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Consider, in projective n-space P,, an m-surface defined by the equation

z =z(n*) (a,b,¢c,d,e=1,...,m). (1)

The points of the projective space P, may be interpreted (see (1)) as one-
dimensional subspaces B; of a certain vector (n + 1)-dimensional space B,,,
called the associated vector space. In view of this, each point x of the surface
(1) is simultaneously a contravariant vector of the associated space B, ,; and a
basis vector of the corresponding one-dimensional vector subspace B;. A renor-
malization of the vector x corresponds to a transformation of the basis in the
one-dimensional vector space B, which is called the radial vector space.

The
m+v
v

vectors T,%g, ..., Lo, o (jal---au = o'z /On™ ~~~8nau> of the associated space
B, 1 define a vector subspace B) of dimension k,, which depends neither
on the choice of admissible coordinates on the surface nor on the choice of
basis in the radial B;. This subspace is called the osculating space of order
v. One says that an equipping of the surface (1) is given if, with each of its
points, there is associated a decomposition of the space B, ; into the direct

sum B, ., = B,,,, + B,,_,,, where B, is the osculating space of first order,
and B,,_,, is some subspace complementary to it, called the equipping space.

An m-surface in projective n-space will be called a surface of special type if
all its osculating spaces, beginning with some order p satisfying the inequalities
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2 <p,

(m-l—p

)gn—i—l,
p

do not have the maximum possible number of dimensions. The currently known
schemes of invariant equipping, i.e. equipping determined by the surface (1) it-
self, are applicable to surfaces with the maximum possible dimensions of oscu-
lating spaces; these schemes cannot be extended in their entirety to surfaces of
the special type indicated.

In the present article an invariant equipping is constructed for a surface of
dimension m in projective n-space under the condition that the numbers m and

n are related by
(m—i—q— 1)
n= —1
qg—1

(a) ¢ =3, m=3,4;b) ¢ > 3, m > 2) and that the dimension of the osculating
space of order ¢ — 1 is decreased by one. To simplify the exposition, we
shall restrict ourselves to the case ¢ = 4.

Assume that the surface (1) is a surface of special type and that

m+3
1= .
n + < 3 >

Let the n 4 1 vectors Z,Z,, Taps Tope

of the attached space B,,,; are linearly dependent, but among them there are
exactly n linearly independent ones. The indicated vectors determine, in an
invariant way, an n-dimensional subspace of the attached B, ;; the determining
pseudocovector £(€,) (a = 1,...,n + 1) of this subspace is uniquely found from
the system

Ex =0, £x, =0, £, =0, €%, = 0, 2)

which is a homogeneous system of rank n with respect to the components &, of
the pseudocovector &.

Suppose now that the surface under consideration is partially framed with re-
spect to the osculating space of third order Bk3, i.e., for each point of the surface
(1) a decomposition of the corresponding vector space Bk3 into the direct sum

By, = By, + H,. is specified, where By, denotes the osculating space of second
order, and Hr denotes some vector subspace complementary to it of dimension

m+ 2
— —1
r(S) !
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which is called a partially framing space with respect to By, Let n,; (1,5 =

1,...,7) be some fixed basis of the partially framing H,. Denoting by Zp (p =
1,...,kq — r) some basis of the osculating space of second order By, we can
represent each vector z ;. in the form

',Eabc = h?lbc’hi + beclp' (3)
The coefficients thc occurring in the expansion (3) are the components of a
connecting affinor of three centro-affine spaces E,,, E,, and E,, respectively
isomorphic to the tangent vector space BS}J, the partially framing Hr, and the
radial B;. The connecting affinor k', _ is a contravariant vector both in E, and
in F,, and a covariant tensor in E,_,. Under a change of the partially framing
space I-_IT, the object hflbc does not change and, consequently, is determined
invariantly by the surface itself.

Suppose that the connecting affinor hflb . has a nonzero relative invariant I. The
indicated invariant can be constructed, for example, as follows. Let A be a
determinant of order r + 1, composed in some ordered way of the essential com-
ponents of the affinor A, and of some tensor X ;.. Expanding the determinant
A by the elements of the row that contains only the components X;., we obtain
the invariant equality 2%°¢X_,. = A, where 2% is a connecting tensor density
having weights 3(r + 1)/m, —1, and —r with respect to the spaces E,,, E,,
and F;, respectively. Consider the algebraic comitant I of the tensor density
A%¢equal to the discriminant of this density, i.e. I = Dis(2%*¢). Since the
discriminant I is a homogeneous function of the components of the connecting
tensor density 2A¢ of degree A\ = mw/3, where w = 3-2™~!  the weights of the
connecting scalar density I of the spaces E,,, E,, and E; are respectively wr,
—, and —Ar. The existence of a nontrivial invariant I makes it possible (see
(?)) to introduce into consideration the affinor

1 901
abc __
satisfying the relations
211 % abc i wr a
a‘) habjchabc = )\6j7 b) h bi hdbc = ?611 (5)

For the purpose of normalizing the pseudovector £, determined by the system
(2), we introduce the object

D= Det(%a>%ga gba nz‘aa Ua) = aava7 (6)

where v® denotes the components of an arbitrary vector linearly independent
of the vectors X%, X3, X5, n, and 0, denotes the algebraic complements of

7
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the corresponding components of the vector v® in the determinant ®. Under a
change of the partially adjoining space H,., the object © and, consequently, the
vector density 9, do not change. The components of the vector density 9, are
scalar densities of weight —(n —r) in E;, of weight m + 2 in E,,, and of weight
+1lin F,.

Let us now consider the W-vector density of weight —1, determined up to sign,

to = 1", (7)

whose components are scalar W-densities of weight —n in E; and of weight
3r/m+m+2in E,. It is obvious that the density thus constructed is a
solution of the system (2). The fourth-order differential form formed with the
aid of the density (7),

tozxgjbce dnadnbdncd’r]e = Aabce dnadnbdncdne (8)
is not identically equal to zero on the surface (1); otherwise the surface under
consideration lies in a hyperplane of the space P,. At the basis of the form
(8) lies the tensor density Agp.., whose discriminant 2 = Dis(A,;..) is, in the
general case, different from zero. (An example of a surface with nonzero dis-

criminant 2 is given at the end of the article.)

Using the results of works (3), we can now construct on the surface (1), from the
components of the associated tensor density A,;.., the tensor densities 2A2b¢d
and 2., of weights +4/m and —4/m, respectively, connected by the rela-
tion A, = ¢ and then define in the tangent stratified space E,,(X,,)*
attached to the surface under study the object of affine connection I'f,. Asso-
ciating with each point of the base space X,, two local spaces E,, and F,, we
obtain a doubled stratified space E,, x E;(X,,) (?), the affine connection in
which can be uniquely determined by requiring that the covariant derivative of
the discriminant 2 be equal to zero:

DA =9,2A + 3™ Hm(n+ 1)y, —[(m+1)?+3(r+1)Tg}A=0.  (9)

Indeed, since the quantities I'{, are determined, it follows from relation (9) that
the affine-connection coefficients 7, in the radial stratified space E;(X,,) are
found uniquely:

_(m+1)*+3(r+1 . 3T
M= m(n+1) bem(n+1)

0, In2A. (10)

The basis of the invariantly adjoining space B,,_,, is the system of the following
n — m vectors:
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-1 . _ 1 ;
lw = DwDyX,  Ni=—n"D,D,DX,  N=_A"*D,D,DDX.
(11)

In conclusion we give an example of a surface of special form to which the scheme
of invariant adjoining set forth above is applicable. Let a three-dimensional
surface in nine-dimensional projective space, with some—

* In the literature (1,2) the term “compound manifold” is used instead of “strat-
ified space.”

in the second normalization the vector  has the equation

I =ey+n'e; +n’ey +nPes +n'nPe, +ntnPes + nPnteg+

_ _ - (12)
+H(0H)? = m*)?)er + ((0)? — (1*)?)és + agpen™n"neq + f1(n")
(a,b,c =1,2,3),
where eg, €y, ..., €9 are vectors constituting a basis of the attached space By;

Aapen®n°n¢ is an arbitrary harmonic form (a form that is a harmonic function)
of the variables % f,(n?) is a vector-function of the scalar variables 7%, rep-
resenting a sum of harmonic forms of order not lower than the fourth. It is
obvious that in this normalization the vector x satisfies the differential equation
Tyy + Top + 33 = 0.

Let us consider this surface in a neighborhood of the point F, with curvilinear
coordinates n® = 0. At the point P, the nine vectors &, Z,, Z11, T19, T13, Tag, To3
are linearly independent; by continuity they will also be linearly independent in
some neighborhood of this point. The coefficients of the form (8) at the point
under consideration have the form A . = 6rpefa,,. (o = 1,...,10), where
ae§ # 0; therefore the discriminant 2 vanishes together with the discriminant
of the tensor a,,,. The requirement that the form a,,.n*n’n° be harmonic,
however, does not entail that the discriminant of the tensor a,,. be equal to
zero; this can be verified by assigning the components of this tensor the values

Ago1 = G113 = 1, G331 = 993 = —1, @311 = G115 = Gggy = G339 = 333 = Q93 = 0.

Then, defining partially the osculating space Hj at the point P, by the vectors
211, T19, 13, Loy, Tz, We obtain the following values of the essential components
of the tensor density 2A2: A1 = 22 = Y33 = 1, Y12 = A = A3 = 0, and,
consequently, I = Dis(A*) #£ 0.
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