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Abstract
Full Text
MATHEMATICS

P. G. AIZENGENDLER, M. M. VAINBERG

THEORY OF BRANCHING OF SOLUTIONS
OF NONLINEAR EQUATIONS IN THE MUL-
TIDIMENSIONAL CASE
(Presented by Academician G. I. Petrov, 19 III 1965)

1. Let 𝐹(𝑥, 𝜆) be an analytic operator acting from some neighborhood of the
point (0, 0) of the topological product 𝐸 × Λ into 𝐸1, where 𝐸 and 𝐸1 are
Banach spaces and Λ is the complex plane, with 𝐹(0, 0) = 0. We shall
assume that the equation 𝐹(𝑥, 𝜆) = 0 can be written in the form (3)

𝐵𝑥 = 𝐹01𝜆 + ∑
𝑘+𝑠≥2

𝐶𝑠
𝑘+𝑠𝐹𝑘𝑠𝑥𝑘𝜆𝑠, (1)

where 𝐵 is a linear operator from 𝐸 into 𝐸1 with closed range; 𝐹𝑘𝑠 are ho-
mogeneous operators of order 𝑘 in 𝑥 and order 𝑠 in 𝜆, and the null spaces of
the operators 𝐵 and 𝐵∗ have the same finite dimension 𝑟, and the series (1)
converges in some neighborhood of the point (0, 0).
For 𝑟 = 0, equation (1) has a unique small solution* 𝑥 = 𝑥(𝜆). For 𝑟 > 0, at
the point 𝜆 = 0 branching of solutions of equation (1) is possible, i.e., in some
neighborhood of the point 𝜆 = 0 the number of small solutions may differ from
one.

Using the Lyapunov–Schmidt method, we reduce equation (1) to the system

𝑥 = ∑
𝑚1+⋯+𝑚𝑟+𝑚≥1

𝑋𝑚1,…,𝑚𝑟,𝑚𝜉𝑚1
1 ⋯ 𝜉𝑚𝑟𝑟 𝜆𝑚, (2)

Φ𝑖(𝜉1, … , 𝜉𝑟, 𝜆) ≡ ∑
𝑚1+⋯+𝑚𝑟≥2

𝐿(𝑖)
𝑚1,…,𝑚𝑟,0𝜉𝑚1

1 ⋯ 𝜉𝑚𝑟𝑟 +

+ ∑
𝑚1+⋯+𝑚𝑟>0

𝜉𝑚1
1 ⋯ 𝜉𝑚𝑟𝑟 ∑

𝑚≥1
𝐿(𝑖)

𝑚1,…,𝑚𝑟,𝑚𝜆𝑚 = 0, 𝑖 = 1, … , 𝑟, (3)

and show that the coefficients 𝑋𝑚1,…,𝑚𝑟,𝑚 ∈ 𝐸 are determined uniquely by
recurrence formulas, and the series (2) and (3) converge in some neighborhood
of the point 𝜉1 = ⋯ = 𝜉𝑟 = 𝜆 = 0. For computing the coefficients 𝐿(𝑖) of
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the system of branching equations (3), convenient formulas are obtained. Thus,
each small solution of system (3) gives, by formula (2), one small solution of
equation (1).

For 𝑟 = 1, system (3) becomes a single equation, and if it is nondegenerate,
i.e., not all of its coefficients are zero, then the number of its small solutions is
finite and each such solution is representable in the form of a convergent series
in integral or fractional powers of 𝜆. The number of these solutions and the
form of each are easily determined with the aid of the Newton diagram (3). In
the degenerate case (when all coefficients of the branching equation are equal to
zero), as is seen from (2), equation (1) has a family of small solutions depending
on an arbitrary parameter 𝜉1. For 𝑟 > 1, only individual results are known.

* A solution 𝑥(𝜆) is called small if lim𝜆→0 𝑥(𝜆) = 0, and 𝑥(𝜆) is defined in an
open set 𝜔 ⊂ Λ whose boundary 𝜔′ ∋ 0.
In the present paper we give a complete solution of the problem of the branching
of small solutions of equation (1) for 𝑟 > 1. Namely, we distinguish two cases—
the nondegenerate case (when the number of small solutions of equation (1) is
finite and each such solution can be represented in the form of a convergent series
in integral or fractional powers of 𝜆) and the degenerate case (when equation (1)
has a family of small solutions depending on one or more arbitrary parameters
𝜉𝑖); then we prove that these exhaust all possible cases.

2. Let 𝐾[𝑧] be a domain of polynomials, where 𝐾 is a domain with unique
factorization. As is known (5), 𝐾[𝑧] is also a domain with unique factorization;
consequently, for any two polynomials 𝑓(𝑧) and 𝑔(𝑧) from 𝐾[𝑧] there exists a
greatest common divisor (g.c.d.).

Following Osgood, we give the following definition. A primitive common divisor
that is divisible by any primitive common divisor of the polynomials 𝑓(𝑧) and
𝑔(𝑧) will be called the primitive g.c.d. for 𝑓(𝑧) and 𝑔(𝑧). Let the polynomials
𝑓(𝑧), 𝑔(𝑧) ∈ 𝐾[𝑧]; 𝑑(𝑧) be their primitive g.c.d.; 𝑎0 the leading coefficient; 𝑅𝜎
the first nonzero subresultant of the polynomials 𝑓(𝑧) and 𝑔(𝑧); and 𝐷(𝑧) the
polynomial obtained by replacing the last column of the determinant 𝑅𝜎 by the
expressions … 𝑧2𝑓(𝑧), 𝑧𝑓(𝑧), 𝑓(𝑧), 𝑔(𝑧), 𝑧𝑔(𝑧), … (see (1), p. 184).
Lemma 1. The degree of 𝑑(𝑧) is equal to 𝜎, and the relation

𝑎0𝐷(𝑧) = 𝑅𝜎𝑑(𝑧). (4)

holds.

Lemma 2. Let 𝑎0 and 𝑏0 be the leading coefficients of the polynomials 𝑓(𝑧) and
𝑔(𝑧), respectively. Then, if 𝑎0 and 𝑏0 are associated with unity (𝑎0 ∼ 𝑏0 ∼ 1),
the primitive g.c.d. coincides with the g.c.d., and (4) takes the form

𝐷(𝑧) = 𝑅𝜎𝑑(𝑧). (41)
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We apply all these concepts to the investigation of the system of branching
equations (3).

3. Let 𝐾𝑛 = 𝐾[[𝑡1, … , 𝑡𝑛]] be the set of power series (with complex coefficients)
in 𝑛 complex variables 𝑡1, 𝑡2, … , 𝑡𝑛, each of which converges in some (its own)
neighborhood of the point 𝑡1 = 𝑡2 = ⋯ = 𝑡𝑛 = 0. It is known (6) that 𝐾𝑛 is
a domain with unique factorization. Then for the polynomial ring 𝐾𝑛[𝑧] the
assertions of item 2 are valid. In particular, for the distinguished polynomials
(2) from 𝐾𝑛[𝑧] the conditions of Lemma 2 are fulfilled, and the g.c.d. of two
such polynomials is also a distinguished polynomial.

4. Since we are interested in small solutions of the system (3), applying first
a nonsingular linear transformation of the variables (𝜉1, … , 𝜉𝑟), and then the
Weierstrass preparation theorem, we reduce the system (3) to the system

𝐺(1)
𝑖 (𝜉(1)

1 , 𝜉(1)
2 , … , 𝜉(1)

𝑟 , 𝜆) = 0, 𝑖 = 1, 2, … , 𝑟, (31)

where 𝐺(1)
𝑖 are distinguished polynomials with respect to 𝜉(1)

1 of degree 𝑠𝑖 (𝑠𝑖 is
the order of the series Φ𝑖(𝜉1, … , 𝜉𝑟, 0)). Each small solution of the system (3)
gives a small solution of the system (31), and conversely. To find small solutions
of the system (31) we shall use Kronecker’s method of elimination (4). Let
𝑑1 be the g.c.d. of the system of polynomials 𝐺(1)

𝑖 , so that 𝐺(1)
𝑖 = 𝑑1𝑔(1)

𝑖 . By
Kronecker’s method, from the system 𝑔(1)

𝑖 = 0 we eliminate 𝜉(1)
1 . We obtain the

system

Φ(2)
𝑗 (𝜉(1)

2 , 𝜉(1)
3 , … , 𝜉(1)

𝑟 , 𝜆) = 0, 𝑗 = 1, 2, … , 𝑟2, (5)

in which it may be assumed that Φ(2)
𝑗 (𝜉(1)

2 , … , 𝜉(1)
𝑟 , 0) ≢ 0. Applying again to the

system (5) a nonsingular linear transformation and the Weierstrass preparation
theorem, we reduce the system to the form

𝐺(2)
𝑗 (𝜉(2)

2 , 𝜉(2)
3 , … , 𝜉(2)

𝑟 , 𝜆) = 0, 𝑗 = 1, 2, … , 𝑟2, (32)

where 𝐺(2)
𝑗 are the indicated polynomials with respect to 𝜉(2)

2 . Again we isolate
the g.c.d. (denote it by 𝑑2) and continue the process. In this way we find
𝑑1, 𝑑2, … , 𝑑𝑘, where 𝑘 ⩽ 𝑟. The following basic theorem holds.

Theorem 1. In order for the nondegenerate case to occur, it is necessary
and sufficient that the following conditions be fulfilled: 1) 𝑘 = 𝑟; 2) 𝑑𝑖 ∼ 1,
𝑖 = 1, … , 𝑟 − 1. Moreover, if at least one of these conditions is violated, then
the degenerate case occurs.

Let us note that if, in the nondegenerate case, the polynomial 𝑑𝑟 is not associated
with unity, then the number of small solutions is greater than zero.
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The method proposed here makes it possible to investigate the degenerate case
in greater detail as well. In particular, if 𝑑𝑟 is not associated with 1, then one
can isolate a finite number of small solutions of equation (1), represented in the
form of series in integral or fractional powers of the parameter 𝜆, which, possibly,
are not obtained from the family of solutions of equation (1) depending on a
certain number of arbitrary parameters 𝜉𝑖.

5. For actually finding the small solutions of equation (1), it is enough to
find the small solutions of system (3) and substitute them into formula
(2). One may, however, seek the small solutions of equation (1) in the
form of formal series in integral and fractional powers of the parameter 𝜆.

Theorem 2. In the nondegenerate case every formal solution is also a genuine
one (i.e., a convergent one).

In the degenerate case there are also possible formal solutions of equation (1)
which converge only for 𝜆 = 0. For example, for the equation

𝑥(𝑡) = 1
𝜋 ∫

2𝜋

0
cos(𝑡 − 𝑠)𝑥(𝑠) 𝑑𝑠 + 𝜆 ∫

2𝜋

0
(sin 𝑡 sin 𝑠)𝑥2(𝑠) 𝑑𝑠,

as the calculation shows, 𝑟 = 2, and the case is degenerate; for it the function

𝑥(𝑡) =
∞

∑
𝑛=1

𝑛!𝜆𝑛(sin 𝑡 + cos 𝑡)

is a formal solution.

Theorem 2 and this example show that only in the degenerate case is it expedient
to investigate the question of convergence of formal solutions.

6. We assumed that the equation 𝐹(𝑥, 𝜆) = 0 can be written in the form
(1), and showed that only two basic cases are possible—the degenerate and
the nondegenerate. Investigation of the question of the relation between
these two cases and the isolatedness of the zero solution of the equation
𝐹(𝑥, 0) = 0 leads to the proposition:

Theorem 3. If the zero solution of the equation 𝐹(𝑥, 0) = 0 is isolated, then
for equation (1) the nondegenerate case occurs.

The converse assertion does not always hold. For example, for the equation

𝑥(𝑡) = 2
𝜋 ∫

𝜋

0
cos(𝑡 − 𝑠)𝑥(𝑠) 𝑑𝑠 + 3𝜆 ∫

𝜋

0
sin(𝑡 − 𝑠)𝑥2(𝑠) 𝑑𝑠 + 𝜆2(sin 𝑡 − cos 𝑡) (6)

the nondegenerate case occurs. However, for 𝜆 = 0 the zero solution of equation
(6) is not isolated.
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7. The formulation of Theorem 1 uses expressions obtained by the Kronecker
elimination method. It is known, however, that Kronecker’s method leads
to cumbersome computations. In this connection, we have

* An analogous proposition is contained in (7), but there the proof essentially
uses additional restrictions.

another method is considered for eliminating the unknowns of system (3), con-
sisting in a pairwise compilation of the results, which in our view is more eco-
nomical. It leads to another formulation of what we have in the nondegenerate
case.
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