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Abstract

Full Text
0. V. SARMANOV

CHARACTERISTIC COEFFICIENTS OF
RANDOM DISTRIBUTIONS

(Presented by Academician S. N. Bernstein on 28 XI 1964)

1. It is known that the power moments

my, zMxkz/ zk dF(z), k=1,2,.., (1)

unlike the characteristic function o(t) = Me®, are easy to estimate from sta-
tistical observations, and in those cases when they exist they characterize the
distribution F'(x) quite completely. But since for many distributions the mo-
ments do not exist, it seems of interest to consider other characteristics which
would admit statistical estimation, would exist for all distributions, and, like
characteristic functions, would completely determine this distribution.

As such characteristics it is proposed to consider the sequence of complex num-
bers {A(k)}—we shall call them characteristic coefficients (c.c.):

Ak) = Me?karctss = (k) +id(k),  k=1,2,..., (2)

where
1 2\—k - 121 .21
w(k) = Mcos2karctgx = MT. =M(1+2°)" E —1)'Capx™,
(k) g 2k:< Tt .2 m2) ( ) l:O( )" Cox

1 k
&(k) = Msin2karctgx = MUy, (m> = M(1+a?)* Z(—l)l’ng,lc’lxm’l,
z =1
(4)

where Ty, (y) and U, (y) are Chebyshev polynomials, respectively of the first
and second kind.

With the aid of the known ((1), p. 410) generating functions of the Chebyshev
polynomials, the generating function of the c.c. is readily found:
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1—u? 2 ; 0

(14+2%)+2iux 1

Ylu) =M —2 :7+§ AE)uk, 0<u<l1. (5)
(I+u)Pe?+(1-u)> 2 &

Since |A(k)| < 1, ¥(u) has no singular points inside the unit circle (we note that
by u we have denoted u?, where —1 < u; < 1) and

Ak) = . k=1,2,.. (6)

We shall call the generating function ¥ (u) the Chebyshev transform of the
distribution law F(z) and denote it by T, (F(z)). For symmetric distributions
¥(u) is real and has a simpler expression

_11—uM 241

T (F(x)) = Retp(u) = 21+u 2 + [(1 —u)/(1 +U)]

3 (7)

Let us give explicit expressions for the Chebyshev transforms, respectively, for
the uniform distribution on the interval [, ], for the normalized normal distri-
bution, and for the Cauchy distribution:

T+ 11—u 2u 1 1+u
T == = arctgl 8
“( 2 ) 214w (I+wzi Ty ®)

1 11—u 2u T 1 2 1—u
- - 742" L 5l(l-u)/(1+u)] _
S“<2+q)($)> 21+u+(1+u)2\/;€2 {1 2¢<1+u>]’(9)

£a (g + arctgm) =1/2. (10)

As the last formula shows, for the Cauchy distribution all the characteristic
coeflicients are equal to zero.

2. As is seen from (2), the characteristic coefficients are the values of the
characteristic function Me®* of the random variable z = 2arctgx for
t =1,2,.... All values of z are concentrated on the interval [—m, 7]; there-
fore we shall consider in more detail the class of such distributions. For
the characteristic functions of these distributions we shall use the special
notation

T

o(m,t) = pr(m,t) +ip;(m,t) = /_ costx dF(x) —l—i/ sintx dF(x). (11)

—T
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As we shall now prove, the characteristic function (7, t) is completely deter-
mined by the countable set of values which it assumes at the positive integral
points of the real axis, i.e., by the sequence of complex numbers {¢(m, k)},
k=1,2,....

In contrast to the general case, we shall also call the sequence {¢(m, k)} the se-
quence of characteristic coefficients of a distribution concentrated on
the interval [—7, 7]. Note that if a density p(x) of the distribution exists, then
the characteristic coefficients differ only by a constant factor from its Fourier
coefficients.

We shall proceed from the well-known expansion of costx in a Fourier series for
fixed fractional ¢ and for —7 <z < 7

sin rt (—1)k+t

2t >
+ —(sinmt) Z 5 coskr =
s —~ k*—t

costr =
7t

_ sint N >N 2t sinw(t—k)
mt = k+t w(t—k)

cos kx; (12)

the second form shows that formula (2) does not lose its meaning also when ¢
is equal to any positive integer. For fixed ¢, the series (12) converges uniformly
on the whole interval [—7,n], and it may be integrated term by term on this
interval.

In particular, the first of the integrals (11) will take the form

_sinmt O~ 2t sinw(t — k)

(pR(ﬂ-’ t) - it + ra k4t ’/T(t— k) @R(Trvk% (13)

where the last formula does not lose its meaning also for ¢ equal to positive
integers.

From (12) we immediately obtain

sin 7t . 2t2 sinw(t—k)
intr = ink 12
sintx - x—’_kz::lk‘(k—kt) — sin kz, (127)

whence

2t sinw(t — k)
P
kE+t) w(t—k)

sin 7t >
QOJ(W) t) =y + Z k (71-7 k)a (13’)
Q = K

let us recall that the first moment m, always exists for the class of distributions
under consideration.
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Formulas (13) and (13") show that the sequence of numbers m, and {¢(m, k)},
k = 1,2,..., completely determines the characteristic function ¢(m,t) on the
entire real axis. (Since pg(m, t) is an even function and ¢ (w,t) is an odd
function, it was sufficient to consider the case t > 0.)

Using the second initial moment m,, it is easy to obtain a formula analogous to
(13):

o omgt A 28 sinw(t—k)
op(mt)=1 5 7rsmmf kz:;kQ(kth) r— [1—pg(mk)], (14)

in which the terms of the series already decrease as k4.

These formulas can be used, for example, to check tables of Bessel functions
with zero index Jy(¢). It is known (?) that

1 [ costz
It == | —dx, 15
0( ) , m ( )

i.e. Jy(t) is the characteristic function of the symmetric distribution law F'(z) =
arcsinz/m+1/2, —1 <z < 1, and since this interval is contained in the interval
[—7, 7], then

sinTt o= 2t sinw(t—k)
Tt =TT S TR ), (15)

o 3 sinw(t—
Jo(t) =1— ﬁ sin ¢ — Z kQ(ithr t) W(t(t k)k) (1= Jo(k)]; (157)
=1

in this case my = +1/2 = —JJ(0).

Let us also give an expression for the moment m,, through m, and the sequence
of characteristic coeflicients:

25—2 o0 k+1 52 20+1

Moy T g [1—pg(m k)] 7Tk:)

(2s)! (25 —1)! 2' ™ ; k25+1 IZ 20+ 1)!
(16)

3. Limit theorem. Let there be a distribution law F(x) with characteristic
function p(m,t) and an entire sequence of distribution laws F,, (x) with character-
istic functions @, (7, t), and let all distributions be concentrated on the interval
[—m, 7] If the first moments m, ,, and all characteristic coefficients o, (7, k) as
n — oo converge respectively to my and to the characteristic coefficients (m, k),
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k=1,2,.., then ¢, (7,t) = p(m,t) as n — oo uniformly on any finite interval
lt| <T.
We give the proof for the real part ¢p(m,t). Let € > 0 be arbitrarily small

and let T', without loss of generality, be taken to be an integer positive number.
Consider the remainder of the series (13) for £ > T and |t| < T

()= Y 2ok~ lpa(r, B (1)
k=T+1

since |pg(m, k) sinm(k —1t)|] < 1, the series (17) has a majorant common for any
o(m,t). For sufficiently large kq and all [t| < T,

> 2 T
i, ()] < k; ~wE_12 <3 (18)
-0
Consider and estimate the difference @ (7,t) — ¢, g(m,t) for [t| < T:

| 2t sinw(k—1t)
m,t) — @, plmt)| < T, k) — o, p(m k)] <
lpr(m,t) — @ ,R( )l ;::1 k+1 m(k—1) [er( ) — ¢ ,R( )]

ko=l o
< ; | PR(T k) — o g (m, K)| + 1, ()] + 75, ()] <e,

if n is sufficiently large, since, by virtue of (18), the sum of both remainders is
already

less than ?/3 ¢, and, because of the convergence @, (7, k) — @p(m, k) for k =
1,2,...,ky =1, i.e,, at a finite number of points, the arbitrary smallness of the
first sum follows.

The uniform convergence of the imaginary parts ¢,, ;(7,t) to ¢ ;(m,t) for [t| < T
and n — oo is established analogously; it is only necessary additionally to use
the assumed convergence of the first moments.

4. Let us return to the general case of distributions concentrated on the entire
real axis. We have already noted that the c.c. are the values at integral
points of the characteristic function of the random variable z = 2 arctan x,
all values of which are concentrated on the interval [—m, 7]. If now the con-
vergence of the c.c. {\,,(k)} of some sequence of laws {F,, (z)} to the corre-
sponding c.c. {A(k)} of the law F'(z) takes place, then, by the theorem of
the preceding point, the distribution laws of the variables z,, = 2arctanz,,
converge as n — oo to the distribution law of the variable z = 2 arctan x
(at all points of continuity), whence, by virtue of the monotonicity of the
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continuous mapping z = 2 arctan z, the analogous convergence of the dis-
tribution law of z,, to the distribution law of z follows. True, one must
additionally require also the convergence of the “first moments,” i.e., ful-
fillment of the condition

M 2arctanx,, - M 2arctan x

as n — 00. Thus, the following assertion has been proved:

Main theorem. The sequence of c.c. defined by formula (2) and m, =
M 2arctanx completely characterizes any probability distribution; moreover, in-
stead of the sequence (2) one may consider the Chebyshev transform (5).

Remark 1. The Fourier series for sintx with fractional ¢

2 si t —1)k+1
sintr = SI;_MT Z (k:2 )_ 2 sin kx, —r<z<m (19)

0
k=1

does not converge to the expanded function at © = 4. Therefore, in deriving

(13") we proceeded from the expansion (12) for costz.

Let us note, however, that from (19) one can obtain the following expression for
the first moment:

) (71)k+1
my =2 — wa(mk) +(p—a)m, (20)
k=1
where
p:P(CC:’/T), qZP(.’ﬂ:—W)7 (21)

i.e., for a complete characterization of the distribution, instead of specifying the
first moment m,, it is sufficient only to specify the difference p — ¢ and the
sequence of c.c. {p(m k)}, k=1,2,....

Remark 2. The equality to zero of all c.c. of the Cauchy law is easily obtained
directly, without the aid of (10). Indeed, the mapping z = 2 arctan x transforms
this distribution into the uniform distribution on the interval [—m, 7] with char-
acteristic function sin7¢/7t, equal to zero for positive integral ¢; in formula (13)
in this case only the first term remains.

Remark 3. Formulas (13), (14), and (16) may be used as approximations when
the main mass of the distribution is concentrated on the interval [—m, 7], which
is the case, for example, in the normal distribution with mean 0 and variance
1. In the latter case the indicated formulas give a satisfactory approximation if
one restricts oneself to the first four terms of the expansions.
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