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Abstract
Full Text
Mathematics

D. L. BERMAN

THEORY OF LINEAR POLYNOMIAL OPER-
ATIONS ON TOPOLOGICAL GROUPS
(Presented by Academician S. N. Bernstein on 23 X 1963)

1°. We shall consider functions defined on a bicompact commutative group
𝐺. Since the functions {𝑒𝑖𝑘𝑥}∞

𝑘=−∞ are the characters of the circle group, the
trigonometric case of the theory of linear polynomial operations, which has been
studied in many works, is a special case of our considerations when the group
𝐺 is the circle group.

A natural generalization of the notion of an ordinary trigonometric polynomial is
given by finite linear combinations of characters of the group 𝐺. We shall assume
that an invariant integration is defined in 𝐺 and that the measure 𝜇(𝐺) =
1. Then the characters {𝜒𝑘} of the group 𝐺 form an orthonormal system of
functions with respect to the measure 𝜇*

∫ 𝜒𝑘(𝑡)𝜒𝑗(𝑡) 𝑑𝜇(𝑡) = 𝛿𝑘𝑗.

A generalized trigonometric polynomial on the group 𝐺 is a function of the form

𝑃(𝑥) =
𝑚

∑
𝑘=1

𝜆𝑘𝜒𝑘(𝑥), 𝑥 ∈ 𝐺, (1)

where {𝜆𝑘}𝑚
𝑘=1 are complex numbers. The collection of characters {𝜒𝑗(𝑥)}𝑚

𝑗=1
will be denoted by 𝐶(𝑃) and called the spectrum of the polynomial 𝑃 . Let 𝑃
be a fixed generalized trigonometric polynomial and 𝑄 an arbitrary generalized
trigonometric polynomial. We say that 𝑄 has spectrum 𝑃 if 𝐶(𝑄) ⊂ 𝐶(𝑃).
The set of all generalized trigonometric polynomials with spectrum 𝐶(𝑃) will
be denoted by Π(𝑃).
By 𝐿1 = 𝐿1(𝐺) we denote the totality of all 𝜇-measurable functions for which
∫ |𝑓| 𝑑𝜇(𝑡) < ∞. In what follows we use additive notation for the operation in
𝐺.

By 𝑓𝑡(𝑥) we denote the function 𝑓(𝑥 + 𝑡), where 𝑡 ∈ 𝐺.

Consider a functional space 𝐸 = 𝐸(𝐺), which is defined by the following axioms:
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1. The elements of 𝐸 are functions from 𝐿1.
2. 𝐸 is a linear normed space. Here addition of functions and multiplication

of a function by a number are defined in the usual way.
3. If 𝑓 ∈ 𝐸, then 𝑓𝑡 ∈ 𝐸 for every 𝑡 ∈ 𝐺, and moreover ‖𝑓𝑡‖ ≤ ‖𝑓‖.
4. 𝐸 contains the set of all generalized trigonometric polynomials.

Definition. Let 𝐸1 and 𝐸2 be spaces of type 𝐸. We shall say that 𝑈 = 𝑈(𝑓)
is a generalized linear trigonometric poly-

* In what follows it is assumed that the integral is taken over the whole group.

polynomial operation with spectrum 𝐶(𝑃) on the group 𝐺, if: 1) 𝑈(𝑓) is a linear
operation from 𝐸1 into 𝐸2; 2) for every 𝑓 ∈ 𝐸1, 𝑈(𝑓) ∈ Π(𝑃), where 𝑃 is a
given fixed generalized trigonometric polynomial on the group 𝐺 of the form (1).
The set of all such 𝑈 will be denoted by 𝔐(𝑃). By 𝔑(𝑃) we shall denote the
subset of 𝔐(𝑃) consisting of operators that commute with translation. Thus,
if 𝑈 ∈ 𝔑(𝑃), then for any 𝑓 ∈ 𝐸1 and any 𝑡 ∈ 𝐺 the equality

𝑈(𝑓𝑡) = (𝑈(𝑓))𝑡

holds.

2∘. Let 𝑈 ∈ 𝔐(𝑃). Introduce the operator

𝑈(𝑓, 𝑥) = ∫ 𝑈(𝑓𝑡, 𝑥 − 𝑡) 𝑑𝜇(𝑡). (2)

Theorem 1. The following assertions hold:

1. For every 𝑈 ∈ 𝔐(𝑃), 𝑈 ∈ 𝔑(𝑃).
2. If 𝑈 ∈ 𝔑(𝑃), then 𝑈 = 𝑈 .
3. ‖𝑈‖ ≤ ‖𝑈‖.

Proof. Properties 1–2 are obvious. Let us prove property 3. The right-hand
side of equality (2) may be regarded as an abstract integral of Bochner type. It
is known that for such integrals the inequality(1)

∥∫ 𝑓 𝑑𝜇∥ ≤ ∫ ‖𝑓‖ 𝑑𝜇

holds.

Therefore, from axiom 3 and equality (2) it follows that

‖𝑈(𝑓)‖ ≤ ‖𝑈‖ ‖𝑓‖.
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Consequently, ‖𝑈‖ ≤ ‖𝑈‖.
Theorem 2. Let 𝑈 ∈ 𝔐(𝑃); then for any 𝑓 ∈ 𝐸1 the identity

𝑈(𝑓 − 𝑆(𝑓, 𝑃 )) = 0

holds, where 𝑆(𝑓, 𝑃 ) is the partial sum of the Fourier series of the function 𝑓
with spectrum 𝐶(𝑃):

𝑆(𝑓, 𝑃 ) = ∑
𝜒∈𝐶(𝑃)

𝐶𝜒𝜒, 𝐶𝜒 = 𝐶𝜒(𝑓) = ∫ 𝑓𝜒 𝑑𝜇(𝑡).

Proof. Put 𝜑 = 𝑓 − 𝑆(𝑓, 𝑃 ) and

𝜓(𝑥) = 𝑈(𝜑, 𝑥).

Compute the integral

𝐼𝜒 = ∫ 𝜓(𝑥)𝜒(𝑥) 𝑑𝜇(𝑥),

where 𝜒 ∈ 𝐶(𝑃). By the invariance of integration and Fubini’s theorem, we
have

𝐼𝜒 = ∫ 𝜒(𝑧) 𝑑𝜇(𝑧) ∫ 𝑈(𝜑𝑡, 𝑧)𝜒(𝑡) 𝑑𝜇(𝑡). (3)

Since the operator and the integral are interchangeable(1,2), it follows that

∫ 𝑈(𝜑𝑡, 𝑧)𝜒(𝑡) 𝑑𝜇(𝑡) = 𝑈 (∫ 𝜑𝑡 𝜒(𝑡) 𝑑𝜇(𝑡), 𝑧) . (4)

We also note that, according to the definition of 𝜑 and 𝑆(𝑓, 𝑃 ),

∫ 𝜑𝑡 𝜒(𝑡) 𝑑𝜇(𝑡) = 0.

Therefore equality (4) implies that

∫ 𝑈(𝜑𝑡, 𝑧)𝜒(𝑡) 𝑑𝜇(𝑡) = 0.

for any 𝜒 ∈ 𝐶(𝑃). Consequently, by virtue of equality (3), 𝐼𝜒 = 0 for any
𝜒 ∈ 𝐶(𝑃). Since 𝐶(𝜓) ∈ 𝐶(𝑃), it follows that 𝜓(𝑥) = 0 for any 𝑥 ∈ 𝐺.
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Theorem 3. Let 𝑈𝑖 ∈ 𝔐(𝑃), 𝑖 = 1, 2, and suppose that on the set Π(𝑃) the
equality

𝑈1(𝑄) = 𝑈2(𝑄), 𝑄 ∈ Π(𝑃). (5)

holds. Then, for any 𝑓 ∈ 𝐸1, the equality

𝑈1(𝑓) = 𝑈2(𝑓). (6)

holds.

Proof. It follows from Theorem 2 that, for any 𝑓 ∈ 𝐸1,

𝑈𝑖(𝑓) = 𝑈𝑖[𝑆(𝑓, 𝑃 )], 𝑖 = 1, 2. (7)

Since 𝑆(𝑓, 𝑃 ) ∈ Π(𝑃), equality (5) implies that

𝑈1[𝑆(𝑓, 𝑃 )] = 𝑈2[𝑆(𝑓, 𝑃 )], (8)

and therefore

𝑈1[𝑆(𝑓, 𝑃 )] = 𝑈2[𝑆(𝑓, 𝑃 )].

From (7) and (8), (6) follows.

Corollary. Let the operation 𝑈 ∈ 𝔐(𝑃) be such that there exists a convolution
of the form

𝜎(𝑓, 𝑥) = ∫ 𝑓(𝑥 + 𝑡)𝐾(𝑡) 𝑑𝜇(𝑡),

where 𝐾 ∈ Π(𝑃), coinciding with the operation 𝑈 on Π(𝑃). Then, for any
𝑓 ∈ 𝐸1, the equality

𝑈(𝑓) = 𝜎(𝑓). (9)

holds.

Proof. Since, by assumption,

𝑈(𝑄) = 𝜎(𝑄), 𝑄 ∈ Π(𝑃),

then, according to Theorem 3,
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𝑈(𝑓) = 𝜎̃(𝑓), 𝑓 ∈ 𝐸1. (10)

It is easy to see that 𝜎̃ = 𝜎. Therefore (9) follows from (10).

Remark. In defining the space 𝐸, it was not assumed that the axiom on the
density of polynomials in 𝐸 holds. Therefore, in particular, in this note (unlike
in the works (3,4 )) equality (9) is established without the mentioned axiom.

Theorem 4. Let 𝑈 ∈ 𝔐(𝑃). Then, for any 𝑓 ∈ 𝐸1 and any 𝑥 ∈ 𝐺, the equality

𝑈(𝑓, 𝑥) = ∫ 𝑓(𝑥 + 𝑡)𝑈 ⎛⎜
⎝

∑
𝜒∈𝐶(𝑃)

𝜒, −𝑡⎞⎟
⎠

𝑑𝜇(𝑡).

holds.

This theorem is easily obtained from Theorem 2.

In conclusion, we note that the special cases of Theorems 1–4, when 𝐸1 = 𝐸2 =
𝐶—the space of continuous 2𝜋-periodic functions and 𝐺 is the group of rotations
of the circle—were considered in the works (5,6 ).
Received
4 VII 1963
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