𝑑𝑆𝑗
|∇𝐸𝑗|

[∣𝑈(k𝐹
𝑖 − k𝐹

𝑗 )∣2 −

−𝑆(𝑆 + 1)
4 ∣𝑈 ′(k𝐹

𝑖 − k𝐹
𝑗 )∣2] ∣𝜒(𝑖k𝐹

𝑖 , 𝑗k𝐹
𝑗 )∣2 . (11)

Taking into account the above-mentioned modifications in comparison with pa-
per (1), for determining the critical temperature of the superconductor we obtain
the following final system of equations (𝑟, 𝑚 = 1, 2).

𝑓𝑟(Ω) = 𝜋
𝛽 ∑

Ω′
∑
𝑚

ℒ𝑟𝑚(Ω, Ω′) 𝑁𝑚Λ𝑚(Ω′)𝑓𝑚(Ω′); (12)

𝑁𝑚 = 1
2𝜋2 ( 𝑘2

|∇𝐸𝑚|)𝑘=𝑘𝐹𝑚

; Λ𝑚(Ω) = 1
𝜋𝜂𝑚(Ω) ; (13)

𝜂𝑚(Ω) = 1 + ℏ/2𝜏𝑚|Ω|; 1/𝜏𝑚 = 1/𝜏𝑚1 + 1/𝜏𝑚2; (14)

ℒ𝑟𝑚(Ω, Ω′) = Δ𝑟𝑚(Ω, Ω′)/Δ(Ω); (15)

Δ1𝑚(Ω, Ω′) = 4𝜋 [𝑉1𝑚(Ω − Ω′) (1 − Λ2(Ω) ℏ
2𝜒22

) + 𝑉2𝑚(Ω − Ω′)ℏΛ2(Ω)
2𝜒12

] ;
(16)
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Δ2𝑚(Ω, Ω′) = 4𝜋 [𝑉2𝑚(Ω − Ω′) (1 − ℏΛ1(Ω)
2𝜒11

) + 𝑉1𝑚(Ω − Ω′)ℏΛ1(Ω)
2𝜒21

] . (17)

Δ(Ω) = (1 − ℏΛ1(Ω)
2𝜒11

) (1 − ℏΛ2(Ω)
2𝜒22

) − ℏΛ1(Ω)
2𝜒21

ℏΛ2(Ω)
2𝜒12

; (18)

𝑉𝑟𝑚(Ω − Ω′)𝑁𝑚 = 1
(2𝜋)3 ∫

𝑆𝑚

𝑑𝑆𝑚
|∇𝐸𝑚| 𝐵(k𝐹

𝑟 − k𝐹
𝑚|Ω − Ω′) |𝜒(𝑟k𝐹

𝑟 , 𝑚k𝐹
𝑚)|2. (19)

Separating the logarithmically large terms in 𝛽𝑐 = (𝑘𝑇𝑐)−1, following the works
(3,4 ), in the system of equations (12) one can obtain the following relation
between the quantity 𝛽𝑐 and the relaxation times of impurity scattering:

ln 𝛽𝑐
𝛽𝑐0

= ∓ (𝑝1 + 𝑝2)𝑝1𝑁1
(𝑒2 − 𝑒1)√𝑏2

0 − 4𝑎
(𝐼(𝛽𝑐

√𝑒2) − 𝐼(𝛽𝑐
√𝑒1)) ×

× [𝑉11 + 𝑉22𝑗 − 𝑉21𝑗1 − 𝑉12𝑗𝑗2 − 𝑁2 + 𝑗𝑁1
2𝑁1𝑁2

(𝑏0 ± √𝑏2
0 − 4𝑎)] −

−
√𝑒1𝐼(𝛽𝑐

√𝑒2) − √𝑒2𝐼(𝛽√𝑒1)
√𝑒2 − √𝑒1

, (20)

where

𝑝𝑖 = ℏ
2𝜏𝑖

− ℏ
2𝜒𝑖𝑖

; 𝑎 = 𝑁1𝑁2(𝑉11𝑉22 − 𝑉12𝑉21) 𝑏0 = 𝑉11𝑁1 + 𝑉22𝑁2;

𝑒1,2 = 𝑝2
1 + 𝑝2

2 + 2𝑝1𝑝2𝑗1𝑗2
2 ∓ √[𝑝2

1 + 𝑝2
2 + 2𝑝1𝑝2𝑗1𝑗2

2 ]
2

− 𝑝2
1𝑝2

2(1 − 𝑗1𝑗2)2,

𝑗 = 𝑁2
𝑁1

𝑝2
𝑝1

; 𝑗1 = ℏ
2𝜒12𝑝1

; 𝑗2 = ℏ
2𝜒21𝑝2

; (21)

𝐼(𝑥) = ∫
∞

0

𝑑𝑡
𝑡

th 𝑥𝑡/2
1 + 𝑡2 ;

𝛽𝑐0 is the reciprocal critical temperature of the pure metal. In the right-hand
side of (20) terms have been omitted that are due to the influence of the impurity
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on the characteristic frequencies of the system entering the definition of the
critical temperature of the system.

In the case when 𝑈 ′ = 0, i.e., the impurity is nonmagnetic, we have

𝑝1 = ℏ
2𝜏12

; 𝑝2 = ℏ
2𝜏21

; 𝑗1 = 𝑗2 = 1; 𝑒1 = 0; 𝑒2 = (𝑝1 + 𝑝2)2.

In this case expression (20) naturally goes over into the corresponding expression
of work (1).
In the region of small impurity concentration |𝛽𝑐

√𝑒𝑖| ≪ 1, the last term of
formula (20) is negligible. In this limiting case we obtain a linear change of the
critical temperature with impurity concentration:

𝑇𝑐 ≃ 𝑇𝑐0 − (𝑝1 + 𝑝2)𝑝1𝑁1𝜋
4(√𝑒2 + √𝑒1)√𝑏2

0 − 4𝑎
[𝑉11 + 𝑉22𝑗 − 𝑉21𝑗1 − 𝑉12𝑗𝑗2−

−𝑁2 + 𝑗𝑁1
2𝑁1𝑁2

(𝑏0 ± √𝑏2
0 − 4𝑎)] .

I express my deep gratitude to N. N. Bogolyubov for his interest in the work and
discussion of the results, and to A. I. Kasiyan and M. E. Palistrant for useful
discussions.

Moscow State University
named after M. V. Lomonosov

Received
18 III 1965

CITED LITERATURE
1. V. A. Moskalenko, M. E. Palistrant, DAN, 162, No. 3 (1965).

2. A. A. Abrikosov, L. P. Gor’kov, ZhETF, 39, 1781 (1960).

3. N. N. Bogolyubov, V. V. Tolmachev, D. V. Shirkov, A New Method in
the Theory of Superconductivity, Publishing House of the USSR Academy
of Sciences, 1958.

4. D. N. Zubarev, Yu. A. Tserkovnikov, DAN, 122, 999 (1958).

Note: Figure translations are in progress. See original paper for figures.
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